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PREFACE

This book presents a unified macroscopic theory of electromagnetic
waves in accordance with the principle of special relativity from the
point of view of the form invariance of the Maxwell equations and the
constitutive relations. Great emphasis is placed on the fundamental
importance of the k vector in electromagnetic wave theory. We intro-
duce a fundamental unit K, = 27 meter—! for the spatial frequency,
which is cycle per meter in spatial variation. This is similar to the
fundamental unit for temporal frequency Hz, which is cycle per sec-
ond in time variation. The unit K, is directly proportional to the unit
Hz; one K, in spatial frequency corresponds to 300 MHz in temporal
frequency.

This is a textbook on electromagnetic wave theory, and topics
essential to the understanding of electromagnetic waves are selected
and presented. Chapter 1 presents fundamental laws and equations
for electromagnetic theory. Chapter 2 is devoted to the treatment of
transmission line theory. Electromagnetic waves in media are stud-
ied in Chapter 3 with the kDB system developed to study waves
in anisotropic and bianisotropic media. Chapter 4 presents a detailed
treatment of reflection, transmission, guidance, and resonance of elec-
tromagnetic waves. Starting with Cerenkov radiation, we study radia-
tion and antenna theory in Chapter 5. Chapter 6 then elaborates on
the various theorems and limiting cases of Maxwell’s theory important
to the study of electromagnetic wave behavior. Scattering by spheres,
cylinders, rough surfaces, and volume inhomogeneities are treated in
Chapter 7. In Chapter 8, we present Maxwell’s theory from the point
of view of Lorentz covariance in accordance with the principle of spe-
cial relativity. The problem section at the end of each section provides
useful exercise and applications.

The various topics in the book can be taught independently, and
the material is organized in the order of increasing complexity in math-
ematical techniques and conceptual abstraction and sophistication.
This book has been used in several undergraduate and graduate courses
that I have been teaching at the Massachusetts Institute of Technology.
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The first version of the book was published in 1975 by Wiley
Interscience, New York, entitled Theory of Electromagnetic Waves,
which was based on my 1968 Ph.D. thesis, where the concept of bian-
isotropic media was introduced. The book was expanded and published
in 1986 with the present title and its second edition appeared in 1990.
Since 1998, it has been published by EMW Publishing Company, Mas-
sachusetts. The development of the various concepts in the book relies
heavily on published work. I have not attempted the task of referring
to all relevant publications. The list of books and journal articles in the
Reference Section at the end of the book is at best representative and
by no means exhaustive. Some of the results contained in the book are
taken from many of my research projects, which have been supported
by grants and contracts from the National Science Foundation, the
National Aeronautics and Space Administration, the Office of Naval
Research, the Army Research Office, the Jet Propulsion Laboratory of
the California Institute of Technology, the MIT Lincoln Laboratory,
the Schlumberger-Doll Research Center, the Digital Equipment Cor-
poration, the IBM Corporation, and the funding support associated
with the award of the S. T. Li prize for the year 2000.

During the writing and preparation of the book, many people
helped. In particular, I would like to acknowledge Chi On Ao for for-
mulating the TEX macros, and Zhen Wu for editing the text and con-
structing the index. Over the years, many of my teaching and research
assistants provided useful suggestions and proofreading, notably Le-
ung Tsang, Michael Zuniga, Weng Chew, Tarek Habashy, Robert Shin,
Shun-Lien Chuang, Jay Kyoon Lee, Apo Sezginer, Soon Yun Poh, Eric
Yang, Michael Tsuk, Hsiu Chi Han, Yan Zhang, Henning Braunisch,
Bae-Tan Wu, Xudong Chen, and Baile Zhang. I would like to express
my gratitude to them and to the students whose enthusiastic response
and feedback continuously give me joy and satisfaction in teaching.

J. A. Kong

Cambridge, Massachusetts
December 2007
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1.1 Maxwell’s Theory 3

1.1 Maxwell’s Theory

A. Maxwell’s Equations

The laws of electricity and magnetism were established in 1873 by
James Clerk Maxwell (1831-1879). In three-dimensional vector nota-
tion, the Maxwell equations are

VXF:%§+7 (1.1.1)

VXE——%B (1.1.2)

V-D= (1.1.3)

V-B=0 (1.1.4)

where E, B, H, D, J, and p are real functions of position and time.
E = electric field strength (volts/m)
B = magnetic flux density (webers/m?)
H = magnetic field strength (amperes/m)
D = electric displacement (coulombs/m?)
J = electric current density (amperes,/m?)
p = electric charge density (coulombs/m?)

Equation (1.1.1) is Ampere’s law or the generalized Ampere circuit law.
Equation (1.1.2) is Faraday’s law or Faraday’s magnetic induction law.
Equation (1.1.3) is Coulomb’s law or Gauss’ law for electric fields.
Equation (1.1.4) is Gauss’ law or Gauss’ law for magnetic fields.
We generally refer to £ and D as electric fields, and H and B
as magnetic fields.

Maxwell’s contribution to the laws of electricity and magnetism is
the term 9D /0t which is called the displacement current. The addi-
tion of the displacement current to the electric current density J (7, t)
in the original Ampere’s law has at least three major consequences.
First, in a capacitor which is an open circuit for direct current, the
displacement current insures the continuity of alternating currents in
electric circuits. Secondly, the continuity law

_ 0
V- T=—50p (1.1.5)
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follows from (1.1.1) and (1.1.3) by making use of the vector identity
V- (V x H) = 0. It is the displacement term that guarantees the
conservation of electric current and charge densities. Eq. (1.1.5) states
that the electric current and charge densities are conserved at all time.
Thirdly, Faraday’s law in (1.1.2) states that surrounding a time-varying
magnetic field, electric fields are produced, and are also time-varying.
With the displacement term in (1.1.1), Ampere’s law states that around
time-varying electric fields, time-varying magnetic fields are produced.
This interrelationship between the time-varying electric and magnetic
fields constitutes the foundation of electromagnetic wave theory and
led Maxwell to the prediction of electromagnetic waves.

In developing his theory for the electromagnetic fields in space
and time, Maxwell conceived of a substance filling the whole space
called aether. In the aether, the electric fields D and E are related
by a dielectric permittivity e, , and the magnetic fields B and H are
related by a magnetic permeability g, .

€& E (1.1.6a)
poH (1.1.6b)

| S
I

where
€, ~ 8.85 x 10712 farad /meter

fto=4m x 1077 henry /meter

where the numerical values for €, and pu, are expressed in MKS units.
We now call (1.1.6) the constitutive relations for free space.

With Equations (1.1.1)—(1.1.6), Maxwell’s theory of electromag-
netic fields is completely expressed. Originally written in Cartesian
component form, Maxwell’s equations were cast in the current vector
form by Oliver Heaviside (1850-1925). In 1888, Heinrich Rudolf Hertz
(1857-1894) demonstrated the generation of radio waves and experi-
mentally verified Maxwell’s theory. Since then, electromagnetic theory
has played a central role in the development of radio, television, wire-
less communications, radar, microwave heating, remote sensing, and
numerous other practical applications. The special theory of relativity
developed by Albert Einstein (1879-1955) in 1905 further asserted the
rigorousness and elegance of Maxwell’s theory. As a well-established
scientific discipline, this sophisticated theoretical structure embodies
many principles and concepts which serve as fundamental rules of na-
ture and vital links for all scientific disciplines.
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James Clerk Maxwell (13 June 1831 — 5 November 1879)

James Clerk Maxwell attended University of Edinburgh (1847-1850),
and studied under William Hopkins at Cambridge University (1850-1854).
He was a fellow of Trinity (1855-1856), Professor of Natural Philosophy at
Marischal College of the University of Aberdeen (1856-1860), and at King’s
College (1860-1865). He was the first Cavendish Professor of Experimental
Physics at Cambridge University to build and direct the Cavendish Labora-
tory (1871-1879). He published four books and about 100 papers starting at
age 14, including ‘On Faraday’s Lines of Forces’ in 1855, ‘On Physical Lines
of Force’ in 1861, and ‘A Dynamical Theory of the Electromagnetic Field’ in
1864. In 1865, at age 33, he retired to his country home estate to write his
monumental book A Treatise of Electricity and Magnetism (Constable and
Company, London, 1873; Dover Publications, New York, 1006 pages, 1954).

Michael Faraday (22 September 1791 — 25 August 1867)

Faraday became an assistant to Sir Humphry Davy at the Royal Institu-
tion on 1 March 1813. In September 1821, his experimentation demonstrated
electro-magnetic rotation, initiated the concept of electric motor. In August
1831, he discovered electro-magnetic induction, and that magnetism produced
electricity through movement, the principle behind the electric transformer
and generator. He became professor of chemistry in 1833. Faraday published
many of his results in the three-volume Ezperimental Researches in Electricity

(1839-1855).

Johann Carl Friedrich Gauss (30 April 1777 — 23 February 1855)

Gauss studied mathematics at the University of Gottingen from 1795 to
1798, and received his doctoral degree from the University of Helmstedt in
1799. In 1807 he took the position of director of the Gottingen Observatory.
In 1832 he presented a systematic use of absolute units (length, mass, time)
to measure nonmechanical quantities. From 1831 to 1837 he worked closely
with Wilhelm Eduard Weber (24 October 1804 — 23 June 1891) on terrestrial
magnetism and organized a system of stations for systematic observations.

André-Marie Ampére (20 January 1775 — 10 June 1836)

Ampere was appointed professor at Bourg Ecole Centrale in 1802, at
the Ecole Polytechnique in 1809, and at Université de France in 1826. In
September 1820, Ampere showed that two parallel conductors attract each
other if they carry currents that flow in the same direction and repel if the
currents flow in opposite directions. In 1823-1826, he completed his memoir on
the ‘Mathematical Theory of Electrodynamic Phenomena, Uniquely Deduced
from Experience’.

Charles-Augustin de Coulomb (14 June 1736 — 23 August 1806)

Coulomb worked in the Corps du Génie until he retired in 1791. In 1777
he invented the torsion balance, which enabled him to establish the funda-
mental laws of electricity by measuring the force between two small spheres
charged with electricity. Between 1785 and 1791, he published seven treatises
on electricity and magnetism.
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B. Vector Analysis

A vector A has a magnitude and a direction, which can be represented
graphically by a straight-line element of length proportional to the
magnitude of A and with an arrow pointing in the direction of A. In
a Cartesian coordinate system (also called the rectangular coordinate
system), we write in terms of the three Cartesian components A, A, ,
and A, [Fig. 1.1.1].

>y

Figure 1.1.1 Projection of A in rectangular coordinate system.

A=3A, + A, + 2A,

where A, Ay, A, are the projections of A onto the z,y,z axes. We
denote the directions of the x,y,z axes with Z, ¢, 2 each of them
has unit magnitude with the scalar product z-z2=9-g=2-2=1.
They are called the unit vectors. Furthermore -y =9-2=2-2=0.
We use a hat instead of an overbar to represent the vector with unit
magnitude.

Rene Descartes (31 March 1596 — 11 February 1650)

Rene Descartes originated the Cartesian coordinates and founded an-
alytic geometry. His philosophy is called Cartesianism (from Cartesius, the
Latin form of his name), with the famous statement ‘I think, therefore I am.’
He preached universal doubt; only one thing cannot be doubted: doubt itself.



1.1 Maxwell’s Theory 7

Vector Addition and Subtraction

Two vectors A and B, when they are not in the same direction or in
opposite directions, determine a plane. In Cartesian components, we write

=a3A, +gA, + 2A,
= #B, + B, + 2B,
It follows that
A+ B =#(A, £B,) +§(A, £ By) + 2(A, £ B.)

Scalar Dot Product

The scalar or dot product of two vectors A and B, denoted by A- B,
is a scalar number,

A-B=A,B,+A,B,+ A.B,

Vector Cross Product

The vector or cross product of two vectors A and B, denoted by Ax B,
is a vector. In terms of their Cartesian components,

Ax B=3(A,B, — A,B,) + §(A,B, — A, B.) + 2(A, B, — A, B,)

=4, 4, A
B, B, B.

For the three orthogonal unit vectors z, g, and Z it is seen that & =
YXZ, Y=2X2T, 2=1 X 4.

The direction of A x B follows the right-hand rule, i.e., when the fingers
of the right hand rotate from A to B, the thumb of the right hand points in
the direction of A x B. Thus the vector A x B is perpendicular to both A
and B and the plane containing A and B . It is seen that for A = 2A4,+7A,
and B = &B, + B, both in the zy-plane, A x B = 2(A,B, — A,B,) is in
the % direction perpendicular to both A and B.

Division by a vector is not defined; thus B/A and 1/A are meaningless
expressions. If none of the operations of addition, subtraction, dot product,
or cross product is imposed on A and B, the entity A B is called a dyad.
In the language of tensor analysis, a dyad is a tensor of second rank, while
all vectors are tensors of first rank.



8 1. Fundamentals

Operation of Three Vectors

For three vectors A, B, and C, we have
B

C-(AxB)=A-(BxC)=B-(CxA) (1.1.7)
c, ¢, C. A, A, A, B, B, B,
=|4, A, A, |=|B, B, B.|=|C, C, C.
B, B, B. c, ¢, C, Am A, A
Cx(AxB)=3%[Cy, (A;By — AyB;) — C,(A, B, — A, B,)]
+9 [C.(AyB. — A.By) — Cu(A: By A By)]
+ 2 [Cy(A.B, — A,B,) — Cy(A, By — AyBy,)]
= (2A; + yA, + 2A.)(Cy B, + CyB, + C.B.,)
—(C Ay +C A, +C.A,) (B, +yBy, + 2B.)
=A(C-B)-(C-AB (1.1.8)

Notice that the vector C' x (A x B) is perpendicular to C' and lies in the
plane determined by A and B.

Operation with the del Operator

The del operator V is a vector differential operator written as

SN )
- T ox yay 0z

The following can be proved in Cartesian coordinates or in vector form:

V- (ExH)=H-(VxE)-E-(VxH) (1.1.9)
V- (VxA)=0 (1.1.10)
V x (V&) =0 (1.1.11)
Vx(VxE)=V(V-E)-V*E (1.1.12)

where
Vi=V.V= a2+82+82 (1.1.13)

is the Laplacian operator in the rectangular coordinate system.

Pierre-Simon Laplace (28 March 1749 — 5 March 1827)
Pierre-Simon Laplace was appointed to a chair of mathematics at the
Ecole Militaire in Paris at the age of 19. During the French Revolution he

helped to establish the metric system. The Laplace equation V2-® =0 was
published in 1813.
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Gradient of a Scalar

When the del operator operates on a scalar function ®(x, y, z), the result is a vector

0 0 7]
P=2—>P+y—P+2— 1.1.14
v T or Y Jy Tz 0z ( )
called the gradient of ®(x,y, z). The differential form of the gradient of ® as defined
states that

Ve fim 5

=& lim LK‘P(Wr %JJ,Z) — @z - %,y,Z))]

Az—0 Az

— 4+ g lim g+2 lim &
Yy Ay—0 Ay Az—0 Az

N 1 Ay Ay
+y hmofy[(q)(;my"_Tvz) (b(l',y 77Z)):|

Ay—
. 1 Az Az
+ 2 AlerOA—Z{(qu,y,erT) - O(z,y,z — 7))} (1.1.15)

When ®(z,y,z) = ®(z) is a function of z only, V®(x) is a vector pointing in the
direction of increasing x with the magnitude equal to the slope of the function at
x.

EXAMPLE 1.1.1 Electric field vector as gradient of a potential function.
When there is no time variation, we may write the electric field vector F as

E=-Vd (E1.1.1.1)

and call ® a potential function. As the gradient V& points in the direction of
increasing potential ®, the electric field E points from high potential towards low
potential, similar to water flowing from a high altitude to lower ground.

Giving the potential of a point charge @ is

the electric field is 5 0
E=——&=
0 47r2

Thus the electric field points from high potential to low potential.

— END OF EXAMPLE 1.1.1 —
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Divergence of a Vector

The divergence of a vector function is a scalar, defined as

_ 0 0 0 A . .
V'D_< Yo T3y +28—>'(IDx+yDy+ZDz)
0 8 0
= g5 De+ 5, Du+ 52D (1.1.16)
z
A
(anyOaZO)
T Az
Az
Ay

X

Figure 1.1.2 Differential volume AzAyAz.

Consider a differential volume with sides Ax, Ay, Az centered around a
point (xo, Yo, z0) [Fig. 1.1.2]. The divergence as defined states that

1 Az Az
V-D —Alflﬂfgo m {AZUAZ |:Dx ($0 + 77 Yo, ZO)_DI (960 - 77 Yo, ZO):|
Az—>0

A A
+ AzAz [Dy(:vo,yo + 7y,Zo) - D, (3307y0—7y,20)}

Az Az
+ AzAy [Dz(l‘o,yo,zo + 7) — D (x0,y0, 20 — 7)] }

(1.1.17)
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Gauss Theorem or Divergence Theorem

The first term in the braces is equal to the field component D, at the

surface at =z = xg + % multiplied by the surface area AyAz. We define a

surface normal vector dS pointing outward of the volume such that at the

surface at © = xg + % , dS = 2AyAz and at the surface at © = zg — % ,

dS = —2AyAz. Then the negative sign in the second term is due to D dot
multiplied by dS . All six terms account for the six differential areas bounding
the differential volume AV = AzAyAz with a surface normal dS. We thus
express the divergence of D as

— 1 .
D= lim — : 1.1.1
V-D= lim <o (] d5-D (1.1.18)

Applying (1.1.18) to a large volume V' containing an infinite number of such
infinitesimal differential volumes [Fig. 1.1.3], we note that integrating the di-
vergence over the volume surfaces shared by adjacent differential volumes will
have no contribution because the surface normals point in opposite directions
and thus cancel. The result is the divergence theorem or Gauss theorem

Figure 1.1.3 Derivation of divergence theorem.

///Vdvvﬁﬁgd?ﬁ (1.1.19)

The divergence theorem states that the volume integral of the divergence of
the vector field D is equal to the total outward flux D through the surface
S enclosing the volume.
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Curl of a Vector

The curl of a vector field H is a vector defined as

o 8 0 R B
(0 0 0\ = _|o b o
VXH_<xax+yay+Zaz>XH oz Oy 0z
H, H, H.

T ) N ) N )

(1.1.20)

Consider a differential volume of sides Az, Ay, Az centered around a point
(0, Y0, 20) - In the Cartesian coordinate system, the differential form of the

curl of H as defined states that

_ 1 — A — A
VxH = lim {A—[Qfx (H($o+7$7yo,zo)—H($o— —x7yo,zo))}

Az—0 x 2
i
=1 . — A — A
+ A_y [y x | H(zo,y0 + 711720) — H(x0,y0 — 7y320)>:|
1 |. — Az — Az
+ s [2 X (H(&L‘o,yo,Zo + 7) — H(x0,%0,20 — 7))] }
i ! X
= lim ——
Az—0 AzAyAz
Ay—0
Az—0
A A
{ﬁ {AxAz <Hz(xo,yo + 7y720) — H.(x0,y0 — 7y720)>

Az Az
— ArAy (Hy(xmyo,zo + 7) - Hy(3307y0,20 - 7))]

+9 -AxAy <Hm($o,yo,zo + %) — H(20,Y0, 20 — %))

— AyAz <Hz(xo + %,ymzo) — H(wo — %;%%O)]
+2 -AyAz (Hy(xo + %,yo,m) — Hy(zo — %JJO,ZO))

— AxAz <H3;(Io,yo + %77«“0) — Hy(z0,90 — %JO))] }
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Stokes Theorem
The 2 component of (1.1.21) is

_ 0 0
2-(VxH)=(VxH) oz~ 3,
. 1 Ax Ax
= ﬁ%rélg m{ﬁy [Hy(fﬂo + T,yo,zo) — Hy(zo — 77?/0,20)}

A A
— Az [Hx(l‘o,yo + Ty,zo) — Hy(z0,90 — Ty,zo)] }

The first term in the bracket is equal to the component H, at z = + 4z
multiplied by the differential length Ay . We define a vector dlfferentlal length

dl [Fig. 1.1.4] such that for the side Ay at = = xg + AT , dl = gdy; for
the side Az at yg + &Y gl = —jdx; for the side Ay at T = x0— Aw
dl = —gdy; and for the side Az at y = yo — %, dl = &dz. If we use
the fingers of the right hand to trace the direction of dl along the loop, the
right-hand thumb points in the surface normal direction 2. Thus

dl = —@dx

Ay =

/

fe—— Az —>

Figure 1.1.4 Derivation of Z-component of the curl of a vector field.

— 1 _
2 (VxH)= lim — ¢ d-H (1.1.22)
Ay—0 c

where C denotes the contour circulating the area AS = AzAy. Similar
results are derivable for the & and § components of V x H . For a differential
area AS with a surface normal in the direction of 5, we have

— 1
§-(VxH)= Alérgo AS dl H (1.1.23)
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We now apply (1.1.21) to an open surface S, subdivide into N differential
areas [Fig. 1.1.5]. For a differential area AS; bounded by a contour C; and

with a surface normal s, we have Agj = 5;AS; and
AS; - (V x H); :7{ dl-H
<

Adding the contributions of all N differential areas [Fig. 1.1.5], we find

Figure 1.1.5 Derivation of Stokes’ theorem.

Since the common part of the contours in two adjacent elements is traversed
in opposite directions by the two contours, the net contribution of all the
common parts in the interior sums to zero and only the contribution from the
external contour C' bounding the open surface S remains in the line integral
on the right-hand side. The left-hand side becomes a surface integral, and the
result is Stokes’ theorem:

//d?-(Vxﬁ) :yidi-ﬁ (1.1.24)

Stokes’ theorem states that the surface integral of the curl of the vector field
H over an open surface S is equal to the closed line integral of the vector
along the contour enclosing the open surface.

George Gabriel Stokes (13 August 1819 — 1 February 1903) was appointed
Lucasian Professor of Mathematics at Cambridge University in 1849. His
mathematical and physical papers were published in 5 volumes, the first 3 of
which Stokes edited himself in 1880, 1883 and 1891. The last 2 were edited
by Joseph Larmor in 1887 and 1891.
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Maxwell Equations in Integral Form

Applying Stokes theorem to the Ampére’s law and Faraday’s law and
applying the divergence theorem to Gauss’ and continuity laws, we find

faz—[[s 28 aazm
ﬂg ///VdVV.E:///Vde (1.1.27)
ﬁid@-?:///vdvv-ﬁzo (1.1.28)
o fffos

These are the integral form of Maxwell equations.

Oliver Heaviside (18 May 1850 — 3 February 1925)

The year after the publication of Maxwell’s Treatise of Electricity and
Magnetism in 1873, Heaviside resigned from his job at age 24 and devoted
all his time to the study of Maxwell’s theory. Despite of the criticism from
all the disbelievers, he remained the faithful decipher and declared himself a
Maxwellian. He refuted the quaternion notation initiated by Hamilton and
Tait and developed the vector notation to cast Maxwell’s equation into the
form as we show in this book.
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Cylindrical and Spherical Coordinate Systems

In addition to the rectangular coordinates with unit vectors ,9, Z, the
cylindrical coordinate system with unit vectors g, é, %, and the spherical co-
ordinate system with unit vectors p, é,(ﬁ are often used in this book.

In a general orthogonal coordinate system, we use 4; (i = 1,2,3) to
denote the three basis vectors, dl; = h;du; to denote a differential length,
where h; is called a metric coefficient. The basis vectors are perpendicular to
one another 4;-u; =0 for i # j but they are not necessarily of unit length.
In Table 1.1.1 we summarize the basis vectors and the metric coefficients for
the rectangular (or Cartesian), cylindrical, and spherical coordinate systems.

Rectangular Cylindrical Spherical
Or.thogonal Coordinates | Coordinates Coordinates
Coordinate System (z,y,2) (p, b, 2) r, 0,
Base Vectors PN JUE LA a
(ﬁ1,ﬁ2,ﬁ3) x,Y,z p7¢az T797¢
Metric Coefficients .
(h1, o, hs) 1,1,1 1,p,1 1,7,rsinf
Differential Volume 2 -
(h1hahsdu; dusdus) dxdydz pdpdpdz r* sin Odrdfdeo

Table 1.1.1 Orthogonal coordinate systems.

In terms of the general orthogonal coordinate system, the gradient, the
divergence, the curl, and the Laplacian operators are defined as

Vo =14 ¢ + 4 oo + U 0%
= u
! hl 8’11,1 2 hg@ﬂg 3 h38U3
— 1 0 0 0
D= —— | =—(h2hsD —(hsh1 D —(h1haD:
v hlhghg |:8U1( 21 1)+3U2( 3 2)+ 8U3( 172 3):|
hl’ll1 hQ’ELQ h3’0,3
7 1 9o 90 0
VxH= h1h2h3 8’[1,1 811,2 8u3
hiHy hoHs hsHs
Ve =V Ve
1 0 0P 0 0P 0 0P
= —— | —hohs—— + —hshy —— + —h1ho———
hlhghg I:aul 2 3h18u1 + 3’[1,2 3 1h,2(9U2 + 8u;3 ! 2h3(9’u,3:|

Identifying the metrics hi, ho, hy with those as listed in Table 1.1.1, we
readily obtain the expressions in cylindrical and spherical coordinates.
In the cylindrical coordinate system [Fig. 1.1.6],

Vector differential length dl = pdp + (jAdeng + zdz
Differential area dS = ppdpdz + édpdz + Zpdpde
Differential volume dV = pdpdpdz
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z
A
dz[ s p dpd¢p
\\:\} e dpdz
NN
l pdodz
\\\\\\\/\\\\\ 3
N

Figure 1.1.6 Cylindrical coordinate system.

0 -109 0P

(I)— 5
\Y pap+¢ 0¢+282
— 18 19 9
V-D=-—(pD,)+~=-Dy + 3 D,
pap(p p) 00
popd 2
Z=_ 119 8 a
H, pH, H,
V2p =V VP
1o oe] 1o o
"o op| TP og T 922

In the spherical coordinate system [Fig. 1.1.7],

Vector differential length dl = #dr + Ordo + (]37“ sin 0d¢
Differential area dS = 772 sin 0dfd¢ + Or sin Odrdg + qgrdrdH
Differential volume dV = r?sin 8drdfde
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X

Figure 1.1.7 Spherical coordinate system.

0P 10d ~ 1 0®
Ve = T e T 0 90

— 19 0 1 9
VoD = g D) g g (in0De) + a5 Do
7 r 7 sin 8¢
VXH:rzsllne % % %
H, rHy rsinfHy
V20 =V .V
10[,00 1 o[, 00 1 0%®
:r—za[’“ W] m&[m@%} Zsin? 0 09
1 02 1 9. 09 1 0%
= ;ﬁ[r ]—i—m%[smH%} —TQSiHQGW

Index Notation
A vector in the Cartesian coordinate system can be represented by its
three components. Thus, A; with j = 1,2,3 represents A;, As, A3 of the

vector A. The dot product A- B is written as A;B; where the repeated
index j implies summation over j from 1 to 3:
3
A;jBj = " A;Bj = A1By + A;By + A3By

j=1
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To express cross products in index notation we need to define a Levi-Cevita
symbol ¢€;;; where i,j,k take values from 1 to 3. When any of the two
indices are equal the Levi-Cevita symbol is zero. Otherwise, €;;;, is either
4+1 or —1.Itis +1 if ijk is an even permutation of 1,2,3; —1 if ijk is an
odd permutation of 1,2,3. Thus €123 = €231 = €312 = 1 and €913 = €132 =
€301 = —1 and all others equal to 0. Let C' = A x B. In index notation, we
write Ci = EijkAjBk . ThllS7 Cl = 6123A233 + 8132A332 = A2B3 — A3B2 .
The dyad A B is A; By, , no summation implied because no index is repeated.
The identities (1.1.7) and (1.1.8) are
CigijuA; By = AjeriBiCi = BreyijCiA,
€ijkCi€rimAi1Bm = (€ijkkim)Cj AiBm = (0510 jm — 6im01;)Cj A1 B,
= AzcmBm - ClAlBi
where d;; =1 when ¢ =7 and d;; =0 when 7 # 5.
In index notation, divergence of D;, V- D;,is 0;D;.
In index notation, V is represented by 0; and V¢ by 0;¢ .
In index notation, curl of H;, V x H;, is written as €;;,0;Hj.
The identities (1.1.9)—(1.1.12) are, in index notation
Oi(eijk EjHy) = €iji Hi0i Ej + €51, B 0; Hy, = Hyeyij0i By — Ejejir0; H,
(%EijkajAk = —EjikaiajAk =0
€ijk 000 = —€i1;0j0r P = —€i1jO0r0;0 = 0
€ijk0i€kim O Em = (0i10jm — 0im0;1)0;01 By = 0 0; By — 0;0; E;
Maxwell equations, when written in index notation, take the form:
5ijk8ij =0D; + J;
EijkajEk = 8tBi
9;Dj = p
8ij = —agp

where 0; denotes partial derivative with respect to time.

ExXAMPLE 1.1.2 Poisson equation and Laplace equation.
In (E1.1.1.1), we wrote the electric field vector as the gradient of a po-
tential function @ :

E=-Vo (E1.1.2.1)

By virtue of (1.1.11), we see that V x E = 0. Thus the above definition for
the electric field is true only when the term 9B/0t in Faraday’s law can be
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neglected, i.e., when there is no time variation. We may refer to the above
electric field as the static electric field. Derive an equation for @ .

SOLUTION:
Coulomb’s law (or Gauss’ law for electricity) in free space is

V-E=ple
In terms of the potential function, we obtain the Poisson equation
V20 = —p/e, (B1.1.2.2)

In places where there is no charge density, p = 0, we have the Laplace
equation V2® =0.

— END oF EXAMPLE 1.1.2 —

Siméon Denis Poisson (21 June 1781 — 25 April 1840) studied mathematics at
the Ecole Polytechnique and was student of Pierre-Simon Laplace and Joseph-
Louis Lagrange. His memoir on finite differences was written at age 18. His
well-known contributions include Poisson’s equation in potential theory was
developed in 1829-1835.

ExamMPLE 1.1.3 -
_The voltage Vg is defined as the integration of E along a line segment
of ¢ from point a to point b.

b
Vab:/ dt-E (E1.1.3.1)

Thus V,; is the potential difference between points a and b. For positive
Vb , the electric field vector points from a to b. Point a is at a higher
potential ®, than &, at point b, &, < &, and V,p = ¢, — Py .

— END OoF EXAMPLE 1.1.3 —

ExAMPLE 1.1.4

Maxwell’s equations were originally written in the form of scalar partial
differential equations. Written in terms of all field components, we find that
for Ampere’s law,

0 0 0

—H ——H =—D E1.1.4.1
gy~ gy = gDt ( a)
0 0 0

o He — aHz = aDy +Jy (E1.1.4.1b)
0 0 0

—H,—- —H,=—D, , El1.1.4.1
T el TR ( g
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for Faraday’s law,

0
ayEé o By =5, Bs (E1.1.4.2a)
0 0 0
o b~ 5B = —5.B, (E1.1.4.2b)
0 1o} 0
— —F,=——B, E1.1.4.2
ar Y By ot ( c)
for Coulomb’s law
0 0 0
D, +Zp,+<D, = El1.1.4.
Or + oy Y + 0z P ( 3)
and for Gauss’ law
0 0 0
B +2B+2B,=0 El.1.4.4
Oz * oy Y + 0z ( )

Taking the sum of d(E1.1.4.1a)/0x, 0(E1.1.4.1b)/0y, (E1.1.4.1¢)/dz, and
making use of (E1.1.4.3), we obtain

0 0 B B
IR R v

p (E1.1.4.5)
which is the continuity law. Given (E1.1.4.5), Coulomb’s law can be derived
from Ampere’s law. Likewise, Gauss’ law can be derived from Faraday’s law,
V - B = Const , noticing that no static magnetic monopole is found to exist
and that Const = 0. Thus (E1.1.4.3) and (E1.1.4.4) are not independent
scalar equations, they can be derived from (E1.1.4.1) and (E1.1.4.2).

— END OoF EXAMPLE 1.1.4 —

Problems

P1.1.1
Three vectors A, B, and 6_draﬂn in a head-to-tail fashion form the
three sides of a triangle. What is A+ B+ C and whatis A+ B—C7?

P1.1.2

Prove |A x B|?> = A?2B? — (A-B)? by using C x (Ax B) = A(C-B) —
© AL
P1.1.3

A position vector 7 = #v/2 + §v/2 + 42 . Determine its spherical compo-
nents r,6,¢ and its cylindrical components p, ¢, z .
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P1.14
Find a unit vector ¢ that is perpendicular to both A =34+ 95— 23
and B=22—gy7—215.

P1.1.5
Let A = 3A, and the projection of another vector B on A be B, =
BcosBap. What is A- B in terms of the angle 645 between A and B7?

P1.1.6
Assume A > B and draw a line projecting B on A . The line length h =
Bsinfap , which is also related to A from h? = |A— B|?> — (A~ Bcosf0,p)>

by the cosine law in geometry. Show that A-B = ABcosfap

P1.1.7

The direction of A x B follows the right-hand rule, i.e., when the fingers
of the right hand rotate from A to B, the thumb of the rlght hand points
in the direction of A x B. Thus the Vector A X B is perpendicular to both

A and B and the plane containing A and B. Let A = #A, + ¢4, and
B=iB, + 9By both in the zy-plane, find AxB.

P1.1.8

Using cosfsp = A- B/AB, show that |A x B| = |ABsinf,p|.
P1.1.9

For ®(z) =22, and ®(z) = —23, what are their gradients?
P1.1.10

The function ® = 224+2y? describes a family of ellipses. Find its gradient
and show that V& is normal to the ellipse and pointing in the directions of
an expanding ellipse.

Pl.lélolnsider the function ® = x + y. Find the gradient of the function.
P1.1.12
Prove the following identities:

V- (ExH)=H-(VxE)-E-(VxH) (1.1.9)

(V x A) =0 (1.1.10)

x (V@) =0 (1.1.11)

Vx(VxE)=V(V-E)-V*E (1.1.12)
P1.1.13

The six terms in (1.1.21) are associated with the six differential surfaces
bounding (zo, o, z0) - For the first term, the surface normal is in the & di-
rection; we write dS = 2AyAz. For the second term dS = —2AyAz. For
the thlrd term dS = §AzAzx , etc. Derive a curl theorem by integrating over
the volume similar to the divergence theorem.
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P1.1.14

What is the result if the surface integral of V x H is carried out over
a closed surface? Compare with Stokes Theorem in (1.1.24) and the curl
theorem in P1.1.13 for the curl integrated over a volume V enclosed by a
surface S'.

P1.1.15
For the vector A = pp? + 52z, verify the divergence theorem for the
circular cylindrical region enclosed by p=5,2=0, and z=3.

P1.1.16 B B -
Prove that [A X (V X .B)]z = AjaiBj — [(A . V).B]z .

P1.1.17
Prove that V(A-B) = (A-V)B+(B-V)A+Ax (Vx B)+ B x (V x A).

P1.1.18 o L B
Show that V(A-A)=2(A-V)A+24x (V x A).

P1.1.19
Express static electric field vector as the gradient of a potential function

I S
\r?+y? 422

and find the electric field of a charge ¢ from Maxwell equations.

b =
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1.2 Electromagnetic Waves

A. Wave Equation and Wave Solution

The Maxwell equations in differential form are valid at all times
for every point in space. First we shall investigate solutions to the
Maxwell equations in regions devoid of source, namely in regions where
J =0 and p = 0. This of course does not mean that there is no source
anywhere in all space. Sources must exist outside the regions of interest
in order to produce fields in these regions. Thus in source-free regions
in free space, the Maxwell equations become

2_

H=¢—F 1.2.1

V x €0 ( )
— 0 —

E=—po~—H 1.2.2

V x Hony (1.2.2)

V-E=0 (1.2.3)

V-H=0 (1.2.4)

To derive an equation for the vector field E, we take curl of (1.2.2),
substitute (1.2.1)

2

VXVXE——MO%VXF——MOGO%E

and make use of the vector identity V x V X E =VV.E-V?E.
Noticing from (1.2.3) that V- E =0, we have

(1.2.5)

2

_ 0%
V2E — Hoto g B =0 (1.2.6)

This is known as the Helmholtz wave equation. Solutions to the wave
equation (1.2.6) that satisfy all Maxwell equations are electromagnetic
waves.

Hermann Ludwig Ferdinand von Helmholtz (31 August 1821 — 8 September
1894) was a professor of anatomy and physiology at the University of Bonn in
1858, then became a professor of physics at the University of Berlin in 1871,
and the first director of the Physico-Technical Institute of Berlin in 1888.
His 3-volume Handbook of Physiological Optics appeared between 1856 and
1867.
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Wave Solution

We shall now study a solution to (1.2.6) assuming E, = E, =0.
Let E, be a function only of z and ¢ and independent of z and y.
The electric field vector can be written as

E =3E,(z,1)
The wave equation it satisfies follows from (1.2.6) which becomes

9? 0?
@ELE - MOGO@EZ‘ =0 (127)

The simplest solution to (1.2.7) takes the form

E =3E;(2,t) = 2Ep cos(kz — wt) (1.2.8)

Substituting (1.2.8) in (1.2.7) we find that the following equation,
called the dispersion relation, must be satisfied:

k? = W pioe, (1.2.9)

The dispersion relation provides an important connection between the
spatial frequency k and the temporal frequency w .

There are two points of view useful in the study of a space-time
varying quantity such as FE,(z,t). The temporal view point is to exam-
ine the time variation at fixed points in space. The spatial view point
is to examine spatial variation at fixed times, a process that amounts
to taking a series of pictures.

From the temporal view point, we first fix our attention on one
particular point in space, say z = 0. We then have the electric field
E.(z = 0,t) = Epcoswt. Plotted as a function of time in Fig. 1.2.1,
we find that the waveform repeats itself in time as wt = 2mn for any
integer m. The period is defined as the time T for which wT = 27.
The number of periods in a time of one second is the frequency f
defined as f = 1/T, which gives

f=—= (1.2.10)
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wt

3

wT = 27

E.(2=0,t) = Eycoswt

Figure 1.2.1 Electric field strength as a function of wt at z = 0.

t t t

L [ —

=
D ke

FAWAWA

-
7
<
—

i 1 sec > 1 sec
E, = Eycos2m fyt E, = Eycosdn fyt E, = Eycos6mfot
a.f=1f,=1Hz b. f =2f, =2Hz c.f=3f,=3Hz

Figure 1.2.2 Electric field strength vs. ¢ for different frequencies w.

The unit for frequency f is Hertz (Hz) with 1 Hz = 1 s~!, which is
equal to the number of cycles per second. Since w = 27 f, w is the
angular frequency of the wave.

In this book, we often refer to w as the frequency, simply because
w is more commonly encountered than f. The temporal frequency w
characterizes the variation of the wave in time. We plot in Fig. 1.2.2a
E.(z =0,t) as a function of ¢ instead of wt. Let there be one period
within the time interval of 1 second. Thus, f = f, = 1Hz, and we let
w = w, = 27 rad/s. In Fig. 1.2.2b, we plot w = 2w, ; there are two
periods in a time interval of one second and the period in time is 0.5
seconds. In Fig. 1.2.2c, w = 3w, and there are three periods in one
second.
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B. Unit for Spatial Frequency k

To examine wave behavior from the spatial view point, let wt = 0.
The electric field becomes

E.(z,t =0) = Epcoskz (1.2.11)

The electric field thus varies periodically in space. We plot E,(z,t = 0)
as a function of kz in Fig. 1.2.3. The waveform repeats itself periodi-
cally in space when kz = 2mm for integer values of m. The period of
one spatial variation is the wavelength A defined as the distance for
which kX = 27w . The number of spatial variations per unit distance is

é/
o = 2ﬂ>
—~

kz

<

Figure 1.2.3 Electric field strength as a function of kz at t = 0.

E,(z,t=0) = Egcoskz

_27T

A

We call k the spatial frequency, which characterizes the spatial vari-
ations of the field strength, similar to the temporal frequency which
characterized the temporal variations of the field strength. The spatial
frequency is also called the wavenumber as it is equal to the number
of wavelengths in a distance of 27 and has the dimension of inverse
length.

Let me define for the spatial frequency k a fundamental unit K, :

k (1.2.12)

1K, = 27 rad/m | (1.2.13)

Similar to the unit Hz which is cycles per second in temporal variation,
K, is cycles per meter in spatial variation. For a wave that has a spatial
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1m

A

i 1m > 1m
—

E,. = Egcoslk,z E, = Egcos2k,z E,. = Egcos3k,z
a. k=1k, = 1K, b. k =2k, = 2K, c. k=3k,=3K,

Figure 1.2.4 Electric field strength vs. distance z with different spatial
frequency k.

frequency of one period of spatial variation in one meter distance, we
have k = 1K, . An electromagnetic wave in free space with k = 3K,
has three spatial variations in a distance of one meter.

We plot in Fig. 1.2.4a E,(z,t = 0) as a function of z instead of
kz. There is one cycle of spatial variation within the wavelength of
1 meter. Since K, = 27 rad/m, we have k = 1K, = 27 rad/m. In
Fig. 1.2.4b, we plot k£ = 2K, ; there are two variations in a spatial
distance of one meter and the wavelength is 0.5 meters. In Fig. 1.2.4c,
k = 3K, and there are three variations in one meter.

From the dispersion relation for electromagnetic waves (1.2.9), we
see that the spatial frequency and the temporal frequency are related
by the velocity of light. Thus for a spatial frequency of 1K,, the
corresponding temporal frequency is f = 300 MHz . With k expressed
in unit K, , we find

f=3x10k Hz; A=1/k m (1.2.14)

Within the spatial frequency range of 0.01K, to 100K, electromag-
netic waves are used for microwave heating, radar, navigation, and
carrying signals from radio, television, and satellite communications.
The visible light has a spatial frequency band between 1.4 x 10° ~
2.6 x 10K, . In Fig. 1.2.5 we illustrate the electromagnetic wave spec-
trum according to the spatial frequency in K, and corresponding wave-
length in meters, frequency in Hz, and energy in electron-volts (eV).



1.2 Electromagnetic Waves

29

—10%0

ot

__1016

~101

—THz

k A hw
10121012 If{ MeV—
1 K, =2rm™! ey
k =AK, T
1010__A )\Zl/Am X-R
f = 3004 MHz, n
4 hw=1.24x10"54eV l eV
108 41078
Ultraviolet
MK -y ——— Visible (14 ~ 2.6 MK,; 417 ~ 789 THz)
? Near Infrared (0.77 ~ 1.4MK,; 231 ~ 417 THz) ¢V
T Thermal Infrared (0.067 ~ 0.14 MK,; 20 ~ 43 THz) -
10 4104 _
—+mm A% -
EHF Millimeter Wave
102 4~cm _|
SHF Radar C, X, Ky, K bands (13.3 ~ 90 K, ;4 ~ 27 GHz)
Microwave Oven (8.17Ky; 2.45 GHz ) N
K -m UHF Television (1.57 ~ 2.97 K, ; 470 ~890 MHz )
° Television (.18 ~.72 Ko ; 54 ~ 216 MHz ) 7]
VHF g\ Radio (.29 ~ .36 Ko ; 88 ~ 108 MHz )
HF  Short Wave Radio (.01 ~.001 K, ; 3 ~ 30 MHz ) i
1072 _
MF AM Radio (.00178 ~ .00535 K, 535 ~ 1605 kHz)
—+km _
. LF  (107* ~ 1072 K,; 30 ~ 300kHz)
10~ _
VLF (1075 ~ 1074 K,; 3 ~ 30kHz)
ULF (107~ 107°K,; 0.3 ~ 3kHz) ]
10764-106 -
SLF (1077 ~ 1079 K,; 30 ~ 300 Hz)
ELF (107® ~ 10~ 7Ky; 3 ~ 30 Hz) ]
10784108 _
m eV
Ko (prigency) ( Froqhoncy

Figure 1.2.5 Electromagnetic wave spectrum.

) Hz



30 1. Fundamentals

In this book I shall place great emphasis on the use of k, which is
of more fundamental importance in electromagnetic wave theory than
both of the more popular concepts of wavelength A and frequency f.
The corresponding values of wavelength A\ and frequency f are, for
k=AK,,

A=2n/k=2n/(AK,) = %m; f =ck/2n = cAK, /21 = 3x10° AHz

The photon energy in electron-volts (eV) is calculated from
hw = (hc¢AK,/q) eV ~ 1.24 x 1074 eV = hck/q eV

where ¢ = 1.6 x 107" coulombs is the electron charge, and h =
1.05 x 10734 Joule-second is Planck’s constant h = 6.626 x 1073* J-
sec divided by 27 .

Max Karl Ernst Ludwig Planck (23 April 1858 — 4 October 1947)

Max Planck entered the University of Munich in 1874. He taught at
the University of Munich in 1880-1885, Kiel 1885—1889. After the death of
Kirchhoff in 1887, Planck succeeded his chair of theoretical physics at the
University of Berlin in 1889 until his retirement in 1927. In 1900 he announced
a formula now known as Planck’s radiation formula and introduced the quanta
of energy.

ExAMPLE 1.2.1 Operating frequencies of common devices:

Device Temporal frequency (Hz) Spatial frequency (K,)
AM Radio 535 — 1605 kHz 0.00178 — 0.00535 K,
Shortwave Radio 3 — 30 MHz 0.01 - 0.1 K,
FM Radio 88 — 108 MHz 0.293 - 0.36 K,
Airport ILS 108 — 112 MHz 0.35 - 0.373 K,
Commercial Television
Channels 2-4 54 — 72 MHz 0.18 - 0.24 K,
Channels 5-6 76 — 88 MHz 0.253 — 0.293 K,
Channels 7-13 174 — 216 MHz 0.58 - 0.72 K,
Channels 14-83 470 — 890 MHz 1.57 - 2.97 K,
Microwave Oven 2.45 GHz 8.17 K,
Communication Satellite
Downlink 3.70 — 4.20 GHz 123 -14 K,
Uplink 5.925 — 6.425 GHz 19.75 - 214 K,

— END oF EXAMPLE 1.2.1 —
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Phase Velocity and Phase Delay

In Figs. 1.2.6b and 1.2.6¢ we plot E,(z,t) at two progressive times
wt =m/2 and wt = 7. We observe that the electric field vector at A
appears to be propagating along the 2 direction as time progresses.
The velocity of propagation V), is determined from kz—wt = constant
which gives

dz w
Vp=— =— 1.2.15

We call V,, the phase velocity. By virtue of the dispersion relation
(1.2.9), we see that V, = (uo€,)~/2, which is equal to the velocity of
light in free space c.

kz kz kz

3n 35 3 >
27 > o -2

a. wt=20 b. wt= c. wt=m

T
2
E,. = Egcoskz E,. = FEysinkz E,=—FEgcoskz

Figure 1.2.6 Electric field strength vs. kz at different times.

The spatial frequency k is, according to the dispersion relation,
directly related to the temporal frequency w by the phase delay

k
Ap = = = Vlioko (1.2.16)

which determines how much time it takes for the wave to propagate a
unit distance. In free space A, = 107%/3 s/m or it takes 3.33 nanosec-
onds for an electromagnetic wave to travel the distance of one meter.



32 1. Fundamentals

EXAMPLE 1.2.2 Electric field vector E and magnetic field vector H.

A wave equation similar to (1.2.6) can be derived for the magnetic field vector
H. Wave solutions for £ and H can be written as

) = ZEo cos(kz — wt) (E1.2.2.1)

E=&E.(z,t
H = gHy(z,t) = §Ho cos(kz — wt) (E1.2.2.2)

o=

>

It is seen that E and H satisfy (1.2.3) and (1.2.4). From (1.2.1), we find

T 7 z
— o} o} 1o} . .
VxH = e Biy 9 =& kHosin(kz — wt)
0 H, 0
=€ gE—ﬁwe Epsin(kz — wt)
- oat - o120

N
B,
%

N

S

Figure E1.2.2.1 Electric and magnetic fields of an electromagnetic wave.

The magnitudes Ey and Ho are related by Fo/Ho = k/weo = \/o/€0 = 1,
where 7 = \/10/€o is called the free-space impedance. The same result is obtained
by substituting (E1.2.2.1) and (E1.2.2.2) into (1.2.2). The electromagnetic wave
is propagating in the positive Z direction. The field vectors of the electromagnetic
wave are transversal to the direction of propagation and lie in the xy-plane, on
which the phase kz —wt of the wave is a constant. Since the phase front of the wave
is the zy-plane, we call the electromagnetic wave as represented by (E1.2.2.1) and
(E1.2.2.2) a plane wave.

— END OF EXAMPLE 1.2.2 —
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C. Polarization

The polarization of a wave is conventionally defined by the time vari-
ation of the tip of the electric field vector E at a fixed point in space.
If the tip moves along a straight line, the wave is linearly polarized.
When the locus of the tip is a circle, the wave is circularly polarized.
For an elliptically polarized wave, the tip of E describes an ellipse.
If the right-hand thumb points in the direction of propagation while
the fingers point in the direction of the tip motion, the wave is de-
fined as right-hand polarized. The wave is left-hand polarized when it
is described by the left-hand thumb and fingers.
Consider the following wave solution:

Bz t) = 2B, + B,
=z cos(kz — wt) + JAcos(kz —wt +v)  (1.2.17)

with A > 0. The wave propagates in the +Z direction. From the
temporal view point,

E(t) = 2 cos(wt) + yA cos(wt — 1)

We now study polarization for the following special cases:
Case 1) ¢ = 2mm, where m =0,1,2,... is an integer. We have

E(t) = & cos(wt) + §A cos(wt)

The tip of the electric field vector moves along a line as shown in
Fig. 1.2.7a. The wave is linearly polarized.
Case 2) ¥ = (2m + 1)m, we have

E(t) = & cos(wt) — §A cos(wt)

The tip of the electric field vector moves along a line as shown in
Fig. 1.2.7b. The wave is linearly polarized.
Case 3) v =n/2 and A =1, we have

E(t) = & cos(wt) + ysin(wt) (1.2.18)

It can be seen that while the x component is at its maximum the y
component is zero. As time progresses, the y component increases and
the = component decreases. The tip of E rotates from the positive FE,
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axis to the positive E, axis [Fig. 1.2.7c]. Elimination of ¢ from the z
and y components in (1.2.18) yields a circle of radius 1, E2+ EZ =1.
Thus the wave is right-hand circularly polarized.

Case 4) ¢ = —m/2 and A =1, we have

E(t) = % cos(wt) — §sin(wt) (1.2.19)

As time progresses, the y component increases and the x compo-
nent decreases. The tip of E rotates from the positive E, axis to
the negative F, axis. Thus the wave is left-hand circularly polarized
[Fig. 1.2.7d].

Case 5) ¢ = +m/2, we have

E(t) = & cos(wt) & §Asin(wt) (1.2.20)

The wave is right-hand elliptically polarized for ¢ = 7/2 [Fig. 1.2.7¢]
and left-hand elliptically polarized for ¢ = —x/2 [Fig. 1.2.71].

\
M/

_—
2

f\
I\

S~

/
S

Figure 1.2.8 Polarizations for various values of 1) and A.

The above discussion can be summarized in Fig. 1.2.8 where we
illustrate the polarization for different values of A and . On the
horizontal axis, ) = 0, or 7, the wave is linearly polarized. If A =1
and ¢ = m/2, the wave is right-hand circularly polarized. For A =1
and ¢ = —m /2, the wave is left-hand circularly polarized. Otherwise
the wave is elliptically polarized. The polarization is right-handed if
the phase difference is between zero and w, and left-handed if 1 is
between 7 and 2.
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EXAMPLE 1.2.3 Polarization from the spatial view point.

Wave polarization can be viewed by either taking a series of still pictures
at several fixed times, called the spatial view point or by making observations
at a fixed point in space, called the temporal view point. The definition of
polarization so far has been discussed from the temporal view point. Let us
now look at polarization from the spatial view point.

T

Figure E1.2.3.1 Spatial view of polarization.

Consider the right-hand circularly polarized wave with ¢ = x/2 and
A =1 in case 3), setting ¢t =0 in wave solution (1.2.17), we have

E(z,t =0) = &cos(kz) — gsin(kz) = £E,(z) — §E,(2)

This is a left-handed helix as shown below.
2 2
E, = Eycos (Tﬁz) E, = Ejsin (Tﬂz)

The parametric equation of a helix is

2 2
x = Rcos (—ﬂz> y = Rsin <—7rz)r
p p

where p is the pitch of the helix. Thus, the locus of the tip point of the electric
field vector measured along the z axis is a left-handed helix with the pitch
p = A. The helix advances along +2 without rotating. At z = zg = 3\/4,
electric field vector is at E\tzto when t, = 0, it is shown as E\t=t+ when
t+ = 7T/4u] .

— END OF EXAMPLE 1.2.3 —
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Poincaré Sphere and Stokes Parameters

We now use the ellipse as shown in Fig. 1.2.9 to illustrate all polariza-
tion states by introducing two parameters: polarization angle o and
orientation angle 3. We let the major axis of the ellipse be e; and
the minor axis ey < e;. The shape of the ellipse can be specified by
the ellipticity angle « defined as

tana = + 2 (1.2.21)
€1

where the plus sign corresponds to right-hand polarization for which
0 < a < w/4 and the negative sign to left-hand polarization for which
—m/4 < a < 0. We see that for linearly polarized wave o = 0. For as
is evident from the defining equation for Fig. 1.2.9.

E,
Figure 1.2.9 Elliptical polarization.
E(t) = & coswt + JAsinwt (1.2.22)
For right-hand circularly polarized waves, « = —7/4 and ey = €7,
for left-hand circularly polarized waves, « = —7/4 and eg = e; . For

right-hand polarization, «a > 0, for left-hand polarization, o < 0.

The orientation angle 3 is introduced with Fig. 1.2.10 by rotating
the ellipse in Fig. 1.2.9. The major axis of the ellipse is rotated and
makes the angle § with the E, axis with 0 < g < «. Thus for a
linearly polarized wave along the E,—axis, f=m/2.

Instead of the planar representation of polarization states as shown
in Fig. 1.2.8, we shall now discuss representation of polarization states
with a sphere called Poincaré sphere as shown in Fig. 1.2.11. The radius
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Figure 1.2.10 Elliptical polarization.

of the sphere is I, and the three axes are Q, U,V as shown below:

Q = Icos2acos2(
U = Icos2asin2g
V = Isin2«a

Figure 1.2.11 Poincare sphere.

We see that I? = Q? + U? + V2. When the wave is right-hand cir-
cularly polarized Q = U = 0, V = I, as a = /4. When the
wave is left-hand circularly polarized, @ = U = 0, V -1, as o =
—7/4. When the wave is linearly polarized, V = 0, as a« = 0. With a
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rigorous mathematical derivation, I,Q,U,V can be derived from e,
and ey, and they are called Stokes parameters, which are useful in
characterizing polarized as well as unpolarized electromagnetic waves.

Jules Henri Poincaré (29 April 1854 — 17 July 1912)

Henri Poincaré entered the Ecole Polytechnique in 1873, graduating in
1875, and received his doctorate in mathematics from the University of Paris
in 1879. In 1886 he was appointed to a chair of mathematical physics and
probability at the Sorbonne and also at the Ecole Polytechnique. In 1894, he
published the first of his six papers on algebraic topology.

ExXAMPLE 1.2.4

To facilitate a mathematical discussion of polarization, we decompose
the E vector of a wave into two components perpendicular to the direction
of propagation. For a specific point in space, we write

E(t) = 2B, + )E, = #e, cos(wt — 1) + Je, cos(wt — 1) (E1.2.4.1)

where Z, ¢, and the direction of propagation are mutually perpendicular
and thus form an orthogonal system. We assume the amplitudes e, and e,
are both positive. The locus of the tip E(¢) is determined by eliminating the
time ¢ dependence between the two components E, and E, .

In general, a polarized wave has elliptical polarization; that is, when time
is eliminated from the two components of F , the resultant equation describes
an ellipse. Consider the case ¥, = ¢, ¥y, — ¢, = £7/2 in (E1.2.4.1) and let
ex = €1 > ey = e,. We have

/

E({t)=2'E,+JE,=7"e cos(wt — ) + 7 easin(wt —1hy) (E1.2.4.2)
with e; denoting the major axis and e, the minor axis, we write

tana = -2 (E1.2.4.3)
€1
where —m/4 < a<m7/4.

The general polarization states are more popularly described with the
Poincaré sphere as discussed below. Consider the elliptical polarization as
given by (E1.2.4.1), which describes a tilted ellipse as plotted in Fig. 1.2.10.
The major axis of the ellipse described in (E1.2.4.2) is rotated and makes the
angle § with the Ej axis with 0 < 8 <. We call 8 the orientation angle.

In view of (E1.2.4.2) and Fig. 1.2.9, we have from coordinate transfor-
mation

E! = E,cos 3+ E,sinf3
E, = —E,sin 3 + E, cos 3
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leading to

eq cos(wt — 1hg) = Eycos B+ Eysin (E1.2.4.4a)
e sin(wt — 1)g) = —E,sinf + E, cos (E1.2.4.4b)

Substituting the components E; and E, of (E1.2.4.1) in (E1.2.4.4) and
comparing the coefficients of coswt and sinwt, we obtain

€1 Cos Yy = ey cos 1y cos 3 + e, cos Py, sin (E1.2.4.5a)
e1sinyg = ey siny, cos B + e, sin )y, sin B (E1.2.4.5b)
e2 COS Py = —ey sin, sin B + ey sin )y, cos B (E1.2.4.5¢)
ez sing = ey cos P, sin B — e, cos Y, cos 5 (E1.2.4.5d)

Eliminating 1o from (E1.2.4.5a¢) and (E1.2.4.5b), we find

e? = €2 cos® f + ez sin® 8 + ege, sin 2 cos ¥ (E1.2.4.6a)
Similarly from (E1.2.4.5¢) and (E1.2.4.5d), we have

e = e2sin’ B + ei cos? 3 — epe, sin 203 cos ¥ (E1.2.4.6b)

Multiplying (E1.2.4.5a) by (E1.2.4.5¢), (E1.2.4.5b) by (E1.2.4.5d) and then
adding, we again eliminate 1y and obtain

e1€y = egey siny (E1.2.4.6¢)

Finally we multiply (E1.2.4.5a) by (E1.2.4.5d) and subtract from the prod-
uct of (E1.2.4.5b) and (E1.2.4.5¢), which yields

2eze, cos ) = (e2 — e2) tan 23 (E1.2.4.6d)

Equation (E1.2.4.6) will be used in the following discussion on Stokes param-
eters and the Poincaré sphere.

To facilitate the discussion of various polarization states of electromag-
netic waves, the four Stokes parameters pertaining to E(t) given in (E1.2.4.1)
are defined as follows :

I= % (e2+¢2) (E1.2.4.7a)

- % (2 — ¢2) (B1.2.4.7b)
U= %exey cos (E1.2.4.7¢)
V= %exey sin ¢ (E1.2.4.7d)
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Notice that I? = Q2+ U? + V2.
Adding (E1.2.4.6a) and (E1.2.4.6b) yields ef + e5 = e2 + el = nl.
Making use of (E1.2.4.3), we have

e? = nl cos® a (E1.2.4.8)

Subtracting (E1.2.4.6b) from (E1.2.4.6a) and making use of (E1.2.4.6d) , we
find e —e3 = (e2 —e;)/cos23. Making use of (E1.2.4.3) and (E1.2.4.8),
we find

1
Q=—(e2 - 632;) = [ cos2acos2f3 (E1.2.4.9q)
n

In terms of I, we find from (E1.2.4.7¢), (E1.2.4.6d) and (E1.2.4.9a)
U = Icos2asin2p (E1.2.4.9b)
and from (E1.2.4.7d), (E1.2.4.6¢) and (E1.2.4.8)
V =1Isin2a (E1.2.4.9¢)

Equation (E1.2.4.9) suggests a simple geometrical representation of all states
of polarization by recognizing that @, U, and V can be regarded as the
rectangular components of a point on a sphere with radius I, known as the
Poincaré sphere. We define, in the spherical coordinate system, 6 = 7/2 — 2«
and ¢ = 20. As seen from (E1.2.4.3), positive « is for right-hand polariza-
tion which is represented by points on the upper hemisphere. On the lower
hemisphere, the points correspond to left-hand polarization. The north pole
represents right-hand circular polarization and the south pole represents left-
hand circular polarization. The sphere is called the Poincaré sphere. Fig. 1.2.8
is seen to be a planar projection of the Poincaré sphere with the plane and
the sphere touching each other at @@ = I. The equator is mapped into the

horizontal axis.
— END OF EXAMPLE 1.2.4 —

ExXAMPLE 1.2.5 Partial polarization.
Radiation from many natural and man-made sources consists of field
components that fluctuate with time. We write

Ej, = en(t) cos (wt - (t))
E, = ey(t) cos (wt — 1y (t))

The wave is quasi-monochromatic when ep(t), e,(t), ¥n(t), and 1, (t) are
slowly varying compared with coswt. The Stokes parameters are defined by
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a time-average procedure over a large time interval T, denoted with the
brackets <>:

<E}t)>= %/ dt [Ey (1))
0

The Stokes parameters are
I=Iy+1I,==(<E;>+<E.>)

Q=1I,—-1I,= (<E2> — <E12,>) = I <cos2acos2/3>

I =3I

2
U=—-<EpFE,cosyp>=1 <cos2asin2(3>
n

2
V==-<EpE,siny>=1 <sin2a>
n

For completely unpolarized waves, Fj and E, are uncorrelated and we have
I = total Poynting power and Q = U = V = 0. For completely polarized
waves we have I? = Q% 4+ U? + V2. For partially polarized waves it can be
shown that I? > Q%+ U? +V? [Example 1.2A.2]. With the Poincaré sphere
of radius I, the partially polarized waves correspond to points inside the
sphere.

In concluding this section on wave polarization, we remark that the po-
larization is defined according to the time variations of the E vector. As we
shall see in Chapter 3, it is imperative that we define polarization in terms of
D when anisotropic and bianisotropic media are involved. This is because in
isotropic media E is perpendicular to k, k- E = 0, while in non-isotropic
media k-D = 0. This also suggests that wave polarization can be defined in
terms of the field vector B .

— END OF EXAMPLE 1.2.5 —

Problems

P1.2.1
Electromagnetic waves satisfy all of the Maxwell equations. Consider, in
free space, the following electric field vectors:

+ +

5
|

E = @ cos(wt — k2)

Ey = 2 cos(wt — kz)

E3 = (& + 2) cos(wt + ky)
(

%) cos (wt + kl|z + z|/\/§)
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Do these electric field vectors satisfy the wave equation and all Maxwell equa-
tions? Which of the four fields qualify as electromagnetic waves? For those
not qualified as electromagnetic waves, state which of the Maxwell equations
are violated.

P1.2.2
The electric field vector

E = iFEycos(kz — wt)

represents an electromagnetic wave propagating in the 42 direction. What
is the expression if the wave is propagating in the —Z direction?

P1.2.3

An electromagnetic wave has spatial frequency k, = 100 K,. Determine
the wavelength in meters and the temporal frequency in GHz.

Determine the spatial frequency in unit of K, for a laser light at wave-
length A = 0.6328 pm .

Determine the spatial frequency in unit of K, for a microwave oven at
frequency 2.4 GHz.

P1.24
The known spectrum of electromagnetic waves covers a wide range of
frequencies. Electromagnetic phenomena are all described by Maxwell’s equa-
tions and, by convention, are generally classified according to wavelengths or
frequencies. Radio waves, television signals, radar beams, visible light, X rays,
and gamma rays are examples of electromagnetic waves.
(a) Give in meters the wavelengths corresponding to the following frequen-
cies:
(i) 60 Hz
(ii) AM radio (535-1605 kHz)
(iii) FM radio (88-108 MHz)
(iv) Visible light (~ 10 Hz)
(v) X-rays (~ 10'® Hz)
(b) Give in Hertz the temporal frequencies corresponding to the wavelengths:
(1) 1 km, (i) 1 m, (iii) 1 mm, (iv) 1 pm, (v) 1 A.
(c) Give in K, the spatial frequencies corresponding to the wavelengths in
(b).

(d) Give in eV the spatial frequencies corresponding to the wavelengths in
(b).

P1.2.5
Consider the electric field amplitude

E.(z,t) = Egcos(kz — wt)

Find the phase velocity v, = w/k and the group velocity v, = dw/dk .
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P1.2.6
Consider an electromagnetic wave propagating in the 2z-direction with

E = e, cos(kz — wt + 1) + Je, cos(kz — wt + )

where e, ey, Y., and 1, are all real numbers.

(a) Let e, =2, e, =1, ¥, =7/2, ¥, = 7/4. What is the polarization?

(b) Let ey =1, ey =, = 0. This is a linearly polarized wave. Prove that it
can be expressed as the superposition of a right-hand circularly polarized
wave and a left-hand circularly polarized wave.

(c) Let ey =1, ¢, =7/4, ¢y, = —m/4, e, = 1. This is a circularly polarized
wave. Prove that it can be decomposed into two linearly polarized waves.

P1.2.7

Wave polarization can be viewed by either taking a series of still pictures
at several fixed times, called the spatial view point or by making observations
at a fixed point in space, called the temporal view point. We define polariza-
tion from the temporal view point. Let us now look at polarization from the
spatial view point.

Consider an electromagnetic wave with k& = 100K, propagating in the
z direction.

E(T,t) = Ep[Z cos(kz — wt) — gsin(kz — wt)]

What are the wavelength and the polarization of this wave?

From the spatial point of view, by taking a picture at ¢ = 0, the tips of
the electric field vectors form a helix. Is the helix right-handed or left-handed?
What is the pitch of this helix?

Observing at a fixed point in space, show that the tip of the electric field
describes the same polarization as in the temporal view point when the helix
advances without turning.

P1.2.8
For polarized waves

I=1,+1,
Q=1,—1,=1cos2acos2f3
U = Icos2asin2
V = Isin2a
Show that when the wave is right-handed circularly polarized @ = U =0 and

V = I, when it is left-hand circularly polarized, @ = U =0 and V = —1I,
and when the wave is linearly polarized, V = 0.



1.3 Force, Power, and Energy 45

1.3 Force, Power, and Energy

A. Lorentz Force Law

The interaction of the electric and magnetic fields with the current
and charge densities are governed by the Lorentz force law

f=pE+JxB (1.3.1)

where f is the force density (with unit N/m?). The Lorentz force
law relates electromagnetism to mechanics. The manifestation of the
electric field vector E and the magnetic field vector B can be demon-
strated with the forces exerted on the charge density p and the current
density J. It can thus be used to define the fields £ and B.

Hendrik Antoon Lorentz (18 July 1853 — 4 February 1928)

Hendrik Lorentz entered the University of Leyden in 1870, obtained his
B.Sc. degree in 1871, and in 1875, his doctor’s degree for his thesis on the
reflection and refraction of light. Three years later he was appointed to the
Professor of Physics at Leyden. In 1904 he developed the Lorentz transfor-
mation formula that form the basis for the special theory of relativity .

ExAMPLE 1.3.1 Coulomb’s law.

For static electric fields in the absence of magnetic fields, the Lorentz
force law becomes f = pE. Acting on a charged particle ¢, the total force is
F = gF . Assuming that the electric field E is generated by another charged

particle @ situated at the origin, we have

Q

Fei 2
4me,r?
Thus the total force acting on the charged particle ¢ is

= qQ

F=r
4de,r?

which is proportional to the squared inverse distance. This is the well-known

Coulomb’s law.
— END oF ExXAMPLE 1.3.1 —

Issac Newton (25 December 1642 — 20 March 1727)

Newton attended Cambridge University at the age of 19 and entered
Trinity College in 1661. After receiving his B.A. degree in 1664, he returned
to his birth place Woolsthorpe, England. In the next two years, he extended
the binomial theorem, invented calculus, discovered the law of universal grav-
itation, and experimentally proved that white light is composed of all colors,
all these great accomplishments in scientific history before his 25th birthday.
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ExAMPLE 1.3.2 Cyclotron frequency.

Consider a particle with charge ¢ and mass m moving with velocity
v in a uniform static magnetic field in the —Z direction, B = —2Bgy. In
the absence of electric fields, if the velocity v has no component in the 2
direction, the Lorentz force is perpendicular to the direction of the velocity
and the charge particle moves in the x-y plane. Let v = fv, + gv, , we have

F=qoxB= —2quy By + 9qv, Bo

Equating to Newton’s law

F—mdj —;%md&—k ”md&
T T TV
we find
dvg
mee = —quy By (E1.3.2.1a)
dt
d
m% — qu. By (E1.3.2.1b)

Eliminating v, from the above two equations, we find

d%z——w%
2~ e
where
B
we = L0 (E1.3.2.2)
m
YA
X X X X
X X |X X
X X X|X X X
X X X XX X X X o
X X X XX X X X
X X X|X X X
XANK X XX X X/X
X X XX 5

Figure E1.3.2.1 Cyclotron frequency.
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is called the cyclotron frequency, which is proportional to the magnitude of
the magnetic field and is independent of the velocity of the particle.
The solution to (E1.3.2.1) can be written as

d

vy = d—f = vcoswet (E1.3.2.3q)
d

vy = d—z = vsinw,t (E1.3.2.3b)

To find the trajectory of the particle, we write the solution of (E1.3.2.3) as

v =— sinwet = Rsinw,t (E1.3.2.4a)
We
Y= ~ 2 cos wet = —Rcoswet (E1.3.2.4b)
We

The trajectory of the particle is thus a circle with radius

R=(a2+y)2 =2 (E1.3.2.5)

In terms of the applied magnetic field, we find from (E1.3.2.2)

muv
R=—-r E1.3.2.6

It is seen that the larger the magnetic field, the smaller the radius. If the
charged particle has a velocity component in the Z direction, the trajectory
of the particle will follow a helical path.

— END OF EXAMPLE 1.3.2 —

EXERCISE 1.3.1 Centrifugal force.
In cylindrical coordinate system, p is the radial vector and p is in the
radial direction. The force acting on the charge in the above example is

Taz TV w2 T el
= mRw?(—&sinwet + § cosw.t) = —mw?(2x + Jy)

U2

2= —pm— (Ex1.3.1.1)

o d’z d?y d?

which is equal to the negative of the centrifugal force pointing in the p di-
rection, whose magnitude is equal to the Lorentz force pquB, .
— END OF EXERCISE 1.3.1 —
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ExampLE 1.3.3 Cyclotron.

A cyclotron [Fig. E1.3.3.1] is an accelerator for charged particles. The
a.c. source provides an alternating voltages at the cyclotron frequency and
a charged particle is repeatedly accelerated every time it passes through the
voltage drop.

a.c. source

Figure E1.3.3.1 Cyclotron.

— END OoF EXAMPLE 1.3.3 —

ExAMPLE 1.3.4 Isotope separation.

To separate the isotope Uranium 235 from Uranium 238, the isotopes are
first vaporized and then ionized by electric discharge. Accelerated through a
voltage drop V', they acquire a kinetic energy ¢V = mv?/2 . Passing through
[Fig. E1.3.4.1] a uniform magnetic field, the isotopes move along circular paths
of different radii.

Uniform B field

Mass Mass
238 M235 +

Figure E1.3.4.1 Isotope separation.

Ros3s _ Mg3sU235  Ma23s [MM23g  [1235
Rass M238V238 magg |\ M23s5 mM238

Thus Uranium 235 can be obtained in a collector with a smaller radius.
— END OF EXAMPLE 1.3.4 —
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ExaMpPLE 1.3.5
The two rods attract each other when their currents are in the same
direction and are repulsive when their currents are in the opposite directions.

14k

— - - —
F F F F

Figure E1.3.5.1 Attractive and repulsive forces.

— END oF EXAMPLE 1.3.5 —

ExaMpPLE 1.3.6 Linear motor.

In Fig. E1.3.6.1, we show a sliding bar with length [ moving perpendic-
ular to a DC magnetic field B = 2By in the Z direction. According to the
Lorentz force law, a force

F,, =9Il x 2By = 2I1By
is produced that moves the sliding bar in the & direction.

sliding bar

~—— D

Figure E1.3.6.1 Linear motor.

If a force is applied to move the sliding bar with velocity v = —%, an
induced voltage V = vlBy will be generated across the resistor.
— END OF EXAMPLE 1.3.6 —
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EXAMPLE 1.3.7 Magnetic moment and magnetic torque.

A rectangular loop [Figure E1.3.7.1] carrying a static current I is placed
in a static magnetic field B = @By . The magnetic moment of the current
loop is M = mM . Its direction m follows from the right-hand rule: with the
fingers pointing in the direction of the current, the thumb of the right hand is
pointing in the direction of m . Its magnitude M is equal to the area of the
loop A times the current I, M = AI . If the rectangular loop has lengths
l; and [, the area of the loop is A = [ [, .

2>

|
|

§
|

\Q

~

S

F

Figure E1.3.7.1 Torque on a loop.

The loop is on the z-y plane with two sides aligned with the z-axis and
two sides aligned with the y-axis. Since the static magnetic field is in the &
direction, there is no force acting on the two sides with length [, aligned with
the x-axis. The forces acting on the two sides with length I, aligned with the
y axis are in the positive and negative ¢ directions. Thus the loop is rotating
around the y-axis following the right-hand rule; with the fingers pointing in
the direction of the rotation, the thumb of the right hand is pointing in the
9 direction.

The torque acting on the loop is calculated as

— 1 1
T = §ZI§C X (g x &Ily,By) — §Zw£ X (=g x &IlyBy) = I ABy

For the current configuration, M = 2IA and B = #B;. In general, the
magnetic torque is

T=MxB (E1.3.7.1)

Thus there is no torque acting on the component of M in the direction of
the magnetic field.

— END OoF EXAMPLE 1.3.7 —
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ExXAMPLE 1.3.8

A simple DC motor [Fig. E1.3.8.1] consists of a loop of area A with N
turns, called an armature, which is immersed in a uniform magnetic field,
either produced by a permanent magnet or an electromagnet. The armature
is connected to a commutator which is a divided slip ring. A DC current [ is
supplied through a pair of brushes resting against the commutator such that
the torque

T = NB,IAsina

produced by the current on the armature always acts in the same direction.

Brush— ~ Armature

Commutator

Figure E1.3.8.1a DC motor.

Figure E1.3.8.1b Side view of a DC motor.

— END OoF EXAMPLE 1.3.8 —
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Alessandro Volta (18 February 1745 — 5 March 1827)

Alessandro Volta was appointed to the chair of physics at the University
of Pavia in 1775. In 1800, Volta built the first electric battery, consisting of
alternating zinc and silver disks separated by layers of paper or cloth soaked
in a solution of either sodium hydroxide or brine, called the ‘voltaic pile’.

Hans Christian Oersted (14 August 1777 — 9 March 1851)

Oersted became a professor at the University of Copenhagen in 1806. In
April 1820, during an evening lecture to a few advanced students, he discov-
ered that a wire connecting the ends of a voltaic battery deflected a magnet
in its vicinity. This discovery was published on 21 July 1820.

ExaMPLE 1.3.9

In October of 1821, Faraday demonstrated the principle of electric motor
with a dish of mercury. When he connected a battery to form a circuit with
the mercury pool, using a fixed wire carrying current and a dangling magnet
with one end fixed and the other end moving around the surface of the pool
of mercury. Let the magnet be designated as a magnetic moment M placed
in a magnetic field B. The torque acting on the magnet is T' = M x B.
Show that the magnet rotates around the wire in a circular trajectory.

SOLUTION: o

To find the magnetic field H at the position of the loop due to the
straight wire carrying current Iy in the Z direction, we use the integral form
of Ampere’s law,

2T
fﬁ-di:/ H¢dd¢:27rdH¢:/7-ds:Io
C 0 s

which gives the magnetic field B at the loop’s position

which means that the current loop will move about the z-axis in a counter-

clockwise direction.
— END OoF EXAMPLE 1.3.9 —
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B. Lenz’ Law and Electromotive Force (EMF)

We apply Stokes theorem to Faraday’s law and define the line integral
of E as the electromotive force (EMF):

- %y (1.3.2)

W:/Adﬁ-ﬁ (1.3.3)

is the magnetic flux linking a loop with area A bounded by a closed
contour C' [Fig. 1.3.1]. Equation (1.3.2) states that the EMF is equal to
the negative time derivative of the magnetic flux linking the loop. Thus
the EMF always produces a flux in the loop to oppose the direction
of change of the flux linking the loop; if W is increasing, the EMF
decreases the flux, and vice versa. This is known as Lenz’ law.

where

Figure 1.3.1 Flux linking a loop.

Heinrich Lenz (12 February 1804 — 10 February 1865)

Heinrich Lenz was scientific assistant at the St. Petersburg Academy of
Science, becoming full Academician in 1834. From 1835 to 1841, he served as
lecturer in physics at the Naval Military School. He was dean of mathematics
and physics (1840-1863) at the University of St. Petersburg. He began his
investigation of electromagnetism in 1831 and in 1833 discovered Lenz’ law,
which is fundamental to electrical machinery.
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Notice that the EMF has unit of voltage (Volt) and not unit of force.
The voltage drop across the loop V is equal to the negative of the

induced EMF. p
V = —-EMF = E\I/ (1.3.4)

Thus in the presence of a time varying magnetic field linking a loop, a
voltage is generated to oppose the time change of the magnetic field.
The voltage generated across the loop V is equal to the negative of
the induced EMF.

LeChatelier’s Principle (Henri Louis Le Chatelier, 8 October 1850 — 17
September 1936) is the chemist’s version of Lenz’ law, which states that when
an external stress (pressure, concentration, or temperature change) is applied
to a chemical system that is in a state of equilibrium, the system will auto-
matically respond so as to undo the stress applied externally.

In Physics, this same phenomenon is embodied in the Third Law of
Motion, that is, for every action there is an equal and opposite reaction. In
biology, a condition in an organism known as homeostasis means that when a
stress is applied to an organism, the organism’s bodily functions automatically
respond so as to remove the stress.

ExAMPLE 1.3.10 Linear generator.

If a force is applied to move the sliding bar with velocity v = —dz/dt
as shown in Fig. E1.3.10.1, the total magnetic field ¥ = xlB, linking the
loop will be decreasing at the rate of viBy . According to Lenz’ law, a current
in the bar must be produced to oppose the decreasing of the magnetic flux.
Thus an induced voltage V = vlBy is generated across the resistor.

ﬂsliding bar sliding bar

AR )

D

+

D
y Y

L L.

Figure E1.3.10.1 Linear generator.

— END oF EXAMPLE 1.3.10 —
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ExampLE 1.3.11 AC generator.

An AC generator can be made of the DC motor by replacing the DC
current source with a load resistance R and providing an external rotatory
force on the armature. Applying a torque that makes the loop turn in the
direction as shown in Fig. E1.3.11.1, a motional EMF

V/dZ~E/dZ-F/q/dZ-EwaABsina

slip rings

Figure E1.3.11.1 AC generator.

is produced. For the armature rotating with an angular frequency w , we have
U X B=IlwBAsina and o = wt.
The same result can be derived by using Lenz’ law

EMF = —dV /dt

where

\I!// dS-B = —ABcosa (E1.3.11.1)
A

We find the generated AC voltage
V=—-EMF = wABsinwt

— END oF EXAaMPLE 1.3.11 —
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C. Poynting’s Theorem and Poynting Vector

Energy conservation immediately follows from the Maxwell equations.
Dot-multiply Faraday’s law (1.1.2) by H, Ampere’s law (1.1.1) by E
and subtract. By making use of the vector identity V - (E x H) =
H-V xE—FE -V x H, we obtain Poynting’s theorem

— — — 0B — 0D — -
The Poynting vector
S=ExH (1.3.6)

is interpreted as the power flow density with the dimension watts/ m? ,
and H - (0B/0t) + E - (0D/0t) represents the time rate of change of
the stored electric and magnetic energy density. On the right-hand side
of (1.3.5), —E - J is the power supplied by the current .J .

John Henry Poynting (9 September 1852 — 30 March 1914)

John Henry Poynting was educated at Liverpool and Cambridge and
was one of Maxwell’s students. He was professor of physics at Mason Science
College (later the University of Birmingham) from 1880 until his death. In
1884-1885, he established Poynting’s theorem.

ExXAMPLE 1.3.12
Consider the simple wave solution
E = #Eycos(kz — wt) (E1.3.12.1a)
H = §jHy cos(kz — wt) (E1.3.12.1b)

where Ho = Ey/n, and 1, = 1/ 1to/€, is called the characteristic impedance
of free space. Substituting (E1.3.12.1) in (1.3.5) we see that Poynting’s theo-
rem is satisfied.

The Poynting vector is calculated to be Poynting’s vector

S=ExH=%, /;—"Eg cos?(kz — wt) (E1.3.12.2)
In free space, we find

- E Wm
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and
— 0, = Jr11l = = 0
E-—(e6,F)= = |z, F-E| ==W,
a1 P = 5 {26 } ot
In the source-free region we also have J = 0. Poynting’s theorem becomes
S — 0
V- (ExH)+ E(We + W) =0 (E1.3.12.3)
where
1 =2 1 9 9
We = 3 o ‘E} = §EOEO cos”(kz — wt) (E1.3.12.4)
is the stored electric energy density and
1 — 1
Win = 5 Ho 7|” = SHoHG cos® (kz — wt) (E1.3.12.5)

is the stored magnetic energy density. It is seen that the stored electric energy
is equal to the stored magnetic energy, W, =W, .
— END oF EXAMPLE 1.3.12 —

James Watt (19 January 1736 — 25 August 1819)

James Watt was a Scottish engineer who played an important part in
the development of the steam engine as a practical power source and a key
stimulus to the Industrial Revolution. Watt is the unit of power.

James Prescott Joule (24 December 1818 — 11 October 1889)

Joule attended the University of Manchester in 1835 and in 1840 he
published his paper On the Production of Heat by Voltaic Electricity. He
experimentally verified the law of conservation of energy in his study of the
transfer of mechanical energy into heat energy. Joule is the unit of energy.

William Thomson (Lord Kelvin) (26 June 1824 — 17 December 1907)

At age 22, William Thomson became professor of physics at the Univer-
sity of Glasgow where he remained for 53 years until his retirement in 1899.
He first defined the absolute temperature scale in 1847. In 1851 he published
the paper, ‘On the Dynamical Theory of Heat.” In 1866 he was Knighted by
Queen Victoria. In 1892 he became Lord Kelvin of Largs. Kelvin is the unit
of absolute temperature.
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ExampLE 1.3.13 Power, energy, force, and radiation pressure.
The time-average Poynting vector power density is given by

S B N - S |
<G> T/o 'S = 2277(1 = 25moHY = 2P (E1.3.13.1)
where
E?2 1
= 2 9 = _nng
Mo 2

is the power density of the wave with unit of Watts/m?. The total time-
average electromagnetic energy density (with unit J/m?) is equal to the sum
of the electric energy density and the magnetic energy density,

1
e Ea = §MOH§ (E1.3.13.2)

1

W =<W,> 4+ <W,, >= 5

We may define an energy velocity v, equal to the ratio of power density to
energy density. We find P/W = v, = 1/,/lio€, which is the velocity of light.

Radiation pressure is force per unit area F = P/v, (with unit N/m?).
Thus the radiation pressure of the wave is

1 1
F=Plv.=W = §€OES = §Mng (E1.3.13.3)

which is equal to the time-average total energy density in the wave and acts
in the direction of propagation of the wave. The radiation pressure, although
generally very small, can lead to large scale effects. For example, comet tails
are forced to point away from the Sun due to the radiation pressure from the

Sun.
— END OF EXAMPLE 1.3.13 —

Applying the divergence theorem to Poynting’s theorem (1.3.5),
we write

s Zemo Logre bow) - [l avE 7
{5 7i=-2 ] av (Yoot Lpot?) - [[[ avE 7
(1.3.7)

The left-hand side represents power flow out of the surface enclosing
the volume V. The first term on the right-hand side represents the
depletion of the electric energy and the magnetic energy inside the
volume in order to supply the outflow of the Poynting power. The last
term represents the power generated by the source J inside the volume
V.
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Momentum Conservation Theorem

Substituting the Maxwell equations for p and .J in the Lorentz force
law

f=pE+JxB (1.3.8)
we find that
_ o — 1 — - =
f:_E(DXB)_V. 5(D.EJFB-H)I—DE—BH (1.3.9)

where T is a unit dyad with diagonal elements equal to 1 and all
off-diagonal elements equal to zero.
The interpretation of the terms is

Ql
I
S

x B = momentum density vector (1.3.10)

1 =
§(D~E+B-H)I—DE—BH
= Maxwell stress tensor (1.3.11)

Sl
I

Thus we have the theorem

oG —
o5 =7 (1.3.12)

el
+

AVAR

which expresses conservation of momentum. This is in a form similar to
Poynting’s theorem in (1.3.5) except that it is now a vector equation.
In fact, (1.3.5) and (1.3.12) combine to become a four-dimensional
conservation theorem in relativity.

Problems

P1.3.1

According to the classical model of an atom as proposed by Niels Bohr
(1885-1962), electrons revolve around the nucleus in quantized orbits with
radii R = nh/mv where n is an integer, m is the electron mass and v is the
electron velocity. Letting the nucleus be a positive charge of Ze, calculate R
by equating the centrifugal force with the Lorentz force. Estimate the radius
for a hydrogen atom with Z =1.

P1.3.2
The Earth receives over all frequency bands about 1.5kW/m? of power
from the Sun.
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(a) The Earth-Sun distance is 150x10° m . How long does it take the sunlight
to reach the Earth?

(b) The Earth radius is 6400 km. What is the total power received by the
Earth?

(c) The Sun radiates 1072° Wm~2Hz ! at 3GHz. Assuming constant
power level over 1GHz bandwidth, what is the Poynting power den-
sity and the corresponding electric field amplitude?

P1.3.3

For an electromagnetic wave with electric field with Ep = 3 x 10° V/m
(which is the breakdown electric field strength for air), find the power density
and radiation pressure. What is the area required in order to supply the
electric power of 2.4 x 101 W for use by a nation?

P1.3.4
In cylindrical coordinate system, p = pp = Tz + gy is the radial vector.
Show that the force acting on the charge in Example 1.3.2 is
2
— v
F=—-pm—
PR

which is equal to the negative of the centrifugal force pointing in the p di-
rection, whose magnitude is equal to the Lorentz force pquB, .

P1.3.5
x €T BO
z J
o
Yy Yy
I r \_1/
a) b)

Figure P1.3.5.1

(a) Consider an infinitely long wire with current I, flowing along the —2
direction as shown in Fig. P1.3.5.1a. Find the B field at y = d generated
by the current.

(b) Consider a slab of semiconductor with positive charge carriers of density
N so that there is a uniform current density of J = 2Nqv flowing in the
+2 direction as shown in Figure P1.3.5.1b. Calculate the force density
F acting on the charges if a static magnetic field B = 2B, is applied.

P1.3.6
For a charged particle ¢ moving with velocity v in a constant mag-
netic field By, the trajectory is a circle. Set the Lorentz force equal to the
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centrifugal force and derive the cyclotron frequency and the radius of the
circle.

P1.3.7

The solar wind is a high-conductivity plasma which is emitted radially
from the surface of the Sun. Let us calculate the flux of electromagnetic energy
in the solar wind at the orbit of the Earth.

In the plane of the Earth’s orbit, the magnetic field of the Sun is approxi-
mately radial, pointing outward in certain regions and inwards in others. This
field is “frozen” in the high-conductivity plasma. Since the Sun rotates (with
a period of 27 days), and the plasma has a radial velocity, the lines of B are
in fact Archimedes spirals (r = af in polar coordinates) and, at the Earth,
they form an angle of about 45° with the Sun-Earth direction. This is the
so-called garden hose effect.

At the orbit of the Earth the solar wind has a density of about 107
proton-masses/m?® and a velocity of about 4 x 10° m/sec , while the magnetic

field of the Sun is about 5 x 10~2(webers/m?).

(a) First show that, in an electrically neutral (p = 0) and nonmagnetic fluid
of conductivity o and velocity v, the Maxwell equations become

V-D=0 V-B=0 VXE:—%—f
VXFZMO{U(E+E><§)+6088—f}

the polarization currents being negligibly small compared to the conduc-
tion currents. Note that, for an infinite conductivity,

E=-95xB

This is a satisfactory approximation for the solar wind.

(b) Show that the component of ¥ which is normal to B is U, = gz B x
(v x B), and that the Poynting vector of the solar wind is

_ B2
S=—1,
Ho

Numerically it is approximately equal to 4x10~° times the average value
of the Poynting vector of the solar radiation, which is about 1.4 kW /m?.
The Poynting vector of the solar wind is normal to the local B and it
points at an angle of 45° away from the Sun-Earth direction.

(c) Compare the relative magnitudes of the kinetic, electric, and magnetic
energy densities. Which is the largest?
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P1.3.8
Particles excited by an electromagnetic wave may be modeled as har-
monic oscillators with a characteristic frequency and damping. For electrons,

Pz 0 . qE
W‘F(SE—FLUO.%—FE—O

which is just an expression for momentum conservation (F = MA).

(a) Assume 0 = 0. Show that for w > wp (w is defined as the frequency
of the E-field), the electrons vibrate in phase with the E-field while for
w < wyp , they are 180° out of phase. Can you explain opacity of certain
substances in terms of this effect? (see Scientific American, Sept. 1968,
p. 60 ff.)

(b) Derive a Poynting theorem and show that

S+ 4 p, =
VS+at+D0

S=FExH (Electromagnetic power density)

Determine W and Pp.

P1.3.9

Consider two infinite parallel metal plates separated by a distance d
along the # direction. Initially the system is at rest, and the top plate has
a uniform surface charge density of o while the bottom plate has a uniform
surface charge density of —o . At time ¢ = 0 a uniformly decaying magnetic
field is applied parallel to the plane of the plates, that is,

B(t) = §Boe "

(a) Calculate the Poynting vector, S, for the system and the momentum
density vector, gy, of the field for ¢ > 0 using the relation,

g; = Ho€oS

(b) As the magnetic field begins to decay, it will induce an electric field.
By the Lorentz force law, this induced field exerts a force on the two
charged metal plates. Determine the strength and direction of this in-
duced electric field and the resulting force density vector exerted on the
two plates.

(c¢) From mechanics, the force and momentum vectors are related by

— d
F=—7
at ?
Using this relation, calculate the mechanical momentum density vector
that results from the induced electric field.
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(d) As the magnetic field decays, the momentum of the field is transferred to
the plate in the form of mechanical momentum. Using the results of parts
(a) and (c), show that for ¢ > 0, the total momentum of the system is
conserved.

P1.3.10
The magnetic moment of a particle with charge ¢ at position 7 with
velocity v is defined as

— 1

Show that the magnetic moment of a plane loop with area A carrying current
I is

M =mIA

where 7 is the normal to the plane loop following the right-hand rule: with
the fingers following the direction of the current, the thumb of the right hand
is pointing in the direction of 7.

P1.3.11

In mechanics, the classical equations of motion are T' = dL/dt, where L
is the angular momentum. The magnetic moment M is analogous to the ex-
pression for the mechanical angular momentum L in terms of the velocity of
mass distributions instead of the charge distributions. The magnetic moment
of a particle with charge ¢ at position 7 with velocity v is defined as

— 1
M = —qr xv
2 q
If the charged particle has mass m , the mechanical angular momentum is
L=mrxv

We set M = ~yL and called 7 the gyromagnetic ratio. From (E1.3.7.1), we
see that applying to the magnetic moment, we have dM/dt = vdL/dt =
AT =~vM x B.

(a) Determine the gyromagnetic ratio v for the charged particle.

(b) Consider a nucleus with magnetic moment M placed in a dc magnetic
field in the Z-direction, B = ZBy . The nucleus is precessing about the 2
axis. Determine the frequency of precession, which is called the Larmor
frequency.

(c) Place the magnetic moment M of a nucleus precesses in a static mag-
netic field B = Zz + 2B, . Show that B, = By — z to satisfy Maxwell
equations.
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(d) When the nucleus is placed on the z axis where » = 0, B = 2B, .
Determine the Larmor frequency of precession and show that it is a
function of z.

(e) An induced voltage with the angular frequency w due to M can be
picked up from an RF (radio frequency) coil placed on the z-z plane.
Assume that the magnetic dipoles are spinning protons of water at room
temperature, with v = 2.7 x 108 T~ !'s~!. Let there be two protons pre-
cessing on the z axis with a separation of ¢, . Calculate the difference
of Larmor frequency in kHz of the pick-up coil if §, = 1 mm.

P1.3.12

Consider a loop carrying a current of I; with normal 7 = & — g is
placed a distance d above a straight wire, which is carrying a current of
Iy . Calculate the magnetic moment of the current loop and the magnetic
field generated by straight wire at the loop’s position. Using these two values,
calculate the torque vector, T', of loop. In what direction does the loop move
due to the torque?

P1.3.13

Joule’s law, P; = J - E, determines power dissipation per volume due
to Ohmic loss. Derive Joule’s law by using the Lorentz force law, f = pE ,
and assuming an average constant drifting velocity v due to collision of the
conduction electrons.

P1.3.14
Consider the simple wave solution

= T Eycos(kz — wt) (P1.3.14.1a)
= §Hy cos(kz — wt) (P1.3.14.1b)

=l =

where Hyg = Ey/n, and 1, = 1/ /€, is the characteristic impedance of free
space. Substituting (P1.3.14.1) in (1.3.5) to show that Poynting’s theorem is
satisfied. Derive the associated Lorentz force.

P1.3.15 _
Use Maxwell’s equations to show that for J =0 and p=0,

S(DxB)+v- (WI-DE-BH) =0
where the total stored energy density W = (E E+B- F) /2. Cousider

D=¢,E and B= uoﬁ and use index notation.
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1.4 Hertzian Waves
A. Hertzian Dipole

A Hertzian dipole is made of two opposite charges ¢ separated by an infinitesimally
small distance ¢. The dipole moment p = ¢¢ has an angular frequency w such that
each point charge changes from +q to —¢ and vice versa in a period of 27/w.
Mathematically, p is defined as the product of £ — 0 and ¢ — oo such that p is a
constant. Assume that the two charges are situated at z = ££/2 on the zaxis [Fig.
1.4.1]. Hertz solved for all the electromagnetic fields with the use of a potential
function known as the Hertzian potential 11

= 9 os(hr —
H_47rr cos(kr — wt) (1.4.1)
z
T
£ >y
—q

T
Figure 1.4.1 Hertzian dipole.
The solution to the wave equation for II that Hertz studied for his Hertzian

dipole assumes spherical symmetry. Substituting the Hertian potential IT (1.4.1)
into the wave equation in spherical coordinate system, we find

1 62 02
7 g2 (11D = oco g T =10

and obtain the dispersion relation k2 = w2poeo.

Heinrich Rudolf Hertz (22 February 1857 — 1 January 1894)

Heinrich Rudolf Hertz attended Dresden Polytechnic (1876), University of
Munich (1877), and Berlin Academy (1878-80). He studied under Professors
Hermann von Helmholtz and Gustav Kirchhoff, and his doctoral thesis was on
Electromagnetic Induction in Rotating Conductors. He was employed as an
Assistant to Helmholtz (1880-83) at the Berlin Academy, Privatdozent at the
University of Kiel (1883-85), Professor of Physics at the Karlsruhe Technische
Hochschule (1885-89), and University of Bonn (1889-94).
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To derive the electromagnetic fields E and H, we write IT = 2II and define a
vector potential A and a scalar potential ® such that

— o1l
A=y, 1.4.2
Ho (1.4.2)
o— Ly i (1.4.3)
€o
In terms of ® and A, the magnetic field H and the electric field E are
H—Ltvxi (1.4.4)
fho
— 0A
EFE=——-V® 1.4.
o~V (1.45)

Notice that (1.4.4) satisfies Gauss’ law of V-B = 0 and (1.4.5) follows from Faraday’s
law.
It is seen from (1.4.2) and (1.4.3) that

— 0P
V-A+ poto—— =0 (1.4.6)

ot
which is known as the Lorenz gauge condition relating the scalar and vector
potentials. Making use of (1.4.4), (1.4.5), and (1.4.6), we can derive from Ampére’s
law and Gauss’ law of V- D = p the following inhomogeneous Helmholtz equations:

2

VA - uoeo%z = — o (1.4.7)
62

Vio — Moeow‘b = —p/éo (1.4.8)

The Hertzian potential provides a solution to the above equations.

Ludvig Valentin Lorenz (18 January 1829 — 9 June 1891)

Ludvig Lorenz graduated from the Technical University of Denmark and
taught at the Danish Military Academy. The Lorenz gauge condition and the
retarded potentials were contained in the article ‘On the Identity of the Vibrations
of Light with Electrical Currents’, published in the Philosophical Magazine and
Journal of Science in July-December 1867. In 1869, Lorenz arrived at the result of
a dielectric mixing formula, which was also obtained by H. A. Lorentz in 1878, now
known as the ‘Lorenz-Lorentz’ formula.
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ExampLE 1.4.1
In spherical coordinates, the unit vectors are [Fig. E1.4.1.1]

Zsinf cos ¢ + gsinf sin ¢ + Z cos

,":.

0 Zcosfcosp+ ycosfsing — Zsin b

—Zsin ¢ + g cos @

-
Il

Feosf — Osind

z

>
>
N

,,2
7o
: e
S~
0
0 T
- -y
6

,,,,,,,,,,,,,,,,,,,,,,,,,

Figure E1.4.1.1 Unit vectors in spherical coordinates.

The vector del operators in spherical coordinate system are

o 100 - 1 d
SR JPE SPIEE.

Ir 00 rsin98_¢
- 19, , 1 9, . 9
VA= G A+ a0 + G as e
7 rd rsin@dA)
Vxd= 1|2 0 0
x ~ r2ginf | Or 00 ¢
A, 1Ay rsinfAy
1 82 ) L 1 0%
29 1 O —— Zlsin0 | — o
V=l [7" ] r2sin 0 90 [E’m ae] r2sin” 0 0¢?

— END OoF EXAMPLE 1.4.1 —



68 1. Fundamentals

B. Electric and Magnetic Fields
The magnetic field H is obtained from (1.4.7) with

— oIl oml

—— = (fcosf — Osin )

5 whtoql
A = —_— =
Ho ot ZHo ot

wr

# 78 rsin OqAb

sin(kr — wt)

A-lyxa-_1 |2 2 0
T Lo A= por2sing | Or 06 0o
A, 1Ay 0
~ 170 0
= QSMOT [5(7'14_9) — %Ar:|
_ ~wkqgl . 1 .
7¢47rr sm&[kr sin(kr — wt) — cos(kr wt)} (1.4.9)

To obtain the electric field E from (1.4.8), noticing that Or/0z =
z/r = cos@. We find

1 o011 1
P = __(2_ = f qt cos 6 [k‘_ cos(kr — wt) + sin(kr — wt)]
€, Oz TELT r
— 0A
E=-22_vo
ot v
, 2110q! d 109
= (7 cosf — fsin 6)w4,t:rrq cos(kr —wt) — {f“g—T + 9; g—e}
k2ql

A 1. 1
{7‘2 cos @ [H sin(kr — wt) + 2,2 cos(kr — wt)}

" dwe,r
+fsing [—1 sin(kr — wt) + (—1 — 1) cos(kr — wt)} }
kr k272
(1.4.10)

Consider the following special cases:

Case A) When kr > 1, we are in the far field as r > \/27; or at
a fixed r, the frequency w = ck > ¢/r. We only keep terms of the
order of 1/r. The field vectors are

— n k2q€ .
E = _9471'607“ sin 0 cos(kr — wt) (1.4.11)
— ~wkqgl .
H=—¢ sin @ cos(kr — wt) (1.4.12)

4rr
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It is seen that both H and E are tangent to the surface of a large
sphere with radius r . The field vectors H and E are perpendicular to
each other. As a function of 6, the magnitudes of both the electric and
magnetic fields are proportional to sinf. We plot the radiation field
pattern in Fig. 1.4.2. The length E is proportional to the magnitude
of the electric field in the direction 6.

Figure 1.4.2 Radiation field pattern.

Case B) For static fields when w =0, k =w/c =0, we find

(72 cos O + Osin6), H=0 (1.4.13)

There is only electric field for a static dipole.

Case C) In the immediate neighborhood of the dipole, kr — 0. Keep-
ing terms of the orders 1/r?, the magnetic field vector is

wql ~d(gcoswt) £

H= _¢47rr2 sinfsinwt = ¢ i 12

i ~ 1l
sinf = ¢47r1"2 sin 6
(1.4.14)
This corresponds to the field produced by an element of length ¢ car-
rying current I along the z axis, and is known as the Biot-Savart

law.

Jean-Baptiste Biot (21 April 1774 — 3 February 1862), professor of math-
ematical physics at the College de France since 1800, reported experiments
with his assistant Felix Savart (30 June 1791 — 16 March 1841) following
Orsted’s discovery in April 1820 to the Académie des Sciences in October
1820 which led to the Bior-Savart law. Savart became Professor at the College
de France in 1836.
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EXAMPLE 1.4.2

Apply the Biot-Savart law (1.4.14) to determine the magnetic field of an
infinitely long wire at a distance p from the wire. We place the observation
point at (p,z), let £ =dz’, and integrate (1.4.14) to obtain [Fig. E1.4.2.1]

“+oo .
- Isinf
=¢— (. E1.4.2.1
dr | “r p? ( )

The integration can be carried out with the substitution 2z’ = —pcotf. We
find dz’ = pdf/sin®6, 2> + p*> = p?/sin? 6, and (E1.4.2.1) becomes

F:Ai dGIst:dA)L
i J, p 2mp

— 0>

\ .
| Observation
Point

r=1/2"?%4p?

Figure E1.4.2.1 Integration of current elements in an infinitely long wire.

The above result can also be obtained by applying Stokes’ theorem to
Ampere’s law V x H = J.

ﬁdi~ﬁ://d§-7:l

The integration path for the line integral is a circle of radius p around the
line source whose area integral gives rise to the current /. The result is
2mpHy = 1.

— END OF EXAMPLE 1.4.2 —
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C. Electric Field Pattern

To study and sketch the electric and magnetic field lines, Hertz intro-
duced a parameter () in terms of a radial distance p = rsinf in the
cylindrical coordinate system. We have

=, _ oron
o, ~Popor

. 0 qf
2
= 7rsin 0_7“ [—r cos(kr — wt)]

kgt . o : 1
=, sin 0 [ sin(kr — wt) . cos(kr wt)]
0Q  ~10Q
VO=rg t0 %
Ak2q€ . 9 1 .
=7 —sin 0 [E sin(kr — wt) + (W — 1) cos(kr — wt)]

R 1
+ 9% sin 0 cos 0 [ sin(kr — wt) — . cos(kr — wt)]

which is the product of two factors, one depends only on 6, and the
other on r and ¢. From (1.4.9) and (1.4.10), we find

wkqt

4rr

H

¢

1
sin 0 [k:_ sin(kr — wt) — cos(kr — wt)] (1.4.15)
T

— kgl 1 1
E = 47reqor {f“2 cos @ [H sin(kr — wt) + 2,2 cos(kr — wt)]

" 1. 1
+ 0sinf {E sin(kr — wt) + (W — 1) cos(kr — wt)} }(1.4.16)

Thus in terms of @,

— ~10

7

E= LgAbx vQ
€op

The electric field lines on any p-z plane are seen to follow the
intersection of () = constant surfaces with the p-z plane. In Fig. 1.4.3,
we plot the electric field lines at different times.
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EXAMPLE 1.4.3
Consider the radiation field zone when kr > 1 and

kqt
Q= f% sin? @ sin(kr — wt)
Construct three constant @ surfaces at wt = —7/2 (or 37/2) and indicate

the electric field line directions.

ANSWER: Consider
sin? @ cos(kr) = ¢

We sketch the three cases of ¢ =0, %, 1 in Fig. E1.4.3.1.
For ¢=0, kr=2mm+t73
For c¢= %, kr =2mm for 0 = £7%
kr=2mr+ % forf =73
For c¢=1, 0=75 and kr=2mn.

2mm —w/2  2mm  2mw+7/2

Figure E1.4.3.1 Radiation field plot.

— END OF EXAMPLE 1.4.3 —
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ExamMpLE 1.4.4
In the radiation far field of a Hertzian dipole with kr > 1, the electric
and magnetic fields are

. wgkt

E= fanj‘jw sin @ cos(kr — wt) (E1.4.4.1)
L wqkt

H= m“i‘jw sin @ cos(kr — wt) (E1.4.4.2)

It is seen that both H and E are tangent to the surface of a large sphere
with radius r. The field vectors H and E are perpendicular to each other
and their magnitudes are related by 7 = (po/€,)"/?.

To investigate the power and energy issues, Hertz invoked Poynting’s
theorem. Poynting’s power density vector S for fields for kr > 1 is

— — wqkl

2
S=ExH=1n <%> sin? @ cos?(kr — wt)
T

which is seen to be pointing in the #-direction away from the large sphere.
We now calculate the time-average power density

1 [ wakt\
<S>=— d(wt)ExF:fﬂ PIE) sin2g
21 o 2\ 4nr

The radiation pattern is shown in Fig. E1.4.4.1. The length P is proportional
to the magnitude of the radiated power in the direction 6.

z

Figure E1.4.4.1 Radiation power pattern.

Integrating the 7 directed power over the surface of a sphere of radius r
gives

3 47

Notice that the total time-average power leaving the dipole source can be
calculated with a spherical surface of any radius 7, and yields the same
result.

2
— 4
P :ﬂ dS 7 <§>= -1 (M) - %(quﬁ)Q = 10(wqk()? (E1.4.4.3)
s

— END OF EXAMPLE 1.4.4 —
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Poynting’s Power Vector for Hertzian Waves
For a Hertzian dipole, the magnetic field H and the electric field
E are

T_ gbwkqﬂ

: 1.
- sin 0 [H sin(kr — wt) — cos(kr — wt)] (1.4.17)

= wkql (. 1 . 1
E=n - {r2 cos 6 [H sin(kr — wt) + 2,2 cos(kr — wt)]

. . 1
+ 0sind [k_ sin(kr — wt) + (W — 1) cos(kr — wt)] } (1.4.18)

r

The Poynting vector power density is

S=ExH
wkg \% [ . . 1 1.1,
=1 <47T607“> {—9 sin 26 {(W - H)Q sin 2(kr — wt)
~ 72,3 C08 2(kr —wt)]
1 2.1
+ 7 sin? 6 [(W - H)§ sin 2(kr — wt)

1
~ 72,3 Co8 2(kr — wt) + cos? (kr — wt)] } (1.4.19)
,

We now calculate the time-average of S . Notice that the time average
of sin2(kr —wt) and 2cos(kr — wt) is zero, and the time average of
either sin?(kr — wt) or cos?(kr —wt) is 1/2. The above expression,
after integration, is equal to the time-average power density at any
point 7.

— 1 (% — KO\
<S>:%/O d(wt)ExH:?Q<jq )sin29

2 r

Integrating the 7 directed power over the surface of a sphere of radius
r gives [Fig. 1.4.4]

27 T 2
P :ﬂdw- <§>=/ d¢>/ df r2sin 6 [ﬁ (“’W> sin20]
0 0 2 477'7"

T 3 2 2
4
= / d 27r? sin® 0 (;k v = wakt = L(quf)Q
0 €0 \ 4mr 3 4r 127




76 1. Fundamentals

2712 sin 0d6

rdf

x

Figure 1.4.4 Integration geometry for time-average power density.

where 27r2sinf is the ribbon-like surface element to be integrated
from # =0 to 8 = w. Notice that the total time-average power leaving
the dipole source obtained by calculating with a spherical surface with
any radius r is the same.

EXAMPLE 1.4.5 o _
For a Hertzian dipole, the time average of E-J is, with J=2wql sinwtd(T)

and as r — 0,

nk (wgl)?

Bgs="
< - 2 dnr

1 1
{20052 0 {—H cos kr + w22 sin kr]
. 9 1 1 . _
—sin” 6 [_H coskr + (W -1 smkr} 5(7)

"_k(wff)Q{cosze[%(lk2r2+...)+( ) 1)(kr@+-~)]

k 2 k2r2 6

1 k22 1 k33 _
_ [_H(l_ 5 +"')+(k2r2 —1)(kr—T+...)} }6(r)
(

_nk (wgl)? [ | 2kr . m Py
=T {[T] }5(r) = g (wakl)*s(7)

where we have Talor expanded sinkr and coskr around r =0.

— END OoF EXAMPLE 1.4.5 —




1.4 Hertzian Waves 77

EXAMPLE 1.4.6 _
For a dipole moment p = ¢/, the magnetic and electric fields are

—  wk _ |1 .

H= E@ X T) [E sin(kr — wt) — cos(kr — wt)} (E1.4.6.1)

E= L Lipx#) x#+2 - 5) [ costhr —wt) + - sin(ir — )|
= Trey | P X)X P20 D)) | 15 5 cos(hr —w oy sin(kr —w

—[(@ x 7) x 7] cos(kr — wt)} (E1.4.6.2)

Applying the Biot-Savart law to derive the magnetic field of an infinitely
long wire, we first make use of the first term in (E1.4.6.1) with the same
approximation as for (1.4.14) to obtain

—  wk ., .1 . 1 d(geoswt)- . 1 -
H~—(px r)—r sin(—wt) = o [ o X T = e (10 x7)
where T is the current and ¢ denotes the direction and length of the current
element. The vector T = pp + 2z’ points from the source element to the
observation point.

— END OoF EXAMPLE 1.4.6 —

ExaMPLE 1.4.7

Consider the scattering of electromagnetic waves by particles of size much
smaller than a wavelength, such as sunlight by air molecules. Model the parti-
cle as a small sphere of radius a with an induced dipole moment proportional
to a and the intensity of the illuminating electric field,

€q — €
| = e, (£ ) B
q T€ol pprd R

where ¢, is the dielectric constant of the air molecule and Ej is the incident
electric field intensity. The total power Ps re-radiated by the particle acting
as a Hertzian dipole is, by virtue of (E1.4.4.3)

n 2 47T<6a_fo)2462
P,=—(wgkt)* = — | ——— | k"a’E
m (wake) 3n \eq + 2¢, @ 5o
The scattering cross-section is defined as
P 8T [ €q — €6 )2 4 6
s = = — k
7 E2/2n 3 <6a + 2¢, @

This is known as the result of Rayleigh scattering, which has been used to
explain why the sky is blue.

— END OoF EXAMPLE 1.4.7 —
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John William Strutt (Lord Rayleigh) (12 November 1842 — 30 June 1919)
entered Trinity College, Cambridge, in 1861, and graduated in 1865. His first
paper in 1865 was on Maxwell’s electromagnetic theory. His theory of scatter-
ing (1871) provided the explanation of why the sky is blue. From 1879-1884 he
succeeded Maxwell as the second Cavendish professor of experimental physics
at Cambridge.

Problems

P1.4.1
The magnetic field H and electric field E of a Hertzian dipole at very
large distances (kr > 1) are

H= _éwkqf sin 0 cos(kr — wt)
4dr
2
E=-0 Rt sin 6 cos(kr — wt)

dme,r

(a) Find the Poynting’s power density vector S as a function of time. What
is the time-averaged power density vector <§> ?

(b) By integrating the Poynting vector over the surface of a sphere of radius
r, find the time-averaged power P radiated by the Hertzian dipole.

(c¢) The amplitude of the current in the Hertzian dipole is I, = wq . By using
P= %I 2Ryad , find the radiation resistance R,.q of the Hertzian dipole.

(d) A radio station is 15 km away from a city. The transmitting antenna
tower may be modeled as a Hertzian dipole antenna of dipole moment
g¢ . To maintain the FCC standard of 25 mV /m field strength in the city,

how much radiation power P must be provided?

P1.4.2
Determine the static electric field for a Hertzian dipole oriented in a
general direction p = &p; + yp, + Zp. , with dipole moment p = ¢f.

P1.4.3

Sun navigation was first observed in 1911. It was found that some species
of ants, horseshoe crabs, honeybees, etc., are sensitive to polarized light. These
creatures can navigate as long as there is a small patch of blue sky. The sky
polarization depends upon the angle ¢ between the sun’s rays to a partic-
ular point in the sky and an observer’s line of sight to the same point. The
sunlight, which is unpolarized, or randomly polarized, excites air molecules
which behave like small dipole antennas when irradiated by the incident elec-
tric fields of the sunlight. The scattered electric field E; for each excited
dipole antenna is linearly polarized in planes perpendicular to the sunlight
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path; and looking along the sun ray path the scattered wave is unpolarized,
or randomly polarized.

At sunset, if an ant looks directly at the sun (¢ = 0), what is the
polarization? What is the polarization if the ant looks at the zenith (¢ = 90°)
perpendicular to the sun ray path? Show that the sky light appears to be
partially linearly polarized when it looks at other parts of the sky [Scientific
American, July 1955].

P1.4.4

(a) For the electromagnetic field solution of a Hertzian dipole with dipole
moment p = gl, let k& — 0 and show that H = 0. Determine the
electric field E of a static dipole with £ =10.

(b) Counsider the Rayleigh scattering of electromagnetic waves by particles of
size much smaller than a wavelength, such as sunlight by air molecules.
Model the particle when illuminated with a light wave as an induced
Hertzian dipole with dipole moment p, which is proportional to the
incident field amplitude E,, and can be expressed as p = p,F, . Find
the total power Ps re-radiated by the particle. Find the scattering cross-
section defined by 2nP/EZ . The above result is usually used to explain
why the sky is blue.

P1.4.5
Why is sky blue (but why isn’t it purple?) ?

P1.4.6

(a) Consider an optical fiber with cross section area A . The electromagnetic
wave guided inside the fiber is scattered by the atoms and the molecules
making up the fiber. Since the sizes of the scattering particles are much
smaller than the guided light wavelength, the process can again be de-
scribed by Rayleigh scattering. Assume e = 2¢, , show that the scattered
power from each particle is ﬁk‘laGEE .

(b) Assume the guided light has intensity FEy, wavelength 1076 m, and
particle radius @ = 107! m . Find the guided power flow in watts and
the total scattered power of a fiber with a length of 1 km in terms of
the density of the particles inside the fiber V. Calculate the ratio of the
scattered power to the guided power.

(c) Assume the particle density is approximately 3/4ma® per m?, estimate,
with the numbers given above, the fiber loss per kilometer (in dB/km)
due to the Rayleigh scattering.

P1.4.7
Two Hertzian dipole antennas are located at (0,0,0) and (0,d,0) with
dipole moments p; = ¢1] and ps = ¢l current densities:

J1 = 2015(x)6(y)d(2) and Jo = #1,6(2)d(y — d)d(2)

as shown in Figure P1.4.7.1. The two in phase dipoles are oriented in z and
x directions respectively.
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Figure P1.4.7.1

(a) For the z-oriented dipole, the far field (> 1) expression of E on the
yz-plane is:

Kzt cos(k\/x2 + (y—d)? + 22 — wt)
4mrey

Show that as d < \/x2 +y2+22 =7
— k2qot
B,=2 q2
4mreg
(b) Find the total far field E on the yz-plane. -
(¢) Let ¢1 and g2 be real and positive. On the yz-plane, if the far field E
for 6 = 45° is circularly polarized,
(i) Find the minimum d in terms of .
(ii) What is the ratio of ¢1/q2 7
(iii) Specify the handness of the circularly polarized field.

Ey=12

cos(kr — kdsin 6 — wt)

P1.4.8

The Biot-Savart law states that the magnetic field at (r, 6, ¢) produced
by an element of length ¢ at the origin carrying current I along the z axis
is

B=¢

poll .

12 Sin 0

Consider a wire with infinite length carrying current I in the direction of
z . Use the Biot-Savart law to show that the magnetic field produced by the
wire is

pol

2wp

where p is the distance from the wire. Apply Stokes’ theorem to Ampere’s
law without the displacement term, find B and confirm the above result.

For a high-voltage transmission line carrying current I = 1kA, find the
magnetic field strength 10 meters away from the wire, and compare with the
earth magnetic field strength which is approximately 5 x 10~° Tesla.

B=¢
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1.5 Constitutive Relations

Maxwell’s equations govern the behavior of electric field vectors D
and F , magnetic field vectors B and H , and source fields J and p.

0 _

VxH=2D+J (1.5.1)
_ o

VXxE=-=B (1.5.2)

V-D=p (1.5.3)

V-B=0 (1.5.4)
— 0

Vel=—2p (1.5.5)

Equation (1.5.3) can be derived by taking the divergence of (1.5.1) and
introducing (1.5.5). Similarly, Eq. (1.5.4) is derivable from divergence
of (1.5.2). Giving sources J and p satisfying (1.5.5), we have a total
of six independent scalar equations, three from (1.5.1) and three from
(1.5.2), to determine 12 components of the field vectors D, E, H,
and B. Thus we need six more scalar equations.These are the con-
stitutive relations, which provide a mathematical description of the
electromagnetic properties of all media.

I proposed that we call them bianisotropic media [Kong, 1968]
when material media are characterized by the following constitutive
relations:

+&H (1.5.6)
E+pn-H (1.5.7)

&

E:
B=

NI A

where € 7, &, and ¢ are all 3 x 3 matrices. Their elements are
called constitutive parameters. In its most general form, a constitutive
parameter can be cast in the form of integro-differential operators. In
this section, we discuss special cases of the constitutive relations.

The bianisotropic description of material has fundamental impor-
tance from the point of view of relativity. The principle of relativ-
ity requires that all physical laws of nature must be characterized by
mathematical equations that are form-invariant from one observer to
the other. Although the numerical values of the field quantities may
vary from one observer to another, the forms of the Maxwell equations
in (1.5.1) to (1.5.5) are invariant, and so are the bianisotropic form as
expressed in (1.5.6) and (1.5.7) for the constitutive relations.
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A. Isotropic Media

For isotropic media, E = E =0,and 71 = /i with T denoting the 3x 3
identity matrix. The constitutive relations for an isotropic medium can
be written simply as

D=¢E where € = permittivity (1.5.8)
B=uH where p = permeability (1.5.9)
By isotropy we mean that the field vector E is parallel to D and
the field vector H is parallel to B. In free space void of any matter,
= o and € = €,
o = 4w x 1077 henry /meter
€0~ 8.85 x 10712 farad /meter
Inside a material medium, the permittivity e is determined by the

electrical properties of the medium and the permeability p by the
magnetic properties of the medium.

ExampPLE 1.5.1

A dielectric material can be described by a free-space part and a part
that is due to the material alone. The material part can be characterized by
a polarization vector P such that

D=¢cE=¢,E+P (E1.5.1.1)

The polarization P symbolizes the electric dipole moment per unit volume
of the dielectric material. In the presence of an external electric field, the
polarization vector may be caused by induced dipole moments, alignment of
the permanent dipole moments of the medium, or migration of ionic charges.

A magnetic material can also be described by a free-space part and a

part characterized by a magnetization vector M such that
B = puH = uoH + uoM (E1.5.1.2)

A medium is diamagnetic if u < u, and paramagnetic if u > u,. Diamag-
netism is caused by induced magnetic moments that tend to oppose the exter-
nally applied magnetic field. Paramagnetism is due to alignment of magnetic
moments. When placed in an inhomogeneous magnetic field, a diamagnetic
material tends to move toward regions of weaker magnetic field, and a para-
magnetic material toward regions of stronger magnetic field. Ferromagnetism
and antiferromagnetism are highly nonlinear effects.

— END OF EXAMPLE 1.5.1 —
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B. Anisotropic Media

For anisotropic media, E = E = 0, and the constitutive relations are
usually written as

D=¢- where € = permittivity tensor (1.5.10)

E
B=pn-H where I = permeability tensor (1.5.11)

The field vector E is no longer parallel to D, and the field vector
H is no longer parallel to B. A medium is electrically anisotropic if
it is described by the permittivity tensor € and a scalar permeability
u, and magnetically anisotropic if it is described by the permeability
tensor i and a scalar permittivity e. Note that a medium can be both
electrically and magnetically anisotropic as described by both € and
7 in (1.5.10) and (1.5.11).

Crystals are described in general by symmetric permittivity ten-
sors. There always exists a coordinate transformation that transforms
a symmetric matrix into a diagonal matrix. In this coordinate system,
called the principal system,

ez 0 O
e=10 €y, 0 (1.5.12)
0 0 e,

The three coordinate axes are referred to as the principal axes of the
crystal. For cubic crystals, ¢, = €, = €, and they are isotropic. In
tetragonal, hexagonal, and rhombohedral crystals, two of the three
parameters are equal. Such crystals are uniazial. Here there is a two-
dimensional degeneracy; the principal axis that exhibits this anisotropy
is called the optic azis. For a uniaxial crystal with
0

0 (1.5.13)

|
Il
OO ™
O O

€z

the z axis is the optic axis. The crystal is positive uniazial if €, > €;
it is negative uniazial if €, < e. In orthorhombic, monoclinic, and
triclinic crystals, all three crystallographic axes are unequal. We have
€z 7 €y 7# €, and the medium is biazial.
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C. Bianisotropic Media

For isotropic or anisotropic media, the constitutive relations relate the
two electric field vectors and the two magnetic field vectors by either
a scalar or a tensor. Such media become polarized when placed in an
electric field and become magnetized when placed in a magnetic field. A
bianisotropic medium provides the cross-coupling between the electric
and magnetic fields. When placed in an electric or a magnetic field,
a bianisotropic medium becomes both polarized and magnetized. The
constitutive relations for a bianisotropic medium take the form

&=

H (1.5.14a)

H (1.5.14b)

&l S
I

= ¥l

+
B+

I
I A

where D depends on both E and H, and so does B.

Magnetoelectric Media

Magnetoelectric materials, theoretically predicted by Dzyaloshin-
skii, and Landau and Lifshitz [1960], were observed experimentally in
1960 by Astrov [1960] in antiferromagnetic chromium oxide. The con-
stitutive relations that Dzyaloshinskii proposed for chromium oxide
have the following form:

e 0 0 €0 0

D=0 ¢ O|-E+|0 & 0| -H (1.5.15a)
(0 0 e 0 0 &
[¢ 0 0] [ 0 0

B=|0 ¢ 0|-E+|0 u 0| -H (1.5.15b)
0 0 & 0 0 p

It was then shown by Indenbom [1960] and by Birss [1963] that 58
magnetic crystal classes can exhibit the magnetoelectric effect. Rado
[1964] proved that the effect is not restricted to antiferromagnetics;
ferromagnetic gallium iron oxide is also magnetoelectric.

Mowving Media

Media in motion were the first bianisotropic media to receive at-
tention in electromagnetic theory. In 1888, Wilhelm Roéentgen (1845
1923) discovered that a moving dielectric becomes magnetized when it
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is placed in an electric field. In 1905, H. A. Wilson showed that a mov-
ing dielectric in a uniform magnetic field becomes electrically polarized.
Almost any medium becomes bianisotropic when it is in motion.

D. Biisotropic Media

Tellegen Media

In 1948, the gyrator was introduced by B. D. H. Tellegen as a new
element, in addition to the resistor, the capacitor, the inductor, and
the ideal transformer, for describing a network. To realize his new net-
work element, Tellegen conceived of a medium possessing constitutive
relations of the form

D=¢E+1H (1.5.16a)
B=71E+uH (1.5.160)

where 72/pe is nearly equal to 1. Tellegen considered that the model
of the medium had elements possessing permanent electric and mag-
netic dipoles parallel or antiparallel to each other, so that an applied
electric field that aligns the electric dipoles simultaneously aligns the
magnetic dipoles; and a magnetic field that aligns the magnetic dipoles
simultaneously aligns the electric dipoles. Tellegen also wrote general
constitutive relations (1.5.14) and examined the symmetry properties
by energy conservation.

Chiral Media

Chiral media, which include many classes of sugar solutions, amino
acids, DNA, and natural substances have the following constitutive
relations

— = oH

D=¢cF —_— 1.5.1
eE+x 5 (1.5.17a)

S — E

B :uH—X%—t (1.5.17b)

where x is the chiral parameter. Media characterized by the constitu-
tive relations (1.5.16) and (1.5.17) are biisotropic media.
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E. Constitutive Matrices

Constitutive relations in the most general form can be written as

"E+L-cB (1.5.18q)
M-E+Q-cB (1.5.18b)

= Ol
Il
S

where ¢ = 3 x 10% m/s is the velocity of light in vacuum, and P, Q, L,

and M are all 3x3 matrices. Their elements are called constitutive pa-
rameters. In the definition of the constitutive relations, the constitutive

matrices L and M relate electric and magnetic fields. When L and
M are not identically zero, the medium is bianisotropic. When there
is no coupling between electric and magnetic fields, L = H =0 and
the medium is anisotropic. For an anisotropic medium, if P = cel and

(l/c,u)I with T denoting the 3 x 3 unit matrix, the medium is
zsotropzc. The reason that we write constitutive relations in the present
form is based on relativistic considerations. First, the fields E and c¢B
form a single tensor in four-dimensional space, and so do ¢D and H.
Second, constitutive relations written in the form (1.5.18) are Lorentz-
covariant. These aspects will be discussed in Chapter 8.

Equation (1.5.18) can be rewritten in the form

[Cﬁﬁ] _7. [CEE] (1.5.19a)

and E is a 6 X 6 constitutive matrix:

QII
il

F
1.5.19b
[M Q} ( )
which has the dimension of admittance.
The constitutive matrix C' may be a function of space-time coordi-

nates, thermodynamical and continuum-mechanical variables, or elec-
tromagnetic field strengths. According to the functional dependence

of C, we can classify the various media as (i) inhomogeneous if C is
a function of space coordinates, (ii) nonstationary if C is a function
of time, (iii) time-dispersive if C contains time derivatives, (iv) spa-
tially dispersive if C contains spatial derivatives, (v) nonlinear if C
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depends on the electromagnetic field, and so forth. In the general case

C may be a function of integro-differential operators and coupled to
fundamental equations of other physical disciplines.

We have defined constitutive relations by expressing D and H in
terms of F and B. We may also express constitutive relations in the
form of D and B as a function of E and H :

[g] — T [g] (1.5.20a)

where in view of (1.5.14) and (1.5.18),

EEH:[

Here EEH is thg Constit_utive matrix ugder EE representation.
To express F and H in terms of B and D, we write

[g] T [g} (1.5.21a)

—1

P oy
M- P Q-M-P -L

Lo

In terms of parameters in EH representation, we find

S s
X=—F-&H
p=[F-CE! ?]_1
7=-v-C

Here EDB is the constitutive matrix undgr DB _representatio& The
other possible construction for expressing F and B in terms of H and
D is not shown because it will not be needed in later developments.
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Problems

P1.5.1

For each of the following constitutive relations, state whether the given
medium is

(1) Isotropic/anisotropic/bianisotropic,

(2) Linear/nonlinear,

(3) Spatially/temporally dispersive,

(4) Homogeneous/inhomogeneous.

(a) Cholesteric liquid crystals can be modeled by a spiral structure with
constitutive relations given by

o €(1+0cosKz) edsin K z 0 B
D= edsin K z €(l—0dcosKz) 0| -E
0 0 €,
where the spiral direction is along the z axis.

(b) In view of the optical activities in quartz crystals, the constitutive rela-
tion for a quartz crystal is phenomenologically described as

1 0

Ej = I{ijDi + RGijaBi
1 1 0

Hj e —Bj — —GZj_DZ
Ho Mo€o ot

(c) When a magnetic field By is applied to a conductor carrying a current,
an electric field E is developed. This is called the Hall effect, discovered
by Edwin Herbert Hall in 1879 while he was a graduate student at the
Johns Hopkins University. Assuming the conduction carrier drifts with
a mean velocity v proportional to RoF, the constitutive relation that
takes care of the Hall effect is given by

J =0 (E+ RoE x Bo)

where o is the conductivity and R is the Hall coefficient. For copper,
o~ 6.7 x 10"mho/m and R~ —5.5 x 10~ m?/coul .

(d) The phenomenon of natural optical activity can be explained with the
use of the constitutive relation

OF;
D; =¢€;E; + ik gy
where €;; and 1,5, are functions of frequency and ;5 = —7Vjik-

(e) The phenomenon of pyroelectricity in a crystal is observed when it is
heated. The constitutive relation for a pyroelectric material can be writ-
ten as

B

ol

E:Eo—F
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where a spontaneous term Dy exists even in the absence of an external
field.

The phenomenon in which dipole moments are induced in a crystal by
mechanical stress is called piezoelectricity. A piezoelectric material is
characterized by a piezoelectric tensor ;i = 7, such that

D; = Do; + €. Ex + Vi k15w

where sy; is the stress tensor to second order in electric fields. All pyro-
electric media are also piezoelectric.

An isotropic dielectric can exhibit the Kerr effect when placed in an
electric field. In this case the permittivity can be written as

€ij = 6(5@' + O‘EiEj

where € is the unperturbed permittivity. The principal axis of €;; coin-
cides with the electric field.

In an electrooptical material that exhibits Pockel’s effect, the constitutive
relation can be written as

Di = GijEj —+ UijkEjEk

where o4, = 0, is a third-rank tensor symmetrical in ¢ and j, and
therefore has 18 independent elements.

P1.5.2

Similar to the expression of the constitutive relation D =¢FE =¢,E+P,

the constitutive relation B = i - H can also be represented in terms of a
“free-space” part pu,H and a magnetization vector M such that

B= uoﬁ—l— MOM

Notice that while P has the same dimension as D, M has the same dimen-

sion as H .

In the case of media possessing permanent moments, the polarization P

and the magnetization M are given classically by the Langevin equation
1
L(z) = cotha — —
x

For a paramagnetic material with magnetic moments Nm,

mH
M =NmL | —

where k = 1.38 x 1072 joule/kelvin is Boltzmann’s constant, and T is the

absolute temperature in kelvins. Show that in the low-field limit, since mH
kT , the medium is linear.

<
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1.6 Boundary Conditions
A. Continuity of Electric and Magnetic Field Components

Assume that there is a plane boundary surface at z = 0 separating Regions 1 and 2,
we can derive the boundary condition for H by using a small pill-box [Fig. 1.6.1] and
letting Az go to zero. As across the boundary, field amplitudes may be discontinuous
while on the z-y plane they are not varying much. We thus ignore partial derivatives
with respect to = and y, and keep only partial derivatives with respect to z. We
find that

— o (. —
VXH—&{ZXH}

A — A
:Al.lzIEOA_z{ { mo,yo,ZOJr?Z) H(xo,yo,ZO*—z)}}

s Lo o)) oy

where F(xo,yo,zo + %) H, is in region 2, and H(xo,yo,zo — AT) H; is in
region 1.

Region 1

1A Y /Zy Region 2
2™ Fe—

Figure 1.6.1 Small pill-box volume.

From Ampere’s law, letting the surface normal #n = 2, we find

x (Hy — Hs) = dim Az{%—[t) + J} (1.6.2)
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Assume that the time derivative of D, % and the vector current

density J are both finite, we obtain from (1.6.2) Hi, = Hay; Hiz =
Hs, or that

i x (Hy— Hs) =0 (1.6.3)

Thus the tangential components of the magnetic field H are continu-
ous across the boundary surface.

Similar derivations apply to the electric field components. From
Faraday’s law across the boundary, we conclude that

fx (B —FEy) =0 (1.6.4)

Thus the tangential components of the electric field E are continuous
across the boundary surface.

Letting Az go to zero by using the small pill-box in [Fig. 1.6.1],
we find from Gauss’ law

— ) 1 Az Az
V-D= Al}go ~ D (xo,y0, 20 + 7) — D, (0, 0,20 — 7)
) 1 . = =
= AI,IZIEO N [2- (D1 — Dy)] (1.6.5)

where D, (xo, yo, 20 + %) = D;, and D,(xo, 0,20 — %) =Dy, . We
find

fi- (D1 — Dg) = Alirgop Az (1.6.6)

Assume that the charge density is finite across the boundary, we find

A+ (D1 —D3)=0 (1.6.7)

Thus the normal components of the electric field D are continuous
across the boundary surface. o
Similarly from Gauss’ law V- B =0, we find

f- (B — B2) =0 (1.6.8)

The normal component of the magnetic field B is continuous across
the boundary surface. The magnetic field H is continuous.
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B. Surface Charge and Current Densities

It is often convenient, in particular mathematically, to define re-
gions where the electric and magnetic fields are zero. The media occu-
pying such regions are called perfect conductors, which are idealizations
of media where the fields inside are vanishingly small. We assume that
all fields in Region 2 are zero, FEy=Hy=By=Dy=0.

Electric charges and currents are located primarily in a very thin
layer on the surface of perfect conductors. Thus on the surface of per-
fect conductors, we assume p is infinite contained in a zero thickness.
We may define a surface charge density

pu= dim, o
which is finite and has dimension coulombs/m?. The concept of sur-
face charge density will have very practical usefulness. As Dy = 0,
Equation (1.6.6) becomes

ps =1 - D (1.6.9)

Thus the difference between the D field components normal to the
boundary surface is equal to the surface charge density at the boundary
surface.

On the right hand side of (1.6.2), the time derivatives 9D, /0t
and 0D, /0t are finite but we may assume J, and J, to be infinite
to create a surface current density J, when Az — 0:

Js= lim J Az (1.6.10)

Az—0
J—o0

We obtain from (1.6.1), as Hy =0,

Js =0 x Hy (1.6.11)

Thus the discontinuity in the tangential components of H is equal to
the surface current at the boundary surface.
The boundary conditions (1.6.8) and (1.6.4) remain unchanged,

=0
=0

n X

%

A

n .

the normal component of the magnetic field B and the tangential
components of the electric field E are continuous.
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C. Boundary Conditions

The Maxwell equations have been written in differential form. They
must be supplemented with boundary conditions and initial conditions
wherever derivatives do not exist. The boundary conditions can be
derived from either the differential form or the integral form of the
Maxwell equations. The field vectors E, B, D, and H are assumed
to be finite but may be discontinuous across the boundary. The volume
current and charge densities J and p, however, may be infinite, such
as on the surface of a perfect conductor, where we can define the surface
current density Js = dJ in the limit as § — 0 and J — oo,

Js = lim Jé (1.6.12)

7—>OO

and the surface charge density ps = dp in the limit as § — 0 and
p—

Ps = (%irr(l) po (1.6.13)

oo
The surface current density has dimension amp/m and the surface
charge density has dimension coul/ m?.
For a stationary boundary separating regions 1 and 2, we let the

surface normal 7 point from region 2 to region 1. The boundary con-
ditions are as follows:

Ax (E1—E9) =0 (1.6.14)
x (Hy— Hy) = Js (1.6.15)
fi- (By — Bs) =0 (1.6.16)
f- (D1 — D3) = ps (1.6.17)

where subscripts 1 and 2 denote fields in regions 1 and 2, respectively.
Essentially the boundary conditions state that the tangential compo-
nents of E and the normal components of B are continuous across
the boundary; the discontinuity of the tangential components of H is

equal to the surface current density J,; and the discontinuity of the
normal components of D is equal to the surface charge density ps .
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EXAMPLE 1.6.1 Derivation of boundary conditions.

We now derive the boundary conditions by using integral formulas. First
we consider the integration of a vector field A over a volume V' enclosed by
a surface S with surface normal §. The following formulas are useful:

///dvv-zﬂdsg.z (E1.6.1.1a)
///dVV xzzﬁdsg x A (E1.6.1.1b)

where (E1.6.1.1a) is the familiar Gauss’ theorem which relates integration
of the divergence of the vector field A over the volume V to the integra-
tion of the field over the surface S enclosing V. Equation (E1.6.1.1b) is
derived from (E1.6.1.1a) by noting that V- (C x A) = —C -V x A where

C' is a constant vector independent of position. Applying the Gauss’ theorem
(E1.6.1.1a) to V- (C x A), we obtain

_6.///dvvxzzﬂdsg.axz:_aﬂdsgxz

This is seen to be (E1.6.1.1b) dot-multiplied by C on both sides. Letting C
be an arbitrary vector, the result is then (E1.6.1.1b).

region 1

region 2
Figure E1.6.1.1 Pillbox for derivation of boundary conditions.
Now consider an interface separating regions 1 and 2 [Fig. E1.6.1.1]. As-

sume a small pillbox volume across the interface. Integrating Maxwell equa-
tions over the volume and applying (E1.6.1.1), we obtain
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flassxz——[[[av 5 (E16.1.2)
ﬂdé‘s x H = ///dV D+///dV7 (B1.6.1.3)
ﬂd =0 (E1.6.1.4)
ffass o= [[[avs (E16.15)

These are the Maxwell equations in integral form, which will be used to derive
boundary conditions for both stationary and moving boundaries.

If we assume that the boundary surface is not in motion, then for the
terms involving partial derivatives with time, 9/0t can be moved to the
outside of the integral. Since the integration is over the volume, the result is
a function of time only, and the partial derivatives become total derivatives.
Therefore, for stationary boundary surfaces, the Maxwell equations in integral

form become
ﬁdsg x E = —%///dvﬁ (E1.6.1.6)
ﬂdSéxF %///dvﬁ+///dv7 (E1.6.1.7)
ﬂdSé-FzO (E1.6.1.8)
ﬂdSéﬁ:///dvp (E1.6.1.9)

Now we let the volume of the pillbox approach zero in such a manner
that the thickness of the ribbon side, d, goes to zero before the top and
bottom areas a shrink to a point. We dispose of terms of the order of § .

We see that the terms involving time derivatives in (E1.6.1.6) and
(E1.6.1.7) drop out because they are proportional to ¢ . We then consider the

right-hand sides of (E1.6.1.7) and (E1.6.1.9) which become da.J and édap,

respectively. If J and p are finite, both terms will be zero because they are
proportional to §. When there are surface charges and currents at the bound-
ary, the right-hand sides of (E1.6.1.7) and (E1.6.1.9) become aJs and ap; .
We then see that the surface integral terms involving cross and dot products
will be dropped except when § is in the directions 1 or —n . After canceling
a on both sides of the equations, we obtain from (E1.6.1.6)—(E1.6.1.9) the
boundary conditions (1.6.14)—(1.6.17).

— END oF EXAMPLE 1.6.1 —
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ExXAMPLE 1.6.2
Consider an electromagnetic wave with

= & Fycos(kz — wt) (E1.6.2.1a)
= §Hycos(kz — wt) (E1.6.2.1b)

=

= o

impinging upon the surface of a perfectly conducting surface [Fig. E1.6.2.1].
The boundary condition at the surface of the boundary requires that

nx (E;—Es)=0 (E1.6.2.2a)
A x (Hy — Ho) = Jg (E1.6.2.2b)
where 7 = —2 is the normal to the surface. A perfect conductor is defined

to have fields zero inside, thus Eo = Ho = 0.

I, ,

—>
B ~ z2>0
incident reflected E E=H=0
.

Perfect conductor

Figure E1.6.2.1 Reflection by a perfect conductor.

The reflected wave that satisfies the boundary conditions (E1.6.2.2) is

E, = —2Ejcos(kz + wt) (E1.6.2.3a)
H, = §Hycos(kz + wt) (E1.6.2.3b)

which is propagating in the —2 direction. The surface current J, at z =10
is found to be

Js=nx[(H; + H,) - 0],=0 = $2Hg cos wt

The magnetic field at z = 0 is B = u,(H; + H,) = §2p,Ho coswt . From

the Lorentz force law, the force density acting on J, is

S
F= §Js x B = 22u,HE cos® wt
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The factor 1/2 is due to the fact that there is magnetic field only on one side
of the current sheet. The time-average value is thus

F= Nng

which is twice the value of the incident radiation pressure in Example 1.3.13.
This is because the reflected wave is in the —Z direction, and it exerts a

recoil force on the conductor when it launches the reflected wave.
— END OF EXAMPLE 1.6.2 —

Problems

P1.6.1
Derive boundary conditions for E and H by applying Stokes’ theorem
to [P1.6.1.1].

region 1

region 2

Figure P1.6.1.1 Derivation of boundary condition with Stokes’ theorem.

P1.6.2

Derive the boundary conditions for H by applying the curl theorem
to a small pill-box volume on the z-y plane which has an area A and an
infinitesimal thickness Az .

P1.6.3

Applying the divergence theorem (1.1.19) and integrating over the pillbox
volume in Fig. E1.6.1.1 with area a and circumferential length [ to find
boundary condition for D .
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1.7 Reflection and Guidance

A. Wave Vector k

The electric field E(7,t) is governed by the Helmholtz wave equa-
tion.

9? _
<v2 — ,uew> E(F,t) =0 (1.7.1)
with

9 9% 92

2_ 9 O T
v _8x2+8y2+8z2

(1.7.2)
as the Laplacian operator V? in rectangular coordinate system.
Consider the solution

E(T,t) = E cos (kyx + kyy + k,z — wt) (1.7.3)

where E is a constant vector. The electric field vector in (1.7.3) rep-
resents a linearly polarized wave. Since a general polarization can be
expressed as a combination of two linear polarizations, the following
analysis applies to all polarizations.

Substituting (1.7.3) into (1.7.1), we obtain the dispersion relation

k2 + k; + k2 = wipe = k? (1.7.4)

We define a vector 3
k = 2k, + gk, + Zk. (1.7.5)

The vector k is called the wave vector, the propagation vector, or
simply the k vector. By virtue of the dispersion relation (1.7.4), we
see that the magnitude of the k vector is equal to w(ue)/?.

The scalar product of the wave vector k = &k, + 9k, + 2k, and
the position vector 7 = Zx + gy + 2z gives

k-7=kex+kyy+k.z

A constant phase front is determined by k-7 = constant , which indi-
cates that the front is a plane perpendicular to the k vector [Fig. 1.7.1].
The phase front is a plane and the amplitude of the electric field on
the plane is a constant. We call the solution in (1.7.3) a uniform plane
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~
/ ~
constant ~ k-7 = krqcosay
~
front ~ _
~ .7
N k-7
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ax ag
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Figure 1.7.1 Constant phase fronts of a plane wave.

wave. A plane wave is non-uniform if its phase front is a plane but the
amplitudes of the field are not constant. Since the constant phase front

must be perpendicular to & at all times, we conclude that this phase
front propagates in the direction of k.

B. Reflection and Transmission of TE Waves

Consider a plane wave incident from a medium with permittivity eqg
and permeability pg upon a dielectric medium with permittivity e;
and permeability pg. The boundary surface of the two media is situ-
ated at © = 0. Let the incident plane wave be linearly polarized with
the electric field vector in the y direction [Fig. 1.7.2].

We call the x-z plane the plane of incidence, which is formally
defined as the plane formed by the normal to the boundary surface
and the incident wave vector k. The incident electric field vector E;
is perpendicular to the plane of incidence and the magnetic field vector
H,; is parallel to the plane of incidence. We call the incident wave a
transverse electric (TE) wave. The TE wave is also called perpendic-
ularly polarized, horizontally polarized, or simply the F wave or s
wave.

An incident wave of general polarization can be decomposed into
two linearly polarized waves; one with the electric field vector perpen-
dicular to the plane of incidence which is the TE wave, and one with
the electric field vector parallel to the plane of incidence which is called
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Figure 1.7.2 Reflection and transmission of TE waves at a plane boundary
separating Regions 0 and t.

the transverse magnetic (TM) wave. The TM wave will have the mag-
netic field vector perpendicular to the plane of incidence and is also
called parallelly polarized, vertically polarized, or simply the H wave
or p wave. We shall first study the case of TE wave incidence.

The incident electric field vector is assumed to have unit amplitude
and is written as

Ei(r,t) =1
= ycos(kgx + k2 — wt) (1.7.6a)

with the wave vector

The magnetic field vector
Hi(F ) = wim(—:z«kz +3ky) cos(hpt + koz —wt)  (1.7.6b)
The Poynting vector power density for the incident plane wave is
Si(7,t) = E;(7,t) x Hy(T,t)

— 1
= k— cos®(kyx + k,z — wt) (1.7.6¢)
WHo
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which is in the direction of the wave vector k.
The reflected fields for the incident TE wave are

By = —ikys + 2k, (1.7.74)
E.(7,t) = JRcos(—kppx + k2 — wt) (1.7.70)
— 1
H,.(7,t) = —J(i‘k’m + Zkyg) R cos(kyx + krz — wt) (1.7.7¢)

0

The Poynting vector power density for the reflected plane wave is

2
S, (F,t) = ETR— co8?(kpp @ + kypz — wt) (1.7.7d)
WHo

where R is the reflection coefficient for the electric field component.
The incident wave vector k = Tk, + 2k, and the reflected wave

vector k, = —Zkyy + k., are governed by the dispersion relations
k2 4 k? = wugeg = K* (1.7.8)
k2, + k2, = w’uoeo = k2 (1.7.9)

This is seen by substituting (1.7.6a) and (1.7.7a) in the Helmholtz wave
equations for FEj, and E,,.

In Region t, we write the transmitted TE wave solution in the
following form

ki = Tk + 2k, (1.7.10a)

Et(F, t) = @T COS(ktxl‘ + ktzz - wt) (1710b)

T
H(7,t) = —WM (—Zkty + 2kiy) cos(kizx + k2 — wt) (1.7.7¢)
t
_ _ T2
Si(7,t) = kt—— cos®(kpx + ko2 — wt) (1.7.7d)
Wt

where T is the transmission coefficient, and the dispersion relation
k2, 4 k2 = W = kP (1.7.11)

governs the magnitude k; for the transmitted wave vector ky = ik +
Zkygs .
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Let the boundary surface be at = 0 where the tangential com-
ponents of £ and H are continuous for all z and ¢. We obtain

cos(kyz — wt) + Rcos(kyzz —wt) = T cos(kz —wt)  (1.7.12)

kiﬂ kaE k’ X
22 cos(ksz — wt) — 2 Rcos(krsz — wt) = ~2T cos(kynz — wt)
Ho Ho Mt

(1.7.13)

Since (1.7.12) and (1.7.13) must hold for all z and ¢, it follows that

’ kz = krz = ktz

(1.7.14)

This is called the phase matching condition.
From the dispersion relations (1.7.8) and (1.7.9), we find k,z = ks .
Equations (1.7.12) and (1.7.13) then reduce to

1+R=T (1.7.15)
:U'Okt:c

1-R= T 1.7.16
Mth ( )

Note that the boundary conditions of normal D and normal B com-
ponents continuous at & = 0 are satisfied since the condition of con-
tinuous normal B yields the same equation as (1.7.15) and there is no
normal D component.

The reflection and transmission coefficients R and T are deter-
mined from (1.7.15) and (1.7.16), giving

R RIF— L-po (1.7.17)
0t 1+pg*tE .
2
T=TLF=__~__ 1.7.18
0t 1_'_pg“tE ( )
where )
TE HoKtx
=== 1.7.19
pOt Mth ( )

With plF for the TE waves defined in (1.7.19), RLEF in (1.7.17) is
called the Fresnel reflection coefficient for a TE wave incident from
Region 0 and reflected at the boundary separating Regions 0 and
t.In (1.7.18), TLE is the transmission coefficient from Region 0 to
Region t.
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Augustin Jean Fresnel (10 May 1788 — 14 July 1827)

Augustin Fresnel was educated at the Ecole Polytechnique and served as
an engineer in various departments of France. With his mathematical analy-
sis, he removed a number of objections to the wave theory, and used the wave
theory to calculate diffraction patterns that agreed with experimental obser-
vations. He developed a system of lenses which has revolutionized lighthouse
illumination throughout the world.

Equation (1.7.14), the phase matching condition, is a very im-
portant formula arising from the boundary conditions. In terms of the
angle of incidence 6; , the angle of reflection 6, , and the angle of trans-
mission 6;, and the relation k, = k as seen from (1.7.8) and (1.7.9),
the phase matching condition (1.7.14) gives

ksin@; = k,sinf, = k; sin 0;

Thus the angle of reflection is equal to the angle of incidence 6, = 6;,
and

sin 6; _k Voo _ no (1.7.20)

sinf; ke N
where ng = c\/o€p is called the refractive index for Region 0 and
ng = ¢\/p€; is the refractive index for Region ¢. Equation (1.7.20) is
known as Snell’s law.

Willebrord van Roijen Snell (1580 — 1626) studied at the University of
Leiden and received his degree in 1607. In 1613 he succeeded his father as
professor of mathematics at the University of Leiden. Snell’s law for the re-
fraction of light between two media was experimentally discovered in 1621.

Power Conservation

The time-average Poynting vectors for the incident, the reflected,
and the transmitted waves are calculated to be

— 1 1

i> = k= Tk + 2k, 1.7.21
<S> Sorio 2orio (Tky + 2k) (1.7.21)
= IR*>—~  |R?, . R
S, >=—k, = —(—2k, k. 1.7.22
<S,> Yoo 2wuo( Thy + 2k.) ( )
_ T|? - T|?

Qwpe 2wy
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Siz Stz

Figure 1.7.3 Power conservation at a plane boundary.

Power conservation is observed by considering a control volume across
the boundary surface [Fig. 1.7.3]. We must prove that the x com-
ponents of all the Poynting vectors entering and exiting the control
volume are equal. We define the power reflection coefficient or the re-
flectivity to be

—3- <S>
5”77":|R,2

—— (1.7.24)
xZ- <Si >

and the power transmission coefficient or the transmissivity to be

>

L<S>

t: — =
- <S>

pot T (1.7.25)

>

By virtue of (1.7.17)—(1.7.18), we see that
r+t=1

This demonstrates power conservation for reflection and transmission
at a plane boundary surface.

EXERCISE 1.7.1 Notice that

<Siz> — <S> =< S >
<Sip>— <S> AL, >

— END OF EXERCISE 1.7.1 —
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C. Reflection and Transmission of TM Waves

The reflection and transmission of TM waves [Fig. 1.7.4] by a plane
boundary can be carried out in a manner similar to the treatment of
TE waves. The incident magnetic field vector H; = yH;, is assumed
to have unit amplitude and the magnetic and electric field components
are written as

Hiy = cos(kyx + k2 — wt) (1.7.26a)
k
Eiy = — cos(kyx + k.2 — wt) (1.7.26b)
WwEeE
k
E;, = ——= cos(kyx + k.2 — wt) (1.7.26¢)
WEQ
z
B,
— H,
H, B g
k. -
ky L,
0, 0, N
Mo, €0 ¢ Mty €t
k
H;
Region 0 E; Region t

Figure 1.7.4 Reflection and transmission of TM waves.

The reflected field components for the incident TM wave are

Hyy = R™ cos(—kypa + kypz — wt) (1.7.27a)
k;’l"Z

Erp = = R™ cos(—kypox + kypz — wt) (1.7.27b)
WEQ
k;'I"I

E,, = 1f£Rp™ cos(—kppx + kyrz — wt) (1.7.27¢)

weg
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where R™™ is the reflection coefficient for the magnetic field compo-
nent Hj;, . In Region ¢, the transmitted TM field components are

Hyy, = 7™ cos(kzx + kizz — wt) (1.7.28a)
k.
E,, = —27TM cos(kigx + kirz — wt) (1.7.280)
WEg
Ktz
E,, = —JzpTM cos(kizx + kirz — wt) (1.7.28¢)
WEt

where TTM ig the transmission coefficient for the magnetic field com-

ponent Hj, . B
The incident wave vector k = zk, + 2k, , the reflected wave vector
k, = —Zk,, + 2k,, , and the transmitted wave vector satisfy the same

dispersion relations (1.7.8), (1.7.9), and (1.7.11) as for the TE wave
case. Matching the boundary conditions of tangential components of
E and H continuous at = = 0, we obtain the same phase matching

condition (1.7.14) and the reflection and transmission coefficients RTY
and TTM
RO — gy Lo po” (1.7.29)
0t 1+ p%;M .
and 5
e — (1.7.30)
0t 1 _’_pgﬁM
where k
TM _ €0Rtzx
= 1.7.31
Dot ek ( )

Note that the Fresnel reflection coefficient for TM waves is now repre-
senting the ratio of the reflected and incident magnetic fields.

EXERCISE 1.7.2 At the surface of a perfect conductor, we may calculate
the reflection coefficients by letting ¢, — oco. We find that for TE waves
ptf — oo and R}F — —1 while for TM waves pi — 0 and REM — 1.
Thus the tangential electric field vanishes at the boundary and the tangential
magnetic field doubles its strength in order to support the induced surface

currents.
— END OF EXERCISE 1.7.2 —
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D. Brewster Angle and Zero Reflection

The Brewster angle 6, is the incident angle 6; = 6, at which there
is no reflected power. Setting R =0 or pp; = 1 we find, from (1.7.19),
for TE waves ki, = k, or

k¢ cos 0y = k cos 0; (1.7.32)
To solve for the incident angle, we make use of Snell’s law
kysin@; = ksin 6; (1.7.33)

It follows from (1.7.32) and (1.7.33) that 6; = 6; and €; = ¢y . Thus
there is zero reflection since there is no boundary.
For TM waves, we obtain from (1.7.31), eoki, = €k, or

eoks cos 6 = €,k cos b; (1.7.34)
Since k = w,/np€ and k; = w\/lp€; , we obtain from (1.7.34)
k cos 0y = k; cos 0; (1.7.35)
Multiplying (1.7.33) and (1.7.35), we obtain
sin 26, = sin 26,

In addition to the trivial solution 6; = 8, , we also obtain
T

Oy + 0; = 3 (1.7.36)
z
Ho, €0 Mty €t
ky %
Oy 0,
x
Os
ki
Region 0 Region ¢

Figure 1.7.5 Incidence at the Brewster angle.
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Since the reflected direction is perpendicular to the transmitted direc-
tion, the reflected wave vector k, is perpendicular to the transmitted
wave vector k; [Fig. 1.7.5].

Physically we can explain this by visualizing the dielectric media
as consisting of dipoles that are excited by the transmitted wave and
radiating at the same frequency. Each individual dipole has a radiation
pattern that is maximum in a direction perpendicular to the dipole axis
and null along the dipole axis. For a TM wave excitation, all dipoles
oscillate parallel to the plane of incidence along the E-field lines. At
the Brewster angle of incidence, the reflected k, vector is in the same
direction as the dipole oscillation in the transmitted medium. Thus,
no TM wave is reflected.

Substituting (1.7.36) in (1.7.35), we obtain the Brewster angle

k
0, = tan~! = = tan~! \/ i (1.7.37)
k €0

éb Incident angle

Figure 1.7.6 Reflectivity of TE and TM waves.

In Fig. 1.7.6, we plot the reflectivities as functions of the incident angle.
In general, on a solid dielectric surface, the TE waves reflect more than
the TM waves. For an unpolarized incident wave, the reflected wave
becomes linearly polarized perpendicular to the plane of incidence.
Thus the Brewster angle is also referred to as the polarization angle.

David Brewster (11 December 1781 — 10 February 1868)

David Brewster entered the University of Edinburgh at the age of 11. He
was knighted in 1831, and his Treatise on Optics was also published in 1831.
He taught at St. Andrews and in 1838 was promoted to principal. In 1859,
he became principal of the University of Edinburgh.
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The reflection and transmission of TM waves by a plane boundary
has been carried out in a manner similar to the treatment of TE waves.
We can also invoke the principle of duality and write down the answers
directly. Making the replacements £ — H, H — —E, pg= ¢, and
the boundary conditions of continuous tangential H and E at z =0,
we find the dual of the TE problem [Fig. 1.7.2] to be precisely the
TM problem [Fig. 1.7.4]. We obtain the reflection and transmission
coefficients as in (1.7.29)-(1.7.30) with plF in (1.7.19) replaced by
pg;M = 60]’{31€x/€th .

ExXAMPLE 1.7.1
Consider an electromagnetic wave impinging normally upon a dielectric

half space (Region 2) with permittivity e; from a medium (Region 1) with

permittivity e .

(a) Let €1 =€, and ey = 4e, . What are the reflection coefficient R;3 and
the transmission coefficient Tjo ?

(b) What is the sum of Poynting power of the wave on either side of the
interface? Do they conserve?

(c) What is the sum of momentum density of the wave on either side of the
interface? Do they conserve?

(d) Find the radiation pressure exerted on both sides of the boundary. Do
they match?

(e) Will the half space move towards the incident wave or away from it?

SOLUTION:
(a)
or = toktz  powy/podeo 5
;= = =
piks How+/Ho€o
1-— 1-2 1
Ryy = Dot _i1-s_ 1
1+por 142 3
2 2
Tio =14+ Rys = ==
12 12 1 +p0t 3

(b) Computing the time averaged Poynting power of the incident, reflected,
and transmitted waves, we find

— E? E?
<S;i>=i—"2 =321
’ 2m 210
— R?,FE? R2,E? 1\ E?
<G> — _piiet0 _ oo 0:_£<_>_0
" 2 210 9/ 2no
— T2 E2 272 F? 8\ E2
< S >=z3-120 3 120:53(_>_0
! 2n; 2n9 9/ 2mo
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and since
F< S >=—3< 8, >+& <S5 >

we see that power is conserved. _
(¢) The momentum density of the field is given by g = peS', so that

<g,>=1 5 _ ;L
> = ZTupeg— =2
9; Ho 02770 277002
PN . (1) E2 . E2
=—-2|= = —T o€
Ir 9/ 2ngc? Hoco 18n0c?
8\ E? 16 E2
<G, > = a4 (—) N
gt Fuo(4eo) 9/ 2no x977002

The total momentum density of the field is not conserved which implies
there exists a mechanical momentum. Assuming that the plates are ini-
tially at rest, in order for total momentum to be conserved we need the
mechanical momentum,

_ _ _ _ 11E2
<9mech >=<G; > — <G, > — <G >=—T

977062

(d) The radiation pressure magnitude is given by |F| = \/ue [S|. The di-
rection in which the force is applied depends on whether the wave is
an impinging wave (force acts in same direction as S) or a launched
wave (force acts in opposite direction as S due to recoil effect). For the
incident, reflected, and transmitted fields we find,

_ _ E2
<F,>= Vo€ < S; >= i—o

27706
<F,> v/ <S8, >=7 53
r = - € r>=
Ho€o 1810c
— — _8E?
< Fy>=—1/uop(deg) < St >= —xg—
NocC
so that there is a net force of
— 13E2
< Fyop >= —3—
tot C5181]00

acting on the half space.
(e) Using the results of either part (c) or (d) we find that the half space will

move towards the incident wave.
— END oF EXAMPLE 1.7.1 —
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E. Guidance by Conducting Parallel Plates

Consider the guidance of electromagnetic waves by a pair of perfectly
conducting plates at z =0 and x = d [Fig. 1.7.7]. For TM waves, the
Maxwell equations are

02 0? 0?
(W + @ — /“@)Hy =0 (1.7.38a)
E%Ex = —%Hy (1.7.380)
6%Ez = % y (1.7.38¢)

Figure 1.7.7 Parallel-plate waveguide.

In the parallel-plate waveguide, the wave is guided along the £z di-

rections. The two wave solutions with wave vectors k£ and k, in the
guided region are

H; = jjcos(kex + k.2 — wt) (1.7.39)
B, = [ih. — 2kx]i cos(kpt + oz — wt) (1.7.40)
H, =9 Rcos(—kzx + k;z — wt) (1.7.41)
E, = [&k, + fzkz]g cos(—kyz+k,z—wt) (1.7.42)
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The boundary conditions at the parallel plates require that the tan-
gential electric field be zero at x =0 and x =d.

—cos(kyz — wt) + Rcos(kyz — wt) =
—cos(kyd + kyz — wt) + Rcos(—kyd + kyz — wt) =

(1.7.43a)

0
0 (1.7.43b)

Solution to the above equations yields R =1 and

hipd = 2mm (1.7.44)

which is known as the guidance condition. It states that in the & di-
rection the bouncing waves must interfere constructively with 2k,d =
2mm7 in order for the wave to be guided [Fig. 1.7.8].

The dispersion relation is k2 + kz = k%. The set of discrete k,
values admissible inside the guide is

mT m
ky=— m ‘=" K,=kun 7.
oom ¥ (1.7.45)

where m is any integer. We name the guided waves TM,, modes.

kz

Figure 1.7.8 Interpretation of the guidance condition.

Thus as a result of the boundary condition at x =0 and x =d,
the spatial variation along the Z direction of a guided wave must be an
integer number in a distance of 2d. The magnetic and electric vector
fields are

H = jcoskyx cos(k,z — wt) (1.7.46)
k.

w

e
Il

k.
2—=cos kyw cos(k,z — wt) + 2——sin k,x sin(k,z —wt)  (1.7.47)
we

e
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mmx

H, = cos( o )
A
T™;

m=1

TM,
m=2

TM;

m=3

Figure 1.7.9 Field amplitudes for TM;, TMy, and TM3 modes.

In Fig. 1.7.9, we plot H, for m = 1,2,3. They are standing waves
in the transversal z direction and propagate in the z direction. We
see that there are more spatial variations in the waveguide with sep-
aration of d, when the x component of the spatial frequency, k, =
(m/2d) K, , is higher with larger m . The velocity of the TM,, mode
in the z direction is determined from the dispersion relation

k2 =k — k2, (1.7.48)
A K TE, TM,
TM,
TM; TE;
T T T > k:
kcl ka kc3

Figure 1.7.10 w-k, diagram.
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The phase and group velocities are, as w = ck and k,dk, = kdk

vp =w/k, = ck/k, (1.7.49)
vg = dw/dk, = cdk/dk, = ck./k (1.7.50)
\\
\
\
\
\
\
Upt N

Figure 1.7.11 Distances traveled with phase and group velocities.

where ¢ = 1/,/mte. The phase velocity v, is larger than c, as seen
from Fig. 1.7.11. Let sin6,, = ke /k = mn/kd = mA/2d . We see that
vp = ¢/sinb,, and vy = csinb,, , thus vypv, = c? . In Figure 1.7.12 we
show that for a propagating TM,, mode, as frequency increases, the
angle 6, increases, and the group velocity vy = cAk/Ak, increases.

A

A
A5

Figure 1.7.12 Guidance with increasing frequency.

Kz
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It is seen from (1.7.48) that as k < kem, , k2 = —(k2,—k?) = —k?;,
suggesting that the guided wave will attenuate in the z direction. The
fields satisfying the Maxwell equations and the boundary conditions
become

H = jjcos kyx e *1% cos wt (1.7.51)

— k k
E = 2-2Lcos kpx e %1% sinwt — 2-Zsin kya e 517 sin wt (1.7.52)
we we
The time-average power in the Z direction is zero, and the guided
modes for k < k., are evanescent.
The spatial frequency at which k, = 0 is called the cutoff spatial

frequency ke
m

kem = 24 K, (1.7.53)
corresponding to cutoff wavelength A, = 2d/m . In order for the mth
order TM mode to propagate, the spatial frequency k& must be larger
than k., or the wavelength must be smaller than \.,, . Notice that
if the TM,,, mode is propagating, then all TM; modes with | < m
can also propagate. Thus for a given spatial frequency k such that
kem <k < kegmg1) , there will be m +1 TM modes admissible inside
the waveguide. The lowest-order TM mode is TMy whose k. = 0.

The electric and magnetic fields for the TMy mode are, since
k,=0 and k, =k,

Hy = cos(kz — wt) (1.7.54a)
k

E, = ~ cos(kz — wt 1.7.54b
e cos(kz — wt) ( )

which is equivalent to a plane wave propagating in the z direction. The
TMy mode is also called the fundamental mode or the TEM mode in
the parallel-plate waveguide.

ExaMPLE 1.7.2 TE modes.
We write the solution for TE waves as

E, = (Acoskzx — Bsinkgx) sin(k,z — wt) (E1.7.2.1)

The boundary conditions at z = 0,d require E, = 0 which gives A = 0
and the same guidance condition (1.7.45). We thus obtain the electric and
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magnetic fields for TE modes
E = —j Bsink,z sin(k,z — wt) (E1.7.2.2)

ke oo .
=& —Bsink,z sin(k,z — wt)
wi

Ky
+ 2 —Becosk,x cos(k,z — wt) (E1.7.2.3)
wp
where
mT m
ke = - m 1= %4 Ko = kem (E1.7.2.4)

The above result can be interpreted in terms of plane waves reflecting from
the conducting plates in the same way as for the TM waves. One important
difference is that TEy does not exist and the lowest-order TE mode is TE; .

N

a
< .

Figure E1.7.2.1 Metallic rectangular waveguide.

Consider a metallic rectangular waveguide having dimensions a along the
x axis and b along the y axis [Fig. E1.7.2.1]. The TE wave fields inside
the guided region can be written as (E1.7.2.2) and (E1.7.2.3). The boundary
conditions at x = 0,a require Fy, = E, = 0 and at y = 0,b require
E, = E, =0 which give rise to the same guidance condition (E1.7.2.4) with
d replaced by a.

Surface charges are ps = FBsink,z sin(k,z —wt) at y = 0,b. Surface
currents are .J, = F2Bsin k,xsin(k,z—wt) at y = 0,b. Since there is no vari-
ation in the ¢ directions, the fields are for TE,,g modes. The fundamental
mode is TEjg and the lowest cutoff spatial frequency is k = k. = (1/2a) K,
corresponding to a cutoff wavelength of A,y = 2a.

— END OoF EXAMPLE 1.7.2 —
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Problems

P1.7.1

Consider an electromagnetic wave propagating in an isotropic medium
with permittivity e and permeability p. It has the following electric field
vector

E = (2E, + 9B, + 2E.) cos (kyx + k,z — wt)

where F,, F,,and E, are real constants.

(a) Determine the constraints on E,, E,, and E,,intermsof k, and k.,
such that the above electric field vector represents an electromagnetic
wave.

(b) Let k, =/3k/2, k, =k/2 and E, = E, = E,. What is the polariza-
tion of the wave?

(¢) Add another plane wave component to the wave shown above, so that
the total electric wave is left-hand circularly polarized.

P1.7.2

When the incident k£ vector is normal to a plane boundary, a TE wave
becomes a TEM wave; a TM wave also becomes a TEM wave. Compare the
reflection and transmission coefficients for TE and TM waves at normal in-
cidence. Do both TE and TM results reduce to the same numbers? If not,
why? Do the reflectivities and transmissivities for TE and TM waves at nor-
mal incidence reduce to the same result?

P1.7.3

The gas laser depicted in Fig. P1.7.3.1 uses “Brewster angle” quartz
windows on the gas discharge tube in order to minimize reflection losses.
Determine the angle 8 if the index of refraction for quartz at the wavelength
of interest is n = 1.46 . Because of these windows, the laser output is almost

completely linearly polarized. What is the direction of polarization, i.e., is F
parallel or perpendicular to the paper? Why?

Mirror Mirror

A
Y

FAo

Brewster window

Figure P1.7.3.1 A gas laser with Brewster windows.
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P1.7.4
Sun light glares caused by reflections from plane surfaces are partially
linearly polarized.

(a) Determine the Brewster angle for ¢; = 9¢,. The Brewster angle, 0p, is
also called the polarization angle because at 0p the reflected wave is
entirely TE polarized.

(b) Your polaroid glasses absorb one linear component of incident light. To
minimize sun glare, what component, TE or TM, reaches your eyes after
passing through the glasses? Explain why.

P1.7.5

Consider a plane wave incident on a planar boundary at x = 0 from
a dielectric medium with € = 9¢, upon another dielectric medium with g,
and ¢; . The right-hand circularly polarized incident electric field is

E, = Eo(\/gi‘ + 2) cos(kyx — ko2 — wt) + 2gsin(kyx — k.2 — wt)
where Ej is a real constant. The reflected field is
E,=E [2R"Pgsin(k,z + k.2 — wt)+ R™™ (=32 + 2) cos(kpx + koz—wt)]

(a) Show that the incident angle is 30° .

(b) For k, =1K,, find the frequency (Hz) and wavelength (m) in region 1.

(¢) Find the value of ¢ (0 < €/€, < o0) for which the reflected wave is
linearly polarized.

P1.7.6

A laser beam in free space with the polarization of electric field parallel
to the paper is incident normally upon a glass surface. There is 16% power
of the incident wave being reflected and the rest being transmitted. Neglect
the reflection on the bottom surface. The reflection coefficients of TE and TM
incident waves are given by, respectively,

RTE _ €08 0; — \/n% — sin 6;
cos0; + \/n2 —sin6;
RTM n?cos 0; — \/n? —sin” 6;

n2cosb; + v/ n2 — sin® 0,

where n = 4/¢/¢, is the refraction index and 6; is the incident angle.

(a) What is the amplitude of the reflected electric field E, in terms of the
amplitude of the incident electric field E; ?

(b) What is the refraction index (n = y/€/¢, ) of the glass?

(c) Let the surface of the glass rotate by 6 = sin™'(2/3) about an axis
perpendicular to the paper. How much of the incident power is reflected?
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(d) Let the surface of the glass rotate by 6 about an axis perpendicular to
the paper, so that the laser beam is totally transmitted without reflection.
What is the rotation angle 6 in radians?

P1.7.7
Find the cutoff wavelength A.,, and the cutoff angular frequency wem,
corresponding to the cutoff spatial frequency k., = (m/2d) K, .

P1.7.8

An AM radio in an automobile cannot receive any signal when the car is
inside a tunnel. Consider, for example, the Lincoln Tunnel under the Hudson
River, which was built in 1939. A cross-section of the tunnel is shown in
Figure P1.7.8.1. Ignore the air ducts; assume that they are closed. Model the
tunnel as a rectangular waveguide of dimension 6.55m x 4.19m .

exhaust air duct

4.19m

fresh air duct

Figure P1.7.8.1 Tunnel modeled as rectangular waveguide.

(a) Give the range of frequencies for which only the dominant mode, TEjy ,
may propagate.

(b) Explain why AM signals cannot be received.

(¢) Can FM signals be received? Above what frequencies?



120 1. Fundamentals

Answers
P1.1.1
A+B+C=0and A+B-C = -2C.
P1.1.2

AxB|? = (AxB)-(AxB) = A-(Bx (Ax B)) = 4-(AB>~B(4A.B)) =
A2B? — (4. B)?

P1.1.3

r=+8,0=n/4,¢p=n/4;and p=2,¢=7/4,z=2.
Pl.1.4

¢=20.6+20.8.
P1.1.5

Z~§= A;CBI. = ABJ ZABCOSHAB

P1.1.6

From B?sin?@4p = |A — B|?> — (A — Bcosfap)?, we find |A — B|? =
A%2 4+ B2 —2ABcosfp . It follows that ABcosfOap = %[A2 +B2-(A-B)-
(A-B)=A-B
P1.1.7

= A’B? — (A, B, + A B, + A,B,)?
= A’B? - (A-B)? = A’B*(1 — cos*0ap) = (ABsinf4p)*
P1.1.9
For ®(x) =22, V®(x) = 32z . For ®(z) = —23, V&(z) = —2322.

P1.1.10
Its gradient is V& = 22z + g4y .
For the ellipse with ® = 22 + 2y? equals a constant,
4 = 2zdx + dydy = (822 + §dy) - (idx + jdy) = VO - dF = 0

where dr is tangent to the ellipse. Thus the gradient V@ is normal to the
ellipse and pointing in the directions of an expanding ellipse.
P1.1.11

The gradient of the function is V& =z 4+ . For &3 =29+ 1y > ¢ =
1 +y1, V@ is pointing in the direction of increasing @ .
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Answers
P1.1.12
V- (ExH)=V-|E, E, E.
H, H, H.
a(EH EH)+3(EH—EH)+3(EH E,H,)
9 9 G, d G, G,
H, <8—yEz azEy) + H, <%Ey 6—yEm> + H, <$Em £Ez)
9 9 B, 9 d )
—E, <6—yHZ &Hy) ~E, (51{75 - a—xHZ> —E. (8—xHy 3_wa>
=H (VXE) -F (Vxﬁ)
z Y Z
V- (V xA) d/0x 0/0y 0/)dz | =
A, A, A,

V x (Vo) = [ 3/%33 8/y8y 8/Z82 ] =0
0¢/0x 9¢p/0y O¢P/0z

L Y
Vx(VXE)= d/0x 0/0y 00z
E, E, E.
T Y Z
_ 0/0x /0y 0/0z

( aEy> Ew aEz (% B aEw>
oy oz 92
0 E, Ew 0F, 0 0? 0?
L’)— <a— oz t 5 ) <ax2 ot a_> E}
0 Ez 8EZ 0? 02 o2 .
R E ) (58 5)al
+[ <8E+8E +8EZ)—<8—2+6—2 8—2>E2}z
0z \ Oy Oy 0z oy?  Oy? 022
=V (V-E)-V’E

To prove (1.1.9), we may also write

=

o 9
9z 9y 0s H, H, H, E, E, L,
V- ExH=|E B E|=|2 2 2|-|2 2 2
H, H, H.| |E. E, E.| |H, H, H.
H- (VxE)—-FE-(VxH)
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P1.1.13
We write (1.1.21) as V x H = limAVHOﬂ dSsx H/AV

Applying the above result to a large V' containing an infinite number of such
differential volumes, we find the curl theorem

/// dVVxF:ﬂ dSsx H
\% S

This is the curl theorem similar to the divergence theorem except that now
the result is in vector form.

P1.1.14

If the surface integral of V x H is carried out over a closed surface, there
will be no external contour enclosing the surface and the result will be zero.

ﬂd?- (VxH)=0 (A1.1.14.1)
S

This scalar equation should not be confused with Stokes theorem which is
obtained by integrating over an open surface or the curl theorem in P1.1.13
for which we integrated over a volume V' enclosed by a surface S, which is
a vector relation.

P1.1.15
V-A=3p+2, [[[dVV-A=6r [(3p* +2p) = 67(5> + 5%) = 9007

3
ﬂd@ﬁ: 107r/ dz 5% 4+ 6752 = 9007
S 0
P1.1.16

[ZX(V XE)}Z = eijkeklmAjale = (6il5jm_6im6jl)Aj3le:AmaiBm_
A0B; = A;0;B; — [(A-V)B;
P1.1.17

31(2 Z) = AJ&B] + BJ&A] = A]@Bz + BJE)]Al + AJ&BJ — A](?JBl +
BjaiAj — BJGJAZ = AJasz + (6il§jm — 5Z‘m5jl)Ajale + A]asz + (5il§jm —
0im0j1)BjO1Am = A;j0;Bi + B;j0jA; + €ijiAjerimOiAm + €ijpAjerimOiAn =
[(A-V)B+AX (VX B)+(B-V)A+Bx(VxA) -
P1.1.18

8,(Z : Z) = 2A361A] = 2A38]A2 + 2A381A] - 2Aj6in = 2AJ8]A1 +
2(6i16jm — 5im6jl)Aj8lAm = 2Aj8jA¢ + 26ijkAj€klmalAm = 2[(Z . V)Z + A x
(V x A);
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or [(A-V)A+Ax (VxA);=[A V)A]; +A;0,A; — [(A-V)A], .
P1.1.19
E=-Vo=

C R N . ¢ C
2P P RIS =T
in terms of the position vector 7 = Zx + gy + 2z, and the length of the
position vector r = \/m ,and 7 is pointing in the direction of 7
with unit length. Assuming that the electric field is due to a charged particle
q situated at the origin, we can integrate Gauss’ law over a small spherical
volume with radius r = ¢ surrounding the origin to obtain

T 27
q :ﬂ dS-D = / / df d¢ 6% sinf 6020 = 4me,C
S 0 0 o

Thus the constant C' = q/4me, and the static electric field

= o q
EF=r——
4dme,r?

P1.2.1

El and Eg, qualify as electromagnetic waves.
Ey and E4 violate Gauss’ law V- E = 0.

P1.2.2

E = #Eycos(kz + wt). As time t increases, z must decrease in order
for kz 4 wt = constant, thus the wave is propagating in the —Z direction.

P1.2.3

Wavelength A = 27 /ky = 0.01 m.

Frequency f = ¢/A = 30 GHz.

For A = 632.8nm, k= 1/\ = 1.58 x 105 K,,.

For f =24GHz, k= f/c=2.4x10Hz/3 x 105 m/s = 8K,.

P1.24

(a) (i) 60 Hz: A =c/f =5 x 105 (m)
(ii) AM radio (535-1605 kHz): A = 186.9 ~ 560.8 (m)
(iii) FM radio (88-108 MHz): A = 2.778 ~ 3.409 (m)
(iv) Visible light (~ 10 Hz): A =~ 3 x 1075 (m)
(v) X-rays (~ 10 Hz): A =~ 3 x 1071 (m)

(b) (i) 1km: f=c/\=23x10° (Hz)
(i) 1 m: f=3x 10%(Hz)
(iii) 1 mm: f =3 x 10 (Hz)
(iv) 1pm: f=3x 10" (Hz)
(v) 1A: f=3x10'8(Hy)

() (i) 1km: k=2r/A=K,/A=10"3K,
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lpm: hw=1.24¢eV

P1.2.6

(a) At z = 29, E, = —2sin(kzy — wt), and E, = %cos(k:zo — wt) —
% sin(kzp—wt) . Since Eﬁ/?—\/iExEy—ﬂEj =1, the wave is elliptically
polarized.

(b) E: 1 [& cos(kz—wt) + gsin(kz— wt)+3 [& cos(kz —wt)— g sin(kz — wt)]
(c) E

= Zcos(kz—wt+m/4)+7 cos(kz—wt—m/4) . This is the superposition
0

of two linearly polarized waves.

P1.2.7

The wave has wavelength 1cm, and is right-hand circularly polarized,
the helix is left-handed, and its pitch is 1 cm.
P1.2.8

For a right-handed circularly polarized wave « = w/4, then

Q = I cos(2m/4) cos(268) =0
U = Icos(2n/4)sin(26) =0
V =1Isin(2n/4) =1
For a left-handed circularly polarized wave a = —7n/4, then
Q = Icos(—2m/4) cos(28) =0
U = Icos(—2m/4)sin(26) =0
V =TIsin(—27/4) = -1

For linearly polarized wave a = 0, then
V=Isin0=0
P1.3.1

mv? /R = Ze?/4meR? = R = 4men®h?/Zme? ~ 0.52n2 x 107%m for
Z=1.
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P1.3.2

(a) T =150 x 10?/c = 500 sec = 8.33 min

(b) P.=15kW/m’ x 7 x (6.4 x 106)2m? = 1.93 x 10 kW

(c) S = P (power density per Hz) x W (bandwidth) = 10~ Wm ™2
E = /275 = 8.68 x 1075 volt/m

P1.3.3

The power density is P = 1.2 x 101 W/m? . The radiation pressure is
p=40N/m? . The area required is 20m?.

P1.3.5
(a) B = ilop,/2md
(b) F ={NquBy

P1.3.4
d2y

F= im% + gmSH# = —mw? (ix + jy) = —mpRw? = —pmv* /R

P1.3.6

The Lorentz force acting on the particle is guBy and the centrifugal force
acting on the particle is mv?/R , where R is the radius of the circle. We have
quBy = mv?/R . The time it takes the particle to complete one revolution is
27rR/v = 2wm/qBy . The cyclotron frequency is thus w. = v/R = ¢By/m,
and the radius is R = muv/qBy .

P1.3.7

(a) Because there is a magnetic field, the effective electric field that drives
conduction current is approximately

Ecpf 2E+0xB

B still remains finite, then

Hence 720(F+Ex§).W}En or—>oo,_E7 rel
E = —v x B. This is used in

we have to impose E +T x B =0 or
approximating solar wind fields. . .

(b) Let v = v, + v, where v, is normal to B and v is parallel to B.
Then E = —o x B = —,, x B . The Poynting vector

— 1— - 1 — = B2
S=ExH=—FExB=—-——(V,xB)xB=—T1,
Ho Ho Ho
5x 1079)2
(4 XX10)7 X 4 % 10° x cos45° ~ 5.6uW /m*
™

x (1800 x 9.1 x 10731 x 107) x

N[

(c) Kinetic energy density Wy, = 2p,,0% ~
(4 % 10%)2 = 1.31 x 102 joule/m” .
Electric energy density W, = SegE? ~ 5 x 8.85 x 10712 x (4 x 10° x 5 x
1079 x sin45°)2 = 8.85 x 10718 joule/m” .

W=
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Magnetic energy density W,, = ﬁBQ R g X (5 x 1079)? =

9.9 x 10_12j0ule/m3 Therefore Wy > W, > W, .
Kinetic energy density is the largest.

P1.3.8

a) For § = 0 our model becomes 227;” + Wiz + % = 0. Assuming that
driving and driven quantities have sinusoidal time dependency w, we
may write (w%—wQ)E = —% or x = m(w%—b:w?)' For w > wqy the
electrons are in phase with the FE-field, but for w < wg the electrons
are 180° out of phase. In terms of current (or radiation) the oscillation
is 180° out of phase for w > wy (for electrons or ions) thus tending
to cancel the exciting field (by radiating a competing field 180° out of
phase). This cancellation becomes complete if there are many particles
participating and if their amplitudes are large enough. Thus we want
w > wp (for opacity) but not so large as to render T too small and we
want a high density. This condition is in fact met by 0 < w? —w? < wf) as
is the case in many metals with w in optical regime and wy much smaller
and w, in the ultraviolet regime. Thus these metals appear opaque.

b) Poynting theorem —V-(Ex H) - L 2[H? -9 0p2_F.].

E= —% (‘g%f + (5% + w%f) . Assume a particle density n and velocity
v, 7:qnv:qng—f.ThuS

oz (0T Oz _
E-J=-mn—- <W +(5E —&-wgw)

o2 (N s (2N 2 (L)
- ot |2\ ot ot “oar \2”

H? ¢ E? oz’ 2
Ko € man ( * +m7;w0 z? (Energy desity)

2 2+2

ot

2
0
Pp = mné (_x) (Power density dissipated through collision)

ot
H2
K 02 = magnetic energy density
E2
OF _ electric energy density
2
mn [ Ox . o .
—— | — | = particle kinetic energy density
2 ot
mnr

5 = particle potential energy density



Answers 127

P1.3.9

(a) Using Gauss’ law, the electric field between the two plates due to the
charges is given by E = & /¢ . The Poynting vector and the momentum
density vector are given by S =E x H = #Z x 2077t = 509 =t

— 0 Mo €O MO

and gy = €opoS = 2Bgoe™ .

(b) By Faraday’s law, the induced electric field will exist along the surface
of the plate. Accordingly,

— = [ — B
% E-dl = —g / B-dS = 2Eyl = ’YldBoe_ﬂyt = Fy= Me_'yt
c ot S

By symmetry, both the FE -field at the top and bottom will be equal in
magnitude, however opposite in direction. The total force density along
the top and bottom of the plate will be F' = 2 20Eg = 2 vdByoe™ "t

(¢) The mechanical momentum density vector, g,,, can then be found by
integrating the force density vector.

’ ’ t
T = 2/ yBooe " dt = 2 [730067% } = 2Byo(1 — e )
0
(d) Adding the field and mechanical momentum terms, we see that the total
momentum of the system is conserved, g =g, +9,, = 2 Boo .

P1.3.10

For the plane current loop, we let the line charge density be p amp/m.
The magnetic moment for the segment di is

1 1 1 _
dM = 5(pdl)F x ¥ = ZdiT x T = ZIT x dI

The total magnetic moment of the loop is thus M = fdﬁ = %If? x dl.
For the plane loop f? x dl = 2imA . In the case of a circle with radius R,
$7 x dl = 22nR%.

P1.3.11

(a) v = ¢q/2m. For a complicated structure of charged distributions, the
gyromagnetic ratio is v = gq/2m , where the g-factor g describes the
magnetic structure.

(b) Let M = &M, +gM, + M, , L — M x B gives

D =AM, By B =M, B, =0 which yield
M, = My cos(yBot + ¢o) M, = —Mgsin(yBot + ¢o) M, = My,
Thus the angular Larmor frequency of precession is w = vBy . .

(c) V-B=0 gives B, = By —

(d) The angular precession Larmor frequency is . w =~yB, = vy(By — 2) .
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(e) 6f =déw/2mr =~ x,/2r = 43kHz

P1.3.12

The magnetic field, H at the position of the loop due to the straight

wire carrying current Iy is H = qSQ{T—Od = i% .

= = _ = _ Achilopo
T=MxB=;,——
% “ 2mwd

which means that the current loop will move about the z-axis in a counter-
clockwise direction.

P1.3.13
The dissipated power per unit volume is Py = f -7 =pv-E=J-E.

P1.3.14

The Poynting vector is calculated to be

G=DxB=3/]% 2 EZ cos®(kz — wt)
V #o

The Maxwell stress tensor is

1 =
= — (o HE + €, E2) cos?(kz — wt)I — (22e,En + JiuoHE) cos? (kz — wt)

T
2
From (1.3.12) we find the force density
- = 080G . ) o
f=-v-T- i Zk(uoHy + €,Ej) sin(kz — wt) cos(kz — wt)
P1.3.15

For 0; = % , Maxwell’s equations can be written in index notation as
T

)

VxH ot < W :8ijkaij
— 0B dB;
V x ot e ot Ejkaj k
V~§:O < 8¢Bi:0
The i** component of the time derivative of D x B is
0, = = 0 JBy, oD,
—(D x B); = —(eijxD;Bi) = €ijpDj—— + cijn—2B
8t( x B) 8t(6jk iBr) = €ijuD; ot + €ijk ot Ok

= —Eijk{:‘quDj(aqu) + EkijsmnjBkamHn
= —(0ipdjq — 0ig0jp) Dj(OpEy) + (OkmOin — Okndim) Br(Om Hn)
= DjajEi - DjﬁiEj + BrOyH; — BrO; Hy, (A13151)
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ir0js — 0is0j, . Identify the terms in

)

where we use the identity eijpersk = 046
the right hand side of equation (A1.3.15.1):

1 — — 1— —
Djal'Ej = GOEjaiEj = 8Z(§€0E . E) = 81(§D . E)

1 — — 1— —
Dj(’)jEi = DJ-@JEZ» + El@ij = GJ(DJE,) =V- (EEl)
ByOpH; = B,OpH; + H;OLB), = 8k(BkHl) =V (EHz)
we find 2(D x B); = —0;(3D-E+ 3B -H) + V - (DE; + BH;), which is

A N ot
identical to

%(BXEHV-(W?_W_W)ZO

P1.4.1
() (5) =745 (45)"sin0

T k[ ot ? drwk® [ qb ?
P: 2 26 d —_— sin? = _—
(b) /o df2mr* sin 6 [260 <47rr> sin” 0 3. \ 17
k3 2
%= (4€r)

(C) Rrad = ? T 3eow

2

(d) For 6 =7/2 E, = —ﬁrgr, gl = —Z%"E,. Notice that the radiation
field is only in the upper half space for the radio antenna, therefore

(Bor)? = 15 (25 % 1073 x 15 x 10%)” = 781.25(W)

_ 2
P= ﬁ =~ 180
P1.4.2
For the p, component, the electric field vector in the rectangular coor-
dinate system is
Eal ~ A Dz
E,. =[r2cosf + 0sind
p. = [F2cosf + Osin ]471'607'3
p. | .3 (:vz) .3 (yz) 3 (z)2 1
= ==+t (1S )+2=(-) —2—=
d7e, { r3 \r2 Y3 2 r3\r r3
The total electric field due to all three components is therefore
1 1

E = [3#(7 - p) — 7| Tres = P x 7)< i+ 28 B))

P1.4.3
Looking at ¢ = 0, the sky is unpolarized, looking at the zenith (¢ =

90°) the sky is linearly polarized, looking at other parts of the sky, it is
partially linearly polarized.

Pl.4.4
(a) E= 24 (ésin&—i—f?cos@)

4mer3
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(b) The total power scattered by a Hertzian dipole with dipole moment pgFEy

w 3 E 4 3 EN\? k2 E2
P:/d92wr251n9 k™ (PoFo ) 2 gl _ 4T (poFo ) _ K pp 0
o 2¢€, 47r 3¢, 47 127neg

Scattering cross section 2nP;/E? = % P2
0

P1.4.5

P, = g;; (:;_;26600)2 k*a®EZ . Sky is blue as blue light has a larger k and
thus scatters more. It is not violet because there is less violet light reaching
the lower atmosphere for scattering and the color receptors in our eyes are
stimulated differently. The red and green cones are stimulated about equally
and the blue cones are stimulated more strongly, resulting in perceiving a

pale sky blue color.

P1.4.6
2
(a‘) Pscatt = é_?qr |:5;p;26600} k/AaGEg = %nkAapEg
(b) The total power loss of a control-volume with area A and length dl is
1dP 2n 7kt x 10750
—Z _ EixNxA
Par ~ AE2 T 1y o X & X
_ mk* x 10760 N = 7(27 x 10%)* x 10760 N
6 6
N N
= %71’5 x 107 m™! = 8—775 x 10733 km ™!
which gives rise to a loss of (300.88 — 10log N) dB/km.
(c) L9 ~0.2km™" gives rise to a loss of 6.99 dB/km.

P dl
P1.4.7
\/xQ )2+ 22 = /22 +y2 + 22 — 2yd + d% ~ \/r2 — 2yd
1/1—2yd~r(1—%><2yd)—r——d—7"—dsm9
(b) Eior = 4mo [9qlcos(kr — wt) sin @ — Zgacos(kr — kdsin g — wt)}
()
(i) dsinf = % ; d= \/5%
(i) Lq = go; q1/q2 = V2
(iii) Eror = ere [Qcos(wt — kr) — ¢sin(wt — k:r)] = L.HC.P
P1.4.8
s _ 3T 5 e p _ .
Writing £=dz, r=+/p? + 22, Sln0f7\/m ,and z=ptana, yields
/2 .
B=¢ f s = ¢ [ se? adagtetds = gl

—m/2
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The magnetic field is B = qgg;;;

27 x10
P1.5.1

(a) This constitutive relation for cholesteric liquid crystals is
(1) Anisotropic
(2) Linear
(4) Inhomogeneous: € depends on position.
(b) This constitutive relation for the quartz crystals is
(1) Bianisotropic
(2) Linear
(3) Temporally dispersive
(4) Homogeneous
Another answer is

0 _
Ej = IﬂjDi + C2Gij EBl = IiijDi — C2G¢j(v X .E)Z
1 0 1 —
H; = %Bj — CQGijEDi = %Bj - 2Gi(V x H);

Express D and B in terms of E and H .

Dj = Kli_jl [Ez + C2Gki(v X E)k]
Bj = Lo [Hj + CQGij(V X F)l]

Then the constitutive relation is
(1) Anisotropic
(2) Linear
(3) Spatial dispersive
(4) Homogeneous
(c) We can write J ~ o(E + RoE x By), in matrix form

J o Ro*By, —Ro*By, | [E.
Jy | = | —Ro*By. o Ro*By, | | By
J. Ro*By, —Ro*By, o E.

V x H:—iWGOF+7

131

= (ﬁw = $2 x 107 Tesla.

Ro? Ro?
€+ 1— Z—UB()Z —Z—UBOU
2 w Rw2
R — —
= —iw 71_0302 €0+ i— @‘_UBOI E=—iwe- FE
w
Ro? Ro?
’L—U Boy —i—a By € +1—
w

The constitutive relation is thus
(1) Anisotropic
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(2) Linear
(3) Temporally dispersive: Permittivity depends on w.
(4) Homogeneous
(d) Consider the following dispersion relation:
OE;
D; = e E; + %‘jkaTZ
A repeated index in a product implies summation over that index from 1
to 3 (e.g., A;B; = A1 By + A3Bs + A3Bs ). An equation or an inequality
holds for each of the unrepeated indices.
The constitutive relation is_
(1) Anisotropic: D and E are not related by a scalar factor.
(2) Linear
(3) Spatially dispersive: The constitutive relation involves space deriva-
tives of E .
(4) Homogeneous: €;; and 7,5, do not depend on 7.
(e) The constitutive relation for pyroelectricity is
(1) Anisotropic
(2) Linear: Variations of D and E are linearly related. D =¢€-JE.
(4) Homogeneous
(f) The constitutive relation for piezoelectricity is
(1) Anisotropic
(2) Linear: Variations of D and E are linearly related. D =¢€-JE.
(4) Homogeneous
Note: Si; is the mechanical stress tensor. The force acting on an imag-
inary surface S in a solid is

FkZ/dSSkgnl
S

The dimensions of Sg; are Force/Area.
(g) For the Kerr effect, the constitutive relation is
(1) Anisotropic
(2) Nonlinear
(4) Homogeneous
(h) For the Pockel’s effect, the constitutive relation is
(1) Anisotropic
(2) Nonlinear
(4) Homogeneous

P1.5.2
In the low-field limit, L(z) ~ £, and M ~ N;;;H, and the medium is
linear.

P1.6.1

Consider a ribbon-like surface as shown in Fig. P1.6.1.1. Integrating over
the surface of the ribbon area, Faraday’s law and Ampere’s law become
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Let the ribbon area approach zero in such a manner that § goes to zero first
and the terms involving 0 are discarded. To relate Fq,H; in region 1 to
E5, Hy in region 2, we proceed as follows.

The integral forms of Faraday’s law and Ampere’s law as applied to the
ribbon area in Fig. P1.6.1.1 yield, as § — 0,

d L5 _i L=
E//dS&B—O—dt//dSs D

because d(3 - B)/dt and d(5- D)/dt remain finite while the ribbon area
approaches zero. Therefore

dl-(Ey—F3) =0
dl-(Hy—Hy)=4-Jédl

The electric field _F in the dl _direction is tangential to the surface and can
be written as dl-F =dls-nx E =dlsxn-FE for all dls along the interface

and similarly for H . We thus have
n X (El — Eg) =0

n X (ﬁl —Hg) = ;1_{%7(5575

P1.6.2

We apply the curl theorem to a small pill-box volume on the z-y plane
[Fig. P1.7.8.1], which has an area A and an infinitesimal thickness Az . We
let Az — 0 faster than A — 0, such that terms involving Az can be

neglected:
///dVV T~ A5 x (Hang — H. o)

Such results are useful in the derivation of boundary conditions for the Max-
well equations. Integrating Ampere’s law V x H = 9D/dt + J over the
pill-box volume, we have A% x (H,~o — H.o) = AA20D/0t + AAzJ . The
first term on the right-hand side is neglected because physically D/t is
finite. However if j_is infinite in the pill-box then AzJ = J, is finite, where
Js =2%x (H,so0— H.<p). We call Jg surface current.
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P1.6.3
Using Gauss’ law of V-D = p, we find adp = 3(a +16) - (31 — 52) .In
the limit of 6 — 0, dp = ps, the last term vanishes, and we obtain (1.6.9).

P1.7.1

— Eyky + Eok. = 0
(a) V-E =0 gives { E, — arbitrary
(b) E= (a? +9-— 2\/3) E, cos (kyx + k,z — wt) is linearly polarized.

E
(c) Let Eqqq = (£E1 + §Ey + 2E3)sin (kyx + k.2 — wt) and we require

Es = —/3F,
(2B, + 9B, + 2E.) - (iEy + §Es + 2E3) = 0
GE, + §E, + 2E,| = |#Ey + §Ez + 3Es

Thus Boaa = (33 + 25 + 25 ) Bysin (ko + bz — wt)

P1.7.2
RT™E and TTE are for electric field vectors while RT™ and T™ are

for magnetic field vectors. They do not reduce to the same numbers.

RTE_lfn vy n—1

T 14n T n+1

As for reflectivity and transmissivity, the two cases yield identical results.

P1.7.3
g =tan"'n =tan"!1.46 = 55.59°, 6 =90° — Oy = 34.41°.

P1.7.4

(a) The Brewster angle for ¢, =9 is 05 = tan~! \/e; = tan~!1 /9 = 71.57°.

(b) The dominant portion of the sun glares is TE polarized wave. The po-
laroid glasses absorb the TE component of the incident light, thus the TM
component reaches the eyes after passing through the polaroid glasses.

P1.7.5

(a) E; - ki=0= V3ky —k, =0 = 0; = tan"'(k,/k.) = tan"'(1//3) =
30°.

(b) For k, = 1(K,), we get k, = 3k, = V3(K,). = k = \/k2 + k2
2(K,), and k = wy/p,9, = 3w/c. So f = w/2r = ck/(3 - 2m)
2 x 10® (Hz) and A = 27/k = 0.5 m.

(c) If the totally reflected wave is linearly polarized, the incident angle is the
Brewster angle, thus 6; = 30° = tan~! /¢;/9, = €; = 9¢,tan?30° =
3€,.

P1.7.6
(a) P.=0.16F;, so |Er

=016 |E;
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(b) R=(n—1)/(n+1)=0.4 so n="7/3.

(¢) This problem is the TM wave case, so P,./P; = ‘RTM ’2 = (11/38)*.

(d) The tilted angle is the Brewster angle, 65 = tan~!'n = tan=! (7/3).

P1.7.7
Aem = 2d/m and we,, = mm/d(ue)/? .

P1.7.8

() fao = %10 = £ () = %5 % gh = 29(MHy) < f < fuor =
= (%) = 210 x =5 = 35.8 (MHz)

(b) An AM radio operates in the range of 500 to 1600 (KHz) is below the
cutoff frequency of the fundamental mode TE;, . Therefore, AM signals
can not be received in the tunnel.

(¢) FM signals operating in the range of 88.1 to 107.9 (MHz) can be re-
ceived in the tunnel.
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2.1 Transmission Line Theory

A. Transmission Line Equations

Transmission line theory deals with coaxial cables, parallel-plate wave-
guides, open-wire transmission lines, microstrip lines, etc, and provides
a simplified model to study complicated transmission systems. Parallel-
plate waveguide is a canonical example in the study of transmission line
theory. In order to derive transmission line equations from the Max-
well equations, we consider two parallel plates [Fig. 2.1.1] separated
by a distance d. Both plates have the same width w. For w > d,
we can assume that all electromagnetic fields are confined in between
the plates and there are no fringing fields outside the plate regions.
An electromagnetic wave is guided along the z direction with the elec-
tric field E in the & direction and the magnetic field H in the §
direction. Since both E and H are perpendicular to the direction of
propagation, the guided wave is a transverse electromagnetic (TEM)
wave. We write

E = 2E,(2,1) (2.1.1a)

H = jHy(z,1) (2.1.1b)

N\

Figure 2.1.1 Parallel-plate transmission line.

For example,

E, (z,t) = Eycos(kz — wt) (2.1.2a)

Hy (z,t) = Hycos(kz — wt) (2.1.2b)
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where Eo/Hy = +/1/€.

_ On the plate at =0, the boundary conditions of zero tangential
E and zero normal B are satisfied. The boundary condition for the
normal D field gives rise to the surface charge density

ps =2 €E = eEy(2,t) = eEpcos(kz — wt)

The boundary condition for the tangential magnetic field gives rise to
the surface current density

Js =4 x H = 2Hy(2,t) = 2Hg cos(kz — wt)

z2=0 z=M\/2

Figure 2.1.2 Surface charge and current on parallel-plate waveguide.

It is seen that 9
V- js = —aﬂs
which guarantees conservation of charge. On the plate surface at x =
d, the surface charge and current densities are the negatives of those
on the plate surface at * = 0 as shown in Fig. 2.1.2 which is plotted
at t=0.

The Maxwell equations with the solutions in (2.1.1) reduce to the
following pair of equations

0 0
0 0
&Hy(z,t) = —GEEx(Z,t) (214)

A voltage V (z,t) is defined as V (z,t) = E,(z,t)d and a current I(z,t)
is defined as I(z,t) = Hy(z,t) w.
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For the parallel-plate waveguide, we further define the inductance
per unit length

d
L=p p (H/m) (2.1.5)
and capacitance per unit length
C=¢ % (F/m) (2.1.6)
From (2.1.3) and (2.1.4), we obtain the transmission equations
0 0
— =—-L—-1T 2.1.
V(a0 = ~L 2 (2,1 (21.7)
0 0
5 I(z,t) = -C ! V(z,t) (2.1.8)

These two equations in terms of V(z,¢) and I(z,t) and circuit pa-
rameters L and C' are known as the transmission line equations. Sim-
ilar transmission line equations for coaxial lines, two-wire transmission
lines, and microstrip lines can be derived for the TEM waves on such
lines.

ExaMPLE 2.1.1 Poynting’s theorem.

Multiplying (2.1.7) by I and (2.1.8) by V and adding, we obtain Poynt-
ing’s theorem for transmission lines
0 0 (1 1
—(VI)=—— (—L[2 —CVQ) E2.1.1.1
9z =5 (3H + 3 ( )
We identify VI as the power flow, W, = %LI 2 as the magnetic energy per
unit length, and W, = %C’V2 as the electric energy per unit length. Thus
Poynting’s theorem is a statement of power conservation at all points and all

times on the transmission line.
— END OoF EXAMPLE 2.1.1 —

ExampLE 2.1.2 Coaxial transmission lines.

A coaxial transmission line consists of an inner circular conducting cylin-
der with radius ¢ and an outer circular conducting sheath with radius b,
where a < b. The electric and magnetic field vectors are

E = pE,(z,t)/p (E2.1.2.1)
H = ¢Hy(z,t)/p (E2.1.2.2)
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Faraday’s law and Ampeére’s law reduce to the following pair of equations

0 0
—Ey(5t) = —p g (1)

13} 0
&Hd)(z, t) = —¢ aEp(z, t)

A voltage V(z,t) is defined as

(E2.1.2.3)

(E2.1.2.4)

b
V(z,t) = / dpE,(z,t)/p=1In <2> E,(z,t)

and a current I(z,t) is defined as

2m
I(z,t) = / dopHy(z,t)/p = 2mHy(2,t)
0

Notice that the surface current density on the inner conducting surface at
p=uais Jg=px ¢Hy(z,t)/a = 2Hy(z,t)/a and the surface current den-

sity on the outer conducting surface at p =b is J, = —p x $H¢(z,t)/b =
—%2Hy(z,t)/b. For the coaxial transmission line, we further define the induc-

tance per unit length

In(b/a)
L= H
gt /)
and the capacitance per unit length
2w
C=¢€¢ ——— F
ey /)

Egs. (E2.1.2.3) and (E2.1.2.4) then become

0 0
0 0

which are of the same form as (2.1.7) and (2.1.8).

(E2.1.2.5)

(E2.1.2.6)

(E2.1.2.7)

(E2.1.2.8)

— END OF EXAMPLE 2.1.2 —
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ExamMpLE 2.1.3
In the parallel-plate waveguide, the voltage is obtained as

V(z,t) =dE; (2,t) = dcos(kz — wt)
and the current I(z,t) is obtained as

I(z,t) = wHy (2,t) = wcos(kz — wt)

In a coaxial transmission line, the voltage and current are obtained as

V(z,t) =In (S) E,(z,t) =In (g) cos(kz —wt)/p

and the current I(z,t) is obtained as
I(z,t) = 2wHy(z,t) = 2m cos(kz — wt)/p

We see that the voltage at z = 0 is opposite to the voltage at z = \/2,
contrary to Kirchhoff’s voltage law (KVL), which requires the two voltages
to be equal. The surface current density at z = 0 and that at z = \/2 are
opposite in direction, also contrary to Kirchhoff’s current law (KCL) which
requires that current flowing into a node is equal to that flowing out.

— END OF EXAMPLE 2.1.3 —

Note: Transverse electromagnetic (TEM) waves guided by transmission
lines have the electric field £ perpendicular to the magnetic field H and both
E and H transverse to the direction of propagation along the transmission
line. A transmission line is composed of two conductors parallel to each other.
The cross-sections of the transmission line at any point on the propagation
path are of the same shape. A parallel-plate transmission line consists of
two parallel conducting plates separated by a constant distance; the space
in between the plates may be filled uniformly with dielectric material. A
microstrip line usually consists of a thin narrow metal strip fabricated on
top of a dielectric slab backed by a grounded conduction plane. A two-wire
transmission line consists of a pair of parallel conducting wires separated by
a uniform distance. A coaxial transmission line consists of an inner conductor
and a coaxial outer conducting sheath separated by a dielectric medium. In
addition to the TEM mode of propagation along the transmission lines, there
exist many other modes, which will not be covered by the transmission line
theory.
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B. Circuit Theory

The Kirchhoff voltage law (KVL) states that the voltage sum over a
closed loop must equal to zero. This is a static limit of Faraday’s law.
When there is no time varying field linking a closed loop, 0B/dt =0,
we have

VxE=0 (2.1.9)

Integrating the above equation over a closed loop, we obtain

]{dZ-E:ZVnzo (2.1.10)

where the voltage drops are defined by V,, = [ d/, - E .InFigure 2.1.3,
the sum of the voltage drops around the loop is equal to zero.

+

Figure 2.1.3 Kirchhoff voltage law (KVL).

The source voltage V; may be generated by the EMF due to a
time-varying magnetic field, governed by Faraday’s law.

_ 0 —
EFE=——B8B 2.1.11
V x T ( )
From Stokes theorem, we find

y{dz ‘E=) V,=EMF (2.1.12)

where

d

d S v
EMF—E//dS-B—E (2.1.13)

and ¥ = [[dS-B is magnetic flux linking the loop. The Kirch-
hoff’s voltage law (KVL) is thus modified with the addition of EMF in
(2.1.12).
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ExaMpLE 2.1.4

Consider the loop in Fig. E2.1.4.1 consisting of two resistors with resis-
tances Ry = 2.50hm and Ry = 7.5ohm. Let the magnetic flux linking the
loop be increasing at the rate of 10 Wb/s. According to (2.1.13), an EMF of
10V is induced to counter the increase. The direction of the induced current
is as shown so as to produce a magnetic field in the opposite direction of the
increasing magnetic field. The voltage across R; is Vi3 = 2.5V, which can be
obtained by taking the closed loop consisting of the voltmeter and R; yield-
ing 0 = 2.5 — V7, or by taking the loop consisting of the voltmeter and Ro
which includes the time varying magnetic field and yielding 10 = 7.5 + V.

Likewise, the voltage readings for the other two voltmeters are Vo = —7.5V
and V3 =25V.
- - - - - - - - - - - -- - - - -~ |
I . I :
y ! _ . e ‘ |+
@ 751/§F2 LR §2.5V@ @
- + NS = -
| . | :
I _ < 1
< [
|

Figure E2.1.4.1 EMF of the loop is 10 volts.

It is noted that although the voltmeters for V5 and V3 are connected to the
same two nodes, the two readings are drastically different, a clear violation
of Kirchhoff’s voltage law (KVL), which applies only when V x E=0.

Consider the electric circuit as shown in Fig. E2.1.4.2 where the induced
counter EMF is 20 V. Following the same analysis, we find V3 =5V, V5 =
—15V, Vs =—-5V, V, =10V, and V; =20V.

[
- > -0 |
‘ \7777@»7771 I |
| 1 t - 1 | |
I ! ' I
[ 1 : 1 [ :
+ 1 - ! G + +
@ w2 1 2v® ®
| +R2: T T :R1_ T |
! B S ! !
[ "j{_(_\‘ [ [
(I 2 < < R I [
[
[
[

Figure E2.1.4.2 EMF of the loop is 20 volts.

— END OF EXAMPLE 2.1.4 —
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Circuit Elements

The fundamental circuit elements are the resistor, the capacitor, and
the inductor. The voltage V across a loop of N turns is equal to the
negative of the induced EMF.

d dI
V = —EMF = —0 = [, — 92.1.14
dt 0 dt ( )

[

Figure 2.1.4 Inductance.

where W = [[, dS-B = Lol , and the loop can be viewed as an inductor
with inductance Ly such that the magnetic flux is proportional to the
current I flowing in the loop.

The Kirchhoff current law (KCL) states that the currents flowing
into a node must equal to those flowing out of the node. This is a
result of the continuity law. When there is no charge accumulation at
a point, dp/0t =0, we have

(2.1.15)

Figure 2.1.5 Kirchhoff current law (KCL).

Integrating the above equation over the surface enclosing the node, we

obtain
ﬂd?-?:Zlnzo (2.1.16)
S n

where the currents are defined by I, = [[d S, -J. In Figure 2.1.5,
the sum of the currents flowing out of the node is zero. Thus some of
the arrows of the current directions must be reversed such that the
currents flowing into the node equal the currents flowing out and the
sum is zero.
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Gustav Robert Kirchhoff (12 March 1824 — 17 October 1887)

Gustav Kirchhoff was a student of Gauss. In 1845 he announced Kirch-
hoff’s laws, extending the theory of Georg Simon Ohm. He graduated from the
University of Koenigsberg in 1847. In 1854 he became professor of physics at
the University of Heidelberg. In 1875 he became chair of mathematical physics
at the University of Berlin.

Notice that the Kirchhoff circuit laws in (2.1.16) and (2.1.10) are
not dependent on either space or time. From the point of view of Fara-
day’s law, (2.1.9) is true only when dB/0t = ju,0H /0t = 0 which is
for static fields with no time variation, or mathematically equivalent
to letting po, = 0. Thus the speed of light can be thought of being
equal to infinity in circuit theory.

Since the space coordinates do not enter the circuit theory, the
spatial dimension of the layout of a circuit is theoretically zero (or the
speed of light is infinite). Notice also the inconsistencies in the circuit
theory. While Kirchhoff’s current and voltage laws are statements of
Ampere’s and Faraday’s laws when the time derivative is zero, the
circuit elements of inductor and capacitor are defined using the time
derivatives in the Faraday and Ampere laws. The circuit theory is
a limiting case of the Maxwell equations when the time variation is
small. In electromagnetic wave theory, this limit is equivalent to k =
0; therefore, it is applicable only when the frequency is very low or
when the wavelength is very large. As the physical dimensions become
comparable to the fraction of a wavelength, transmission line theory
should be used in place of circuit theory.

Consider a cylindrical wire with cross-sectional area A carrying
current I [Fig. 2.1.6a]. Let the cylinder be a conducting material with
conductivity ¢ and governed by Ohm’s law

J=0F (2.1.17)
Integrating Ampeére’s law
VxH=J
over the area of the cylinder A, we have from Stokes theorem

I:de-F:JA:%V:GV (2.1.18)
C
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where G = 0 A/¢ is the conductance of the cylinder. The inverse of
the conductance is resistance. Thus

(2.1.19)

Figure 2.1.6 Displacement current.
According to Ampere’s law with the displacement current D /0t

0
VXH—QGOE

the current flowing in a wire creates a magnetic field H circulating
the wire. Now separate the wire into two pieces with a narrow gap of
separation d [Fig. 2.1.6b]. There is no conduction current J across
the gap. The gap area A is bounded by the closed loop C' circulating
along the magnetic field lines. Integrating Ampere’s law over the gap
area A, we have from Stokes theorem

4 . AdV av
I= H=2 (E=22 0™ (212
fcdl dt //ds o ar - Coq (2120

where V' = Ed is the voltage across the gap and Cy = €,4/d is the
capacitance of the gap area, which is a capacitor. The displacement
current sustained by this capacitor, which accompanies a time varying
voltage, assures the continuity of the current flow. Note that the capac-
itor is an opened circuit and direct current (dc) cannot flow, so current
continuity is assured by the displacement current only for time varying
fields. This represents a very practical consequence of the displacement
term in Maxwell’s theory, which preserves the continuity law.
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Electric Conductive Circuits

According to Faraday’s law, the sum of the voltage around a closed
loop C' is equal to the time-varying magnetic flux linking the area
formed by the loop. Kirchhoff’s voltage law (KVL) states that the
voltage around a closed loop is equal to zero. Thus KVL is correct
only when V x E = 0. It is important to note that if there is magnetic
field linking the loop, then KVL will be invalid.

The governing equations for electric conductive circuits are

V x E=-0B/ot (2.1.21)
V-J=0 (2.1.22)
J=0F (2.1.23)
For an electric conductive circuit as shown in Fig. 2.1.7, we find
L d
Veo=—1 I=RI
S gA + o, A

Notice that the current density J in the conductive ring area is dif-
ferent from that in the gap area and

Figure 2.1.7 Electric circuit excited by voltage source.

The source voltage Vs may be generated by the EMF due to a time-
varying magnetic field. The KVL in (2.1.12) is modified to read

%dZ-E:ZVn — EMF (2.1.24)
n
The Kirchhoff’s voltage law (KVL) is modified with the addition of

EMF in (2.1.24). The Kirchhoft’s current law (KCL) can also be mod-
ified by restoring the term —dp/dt in the right-hand side of (2.1.22).
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Magnetic Circuits

A magnetic circuit is characterized by the following equations:

Vx H=J, (2.1.25)
V-B=0 (2.1.26)
B=uH (2.1.27)

where J; includes both conduction and displacement currents. For a
magnetic circuit as shown in Fig. 2.1.8, we integrate (2.1.25) along the
closed contour C' of the ring with permeability p including the gap
with width d, we find

. vl Ud
Is:?{df-H% + =RU 2.1.28
e} wSo  HoSo ( )

Figure 2.1.8 Magnetic circuit excited by current loop.

where R is known as the magnetic reluctance, which is analogous
to the electric resistance in electric circuits. The loop current I that
excites the magnetic circuit, is called the magnetomotive force (MMF),
which may also be caused by the displacement current for a time-
varying electric field integrated over the loop area.

We approximate the magnetic flux ¥ by

\1/:/ dS-B =~ BS, (2.1.29)

where S, is the cross-sectional area of the ring. By virtue of (2.1.26),
we see that the flux is continuous around the ring, thus in the magnetic
material with permittivity u, ¥ = uHS,, and in the gap area ¥ =
woHS, . The magnetic field strength H in the magnetic material is
different from that in the gap area.
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Problems

P2.1.1
Capacitance is a constant relating current I to the time variation of V.
Suppose the capacitor is charged to a total charge of @ . By integrating

[=C0—
O

over time for the charging period, find the voltage V in terms of the total
charge on the plate @, and show that the capacitance C; is a measure of
the ability to store electric charge.

P2.1.2

Consider a conductor of circular cross-section with radius R = 1 mm
carrying a current I = 1 Ampere, which is caused by movement of electric
charges ¢ . Calculate the velocity of the charge particles, assuming a charge
density of N = 8.5 x 10?® per cubic meter.

P2.1.3

The inner conductor of a coaxial line is made of copper of diameter
2a = 0.501 cm and the outer conductor is made of aluminum of diameter
2b = 1.393 cm. The dielectric between the inner and outer conductors is
polyethylene with € = 1.5¢,. What is the characteristic impedance of the
coaxial line? If the maximum voltage is 250 volt, what is the maximum electric
field in the line?

P2.14
The behavior of TEM lines is characterized by their inductance per unit
length L and capacitance per unit length C', and the same basic relationships

(Zo=+/L/C and k=wVLC =w,/ue) apply to all such lines.

(a) For a coaxial line, let the separation distance between the two concentric
perfect conductors be d. Find the dimensions as a function of d for an
air-filled coaxial line with a characteristic impedance of 502.

(b) Repeat for a parallel-plate line.

(¢) In designing a feeding system to drive a particular load, one finds that
an essential component is a coaxial line with a characteristic impedance
of 1x 10*§2. Would this be a practical design?

(d) Would it be practical to have Zy =1 for an air-filled coaxial line?

P2.1.5
The behavior of TEM lines is characterized by their inductance per unit
length, L, and capacitance per unit length, C', and the same basic relation-

ships (Zy =+/L/C and k =w+/L/C =w,/ue) apply to all such lines.
The values of L and C for any arbitrary cross-section can be computed
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using:

:j{eFT-(éde) - /QpFT~(2><d§)

2 T ' o
/ ET.d§ fHng
1

where Ep and Hrp are the transverse field components in the z-y plane
(E, = H, =0). [Figure P2.1.5.1]

C:

<O

arbitrary contours
separating or
connecting the
two conductors.

Figure P2.1.5.1

(a) Show that LC = pe.

(b) Let the separation distance between the two perfect conductors be d.
Find the dimensions as a function of d for an air-filled coaxial line with
a characteristic impedance of 50 ohms.

(c) Repeat for a parallel plate line.

(d) In designing a feeding system to drive a particular load, one finds that
an essential component is a coaxial line with a characteristic impedance
of 1 x 10% ohms. Would this be feasible design?

(e) Would it be practical to have Zy =1 for an air-filled coaxial line? For
a parallel plate line?
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2.2 Time-Domain Transmission Line Theory

A. Wave Equations and Wave Solutions

Eliminating I(z,t) or V(z,t) from (2.1.7) and (2.1.8), we obtain

ok 0? Viz,t)
— — LC— ’ = 2.2.1
(322 C@t2> [I(z,t) ] 0 ( )
which are the wave equations for V(z,t) and I(z,t).
For waves propagating in the +2 direction, a solution for V(z,t)
is
V(z,t) = Vpcos (kz — wt) (2.2.2)

Substituting in (2.2.1) we obtain the dispersion relation
E* = W2 LC (2.2.3)

The velocity of propagation is

- = (2.2.4)

which is equal to the velocity of light. The relation vLC = VHE is seen
to hold for the parallel plate waveguide and the coaxial lines, which
is in fact generally true for a TEM wave propagating on a general
transmission line.

From (2.1.7) or (2.1.8), we find the corresponding I(z,t)

I(z,t) = \/%Vb cos (kz —wt) = Zio V(z,t) (2.2.5)

We define the characteristic impedance of the line Zy to be

Zo = \/g (2.2.6)

which has the dimension of impedance and relates V' and I as V =
ZoI . The solutions (2.2.2) and (2.2.5) represent a sinusoidal wave prop-
agating in the 2 direction because as time increases, z must also in-
crease in order to maintain a phase kz — wt = constant.
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For a voltage wave propagating in the —2 direction, we write the
solution as
Vi(z,t) = Vpcos (kz 4+ wt)

The associated current wave is then

I(z,t) = —\/%Vocos (kz +wt) = _Zio V(z,t) (2.2.7)

The negative sign in (2.2.7) can be understood by realizing that the
magnetic fields in a parallel plate waveguide for the negative travelling
wave is opposite to that of the positive travelling wave.

We symbolize a transmission line in general with two fat lines
[Fig. 2.2.1], on which voltage and current waves propagate with the
characteristic velocity (2.2.4). We use thin lines to connect the trans-
mission line to circuit elements. On the thin lines the voltage and
current waves propagate with infinite velocity, thus their length is of
no concern. In general, a voltage wave of arbitrary shape propagating
in the 2 direction can be written as

Vi(z,t) = f(z —vt) (2.2.8)
For a voltage wave propagating in the —2 direction, we have
V_(z,t) = f(z + vt) (2.2.9)
The corresponding current waves are
1 1
I+(Z,t) = 70f(2 - ’Ut) = 70‘/_’_(2,15) (2210)
1 1
I_(2,t)= 7 (z+vt) = —ZV_(z,t) (2.2.11)
—' '—
L, C
—' ‘|—
-’—» z z =/

Figure 2.2.1 Transmission line representation.

The transmission line equations (2.1.7) and (2.1.8) are satisfied with
the above voltage and current solutions of general wave shape, and the
voltage and current are related by the characteristic impedance Zj .
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ExampLE 2.2.1 Consider a transmission line of length ¢ that is open ended.
The solutions to the wave equation (2.2.1) for the voltage and current waves
are

V(z,t) = Vi cos(kz — wt) + V_ cos(kz + wt) (E2.2.1.1)
I(z,t) = It cos(kz — wt) + I_ cos(kz + wt) (E2.2.1.2)

The relations between the voltage and current waves traveling in the positive
and negative Z directions are given by (2.2.10) and (2.2.11):

Li(2,t) = Va(2,1)/Z (E2.2.1.3)
I_(2,t) = —V_(2,1)/Z (E2.2.1.4)
|
\%4 d
T > 2
z=—/ z=0

Figure E2.2.1.1 Open-circuited transmission line as capacitor.

Let the origin of the z axis be placed at the right end of the transmission
line and the left end is connected to a source at z = —£. Since the current is
zero at z =0, we find I_ = —I; . We thus have

V(z,t) = Vi[cos(kz — wt) + cos(kz 4+ wt)] = 2V cos kz cos wt
I(z,t) = Iy[cos(kz — wt) — cos(kz + wt)] = 214 sin kzsinwt

A capacitance Cj viewed from the input can be used to relate I and the time
derivative of V' as I = CydV/dt. We find, in the limit when —kz =kl < 1,

I 1 w/
Co=———tankz~ —kl = e—
0 wVy annz w2y ¢ d

for a parallel-plate waveguide. This corresponds to a capacitor of area w/
and separation d.
— END OF EXAMPLE 2.2.1 —
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B. Transients on Transmission Lines

The transmission line equations that govern voltage V(z,t) and cur-
rent I(z,t) on the line are

0 0
0 0

Wave equations for V(z,t) and I(z,t) can be derived from (2.2.12)
and (2.2.13), which give
V(z,1t)

2 2
T e
022 o) | I(z,t)
Solutions to the second order partial differential equation (2.2.14) for
V(z,t) can be written as

V(z,t) = Vi(z — vt) + V_(z + vt) (2.2.15)
where Vi (z — vt) represents a voltage wave propagating in the 2z di-
rection and V_(z + vt) represents a voltage wave propagating in the
—% direction. Both Vi (z —vt) and V_(z + vt) can assume general
wave forms.
Substituting (2.2.15) in (2.2.14) yields
v=1/VLC =1/\/ue (2.2.16)
which is equal to the speed of light.
We write the solution for I(z,t) as
I(z,t) = I4(z — vt) + I_(z + vt) (2.2.17)

From the transmission line equations (2.2.12) and (2.2.13), we find the
relationship between V, and I, ,and V_ and I_:

V+ — ZO I+ (2218)
Vo =—Z,1_ (2.2.19)

—0 (2.2.14)

where

Zy=+L/C (2.2.20)
is the characteristic impedance of the transmission line. In (2.2.18) and
(2.2.19) we also ignore the arguments z—wvt and z4vt as the subscript
4+ in V and I denotes a wave traveling in the positive 2z direction
with implied argument z — vt and the subscript — denotes a wave
traveling in the negative Z direction with implied argument z 4 vt.
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From Transient to Steady State

To study transients on a transmission line, consider the transmission
line with length ¢ in Fig. 2.2.2 which has a resistive termination Ry .
At z = /£, the total voltage V' and current I must satisfy the bound-
ary condition

Viz=0)=RpI(z=1Y) (2.2.21)

At z =0 the line is connected to a dc voltage source Vj with internal
resistance Rg. The boundary condition at z =0 is

Vo=V(z=0)+R;I(2=0) (2.2.22)
t=0
I(z=0) I(z=1)
> o
+ +
R V(= =0) Zo= VIJC Vie=t) =R,
Vo _ _
L - S
—> [
z=0 a=0

Figure 2.2.2 Transient on transmission line.

We turn on the voltage source at time ¢ = 0. Thus for t <0, V =
I = 0. We also know that at steady state as t — oo, the voltage on
the line is R
L
V=—-7-2-+W
Ri+ Ry "

We now study the transient build-up of the voltage and current on the
transmission line.

At t =0 a forward traveling wave V. is generated. By the trans-
mission line equations, the corresponding current is I, = V4 /Zy. The
boundary condition (2.2.22) gives

R,
‘/():V++RSI+: <1+—>V+
2

This % directed traveling wave has a speed of v = 1/v/LC and will
reach the termination Ry at ¢ =¢/v. We sketch

Vo Vo

V == =
* RS/Z0+1 Rsn+1

(2.2.23)




158 2. Transmission Lines

Vv
A
(a) 0<t<l/v
v, ——
: > 2
4
v
A
< v (b) Cjv<t<2l/v
Vi
> 2
1
14
A
Vi
< p
Vot (¢) 2¢/v<t<3l|v
Vi

14

Figure 2.2.3 Transient build-up on a transmission line.

in Fig. 2.2.3afor 0 <t < /{/v.

At time t = ¢/v, the voltage wave reaches the termination at
z = ¢ . The boundary condition (2.2.21) can only be satisfied by sending
back a —Zz directed voltage wave V_ with the corresponding current

wave [ = —V_/Z,. The boundary condition (2.2.21) gives
Ry,
Vi+Vo=R,(I+ +1)= 7(V+—V_) (2.2.24)
0

The backward traveling wave V_ is found to be

R, —1

Vo= ——
RLn+1

Vi

We sketch both Vi and V_ in Fig. 2.2.3b for ¢/v <t < 2¢/v. We
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define a reflection coefficient at the load to be

R, —1
r = %= -~ 2.2.25
L R, +1 ( )
and write
Vo=TpVy (2.2.26)

In the sketch, we assume Ry > Zj.

At time t = 2¢/v , the backward traveling wave reaches the source
end at z = 0. A new forward traveling wave V| and I, =V /Z; is
generated. The boundary condition (2.2.22) requires that

%:(%AJC+VQ+§qW;JL+VQ
0

Making use of (2.2.24), we find

Ry, —1

L= _ 2.2.27
+ Rsn +1 ( )

We define a reflection coefficient at the source

Ry, —1
= 2.2.28
* Ret+1 ( )
and write

Vi=T,V_ (2.2.29)

The total voltage on the line for 2¢/v < t < 3¢/v is sketched in
Fig. 2.2.3c.

Repeating the process, we find the expression for the voltage on
the line after an infinite number of reflections to be

V=V +V VI +V VIV 4
=V, (1+ Ty +T,Ip + .03 + 2% + 1213 - )

=V, (14+Tp) [L+ Tl + (D)2 + -]
1

=Vi(1 —i—FL)m
S
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o0
where we made use of the formula E 2" = ;2 as in our case |z| =

n=0
ITs'z| < 1. It is straightforward to show that

v Vo 2R (Ron +1)(Rin + 1)
Rsn +1 RLn +1 (Rsn + 1)(RLn + 1) - (Rsn - 1)(RLn - 1)
2R, R
0 L L v

2(Ren + Rin)  Rs+ Ry

which is exactly equal to the steady state value as t — co.
We now consider the following special cases:

Case A) Open circuit
R; — oo, matched source resistance R; = 7.

SoruTIiON: The reflection coefficients are

_ Ry — Z _ 1—2Zy/Ry 1
Rp+2Zy 1+ Zo/RyL

as Zo/Rp =0 when Rj — oco. We find

I's=0; Iy

1 1
Vi=gV. Vo=TpVe=gW,  Vi=0

The results are sketched in Fig. 2.2.4. Steady-state is reached as ¢t >

20)v.
14
v 0<t< /v v /v <t<2fv 2/v <t
Vo
- v =y
Vi =V/2 T P Vi =Vo/2 z z

l l l
Figure 2.2.4 Transients on an open circuited line.

Case B) Short circuit

R; = 0, matched source resistance Rs; = Zj.

SOLUTION:
_Rp—20
 Rp+ 2y

1 1
V=3V Vo=TiVi=—3V, V=0

I's=0 I'y
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The results are sketched in Fig. 2.2.5.

%4 v v
A 0<t<tfv Y << A 2/v <t
Vi =Vo/2 T—> P Vi =Vo/2 » Vi =Vo/2 P
¢ - V. =12 ¢ - V=12 ¢
% \% v
A A A
Vo ﬂ
2 — > 2 -
= L L
é i 4 Y

Figure 2.2.5 Transients on a shorted circuit line.

Case C) Matched load impedance Z; = Zj, and matched source
impedance Z; = Zj.

SoruTioN: The reflection coefficients are I'y = I'y, = 0. We find

The results are sketched in Fig. 2.2.6.

|4 |4
A

»
>

0<t<t/v v <t

Vi = Vo/2 — Vi = Vo/2

Y
©
Y
©

Figure 2.2.6 Transient on a matched line.
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ExaMPLE 2.2.2  Capacitance terminated transmission line and matched
source resistance Rg; = Zj , as shown in Fig. £2.2.2.1.

t=0
I,
_| |_>_
+
Zy Zo v, —-— C
Vo -
|'—| —

—> |

z z=1

Figure E2.2.2.1 Transmission line with capacitive termination.

SoLUTION: The source reflection coefficient is I'y = 0. The boundary condi-
tion at z = ¢ with the capacitance termination is

dV;
I =05
Vv Vv
A A
Vo o
2 2
Ve —1— P Vi P
14 V. 14
Vv |4
A A
v Vo
7 2 —1
1T z z
V4 4
W 0<t<! ) f<t<

Figure E2.2.2.2 Transient on capacitor terminated line.

For 0 <t < {/v, the waveform is shown in Fig. E2.2.2.2a. At ¢t = ¢/v, a back-
ward traveling wave V_ is generated. The total load voltage is Vi =V, +V_
and the total load current I, = (Vi — V_)/Zy. The boundary condition
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at z = ¢ requires that V, — V_ = Z,C % which yields a differential equa-
tion for Vi, :
avy, 1 2

o Tzt T ze vt

The particular solution is V, = 2V . The homogeneous solution for ¢/v <t
is Ae=t/%0C At t = {/v, Vi = 0; it follows that A = —2V, e!/v%0C  We
thus have

Ve =2V, [1— e UH//20C y(t — ¢ /v)
where u(t —¢/v) is a step function with u(t —£¢/v) =1 for t —¢/v >0 and
u(t —€/v) =0 for t —£/v < 0. We thus have
1
Vo=V, — V+ =V |:§ — e_(t—l/v)/Z(JC:| u(t _ 6/1))

The reflected wave V_ is sketched in Fig. E2.2.2.2b. It is seen that the
capacitor first behaves as a short circuit and becomes open circuited when
steady state is reached.

— END OF EXAMPLE 2.2.2 —

EXAMPLE 2.2.3 Inductance terminated transmission line and matched
source resistance Rg; = Zj , as shown in Fig. E2.2.3.1.

t=0

Ir,

N

R, =7
0 ‘/L L
N
— |

z z=10

Figure E2.2.3.1 Transmission line with inductive termination.

SoLUTION: The source reflection coefficient is I's = 0. The boundary condi-
tion at z = ¢ with the inductor termination is

dly,

Vp=L—

B dt
For 0 <t < £/v, the waveform is sketched in Fig. E2.2.3.2a. At t = {/v,
a backward traveling wave V_ is generated. The total load current is Iy =
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I, +1_ and the total load voltage Vi, = Zy(I;—1_) . The boundary condition
at z = { requires that

dlr,
Zo(ly —1-)=L—
oIy — 1) 7
which yields a differential equation for I, :
dl;, Z Zy
— 4+ —=Ip=2—1
a LT

At t=4¢/v, I, =0; the solution is
I =21 [1— e Zoli=t/v)/L]
and

1
I_=1I,—1I,=2I, [5 - e*Zo(H/“)/L}
We thus have
1
Vo= —Zol_ =V, [5 - e*ZOW/v)/L} w(t — 0/v)

The reflected wave V_ is sketched in Fig. E2.2.3.2b. It is seen that the induc-
tor first behaves as an open circuit and becomes short circuited when steady
state is reached.

\%4 14
A A
Vo VO
2 2
Vi —1— vV, ~—T
—>»z > 2
{ V- 14
\%4 1%
A A
U
Vo Vo
2 2 \\
e
—>»z —>z
l l
4
(@) 0<t<t 0 t<i<

Figure E2.2.3.2 Transient on an inductor terminated line.

— END OF EXAMPLE 2.2.3 —
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EXAMPLE 2.2.4 A common method for generating short, high voltage pulses
is to use a charged transmission line with a fast switch. The basic idea of such
devices is illustrated in Fig. E2.2.4.1.

t=0

. ._
R»ZO%
Z,=+\/L/C Ry =2,

Figure E2.2.4.1

(a) The line has been charged to a voltage Vo by a dc high voltage source
with internal resistance R > Z; . If the switch closes at t = 0 with the
line fully charged to V = Vj, sketch and dimension the voltage V7 (¢)
across the load.

(b) If the transmission line is an air-filled coaxial cable with Zy = 502, how
long should the line be to give a voltage pulse of 0.1 us duration? How
big must the supply voltage be to deliver one joule of total pulse energy
to the load Ry, 7

(c) To see if the above is physically reasonable, calculate the smallest possi-
ble inner radius of the air-filled 50 {2 coaxial line with 100 kV charging
voltage, if the breakdown electric field is taken as 3 x 106 V/m.

SOLUTION:

(a) At t = 0, a backward traveling wave V_ is generated to satisfy the
boundary condition at Ry ,

V_
Vo+V_o=——R
o+ Zo L
which gives V_ = —V;/2. The voltage Vi, at Ry is
Vi
w:%+m:§

The load voltage Vi (t) is shown in Fig. E2.2.4.2.
A Vi(t)

20/v

Figure E2.2.4.2
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(b)
20
—= 107"s  gives £=15m
%\~ 1
0 _ . _
<7> Z—Ot =1J gives Vo =44.7kV

(¢) For a coaxial line we have the following:

1
Zy=n n(b/a) =50Q gives In (9> = g

2m a
- . V() . Vo 6
FE =p—— — < 1
(p, 2) ppln(b/a) gives aTnbja) = 3x10°V/m

this yields b = 2.3a and a > 4 cm.

— END OF EXAMPLE 2.2.4 —

EXAMPLE 2.2.5 A modified form of the scheme in Example 2.2.4 is the
Blumlein (Alan Dower Blumlein 1903-1942) line as shown in Fig. E2.2.5.1.
Both lines are of length ¢. Sketch and dimension Vi (¢). What is the advan-
tage of this scheme?

%R>>Zo
Vo = Zo Zo >(t—0
T—| }—
e— ¢ — B e —
- Vi +
—+— =

Figure E2.2.5.1 Blumlein line.

SOLUTION:
At ¢ =0, a backward traveling wave V_ = —V}, is generated at z = /.

At t =¢/v, V_ reaches the load Ry =2Z, at z=0. A reflected wave
V. is generated on the transmission line at z = 04 . The equivalent circuit is
shown in Fig. E2.2.5.2. The current at Ry, is Iy, =1I' +1_ = (V] -V_)/Zy =
Vo/2Zy , and the voltage at Ry, is Vi, = I Ry, = V. The boundary condition
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to be satisfied at z =04 is Vo + V] = —I (R + Zy) = (V- = V{)(Rp +
Zy)/Zy , which gives V| =T'V_, where the reflection coefficient is

3% —Zy 1

 3Z0+Zy 2
Thus

Vi=TV_=-V,/2 at z=041

— %4
— V_
> | E—
I; +
Zy Z, Vo+ V_
27, I, _
'_
- Vi + |
z =04

Figure E2.2.5.2

At 2 =0_,awave V' is generated. By KVL, Vo, + V' =V, +V_ +
Vi 4+ Vg, thus

VI=Vl=-V/2 at z=0_

At t =20/v, V! generates a reflected wave V| at z = —£, which has
a reflection coefficient I' = 1. Thus

VJ/F/:VLZ—()/Q at z=—0

At the same time t = 20/v, V| generates a reflected wave V! at z = ¢,
which has a reflection coefficient I' = —1 . Thus

VI =-V]=V,/2 at 2=
At t=3(/2v, V' and V" reach the load at z = 0. By KVL,
Vo+V 4+ V! =Vo+V_o+V + V" +V,

which gives Vi = 0. The newly generated pair of waves V{” = V""" = V; /4
will again give Vi = 0 at later times. Therefore, Vi, = V{ for the duration
from t = ¢/v to t = 3¢/v. The advantage of the Blumlein line is that the
pulse amplitude is V; instead of V5/2 as shown in Example 2.2.4.

— END OF EXAMPLE 2.2.5 —
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C. Normal Modes and Natural Frequencies

Consider the transmission line shown in Fig. 2.2.7. The left-hand-side
at z = 0 is short circuited and the right-hand-side at z = ¢ is an open
circuit. The voltage and current waves on the line are governed by the
transmission line equations

0 0
g Viz,t) = _Lﬁ I(z,1) (2.2.30)
0 0
g I(z,t) = —C’a Viz,t) (2.2.31)
with the boundary conditions
V(iz=0)=0 (2.2.32)
I(z=40)=0 (2.2.33)
— —
L C
] —
—+— |
z=0 2=t

Figure 2.2.7 Transmission line with V(z =0) =0 and I(z =¢) = 0.

Solutions to (2.2.30) and (2.2.31) for V(z,t) and I(z,t) are
V(z,t) = Asin(kz — wt) + Bsin(kz + wt) (2.2.34)
I(z1) = % (Asin(kz — wt) — Bsin(kz +wt)]  (2.2.35)
with the dispersion relation k = w+/LC. Boundary condition (2.2.32)
yields B = A. Solutions (2.2.34) and (2.2.35) become
V(z,t) = Vsinkz coswt (2.2.36)

I(z,t) = —% cos kz sin wt (2.2.37)

where V = 2A. The boundary condition (2.2.33) gives

cos k{ =0 (2.2.38)



2.2 Time-Domain Transmission Line Theory 169

From (2.2.38) we find the natural spatial frequency of the nth mode

nm

kyn = o n: odd (2.2.39)

where we use subscript n to indicate that k£ now takes on only a

discrete set of values. The corresponding natural temporal frequency
of the nth mode is

nm nmv

= = 27 n: odd (2.2.40)

Wn

where v = 1/v/LC is the characteristic velocity of the line.
The voltage distribution of the nth mode along the line is

t
Vo(z,t) = Vysin %% cos %% (2.2.41)
t=0 t=21VLC/5

z=0 z=1

Figure 2.2.8 Normal modes Vi, V3, V5 at times t = 0 and 2{/5v.

We now illustrate V,,(z,t) at various times for the different modes. In
Fig. 2.2.8 we plot the first three modes at times ¢t =0 and ¢t = 2¢/5v.

We observe that since the z-dependence is fixed, the amplitudes of
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each mode varies with time; the higher the mode number, the higher
the spatial variation and the higher the temporal frequency of am-
plitude variation. The arrows indicate the direction of the amplitude
dependence for increasing ¢ .

D. Initial Value Problem

Consider the transmission line in Fig. 2.2.9. The line is charged to a
unit voltage for t < 0. At t = 0, the left-hand-side at z = 0 is
short circuited. We wish to investigate the waveform evolution after
the switch is closed.

t=0

T

N
I —

2=t z

Figure 2.2.9 Initial value problem.

We have learned the normal modes of the line with a short circuit on
the left at z = 0 and an open circuit on the right at z = £. Each mode
satisfies the transmission line equations and boundary conditions. We
express V(z,t) as a superposition of all these modes with different
mode amplitudes V,, .

t
V(z,t) = Z V,, sin n%r% cos Z—W% (2.2.42)
nodd

The total voltage V'(z,t) also satisfies the transmission line equations
and the boundary conditions. The mode amplitudes V,, are to be de-
termined from the initial condition.
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The initial condition is V(z,t = 0) = 1. Substituting in (2.2.42)
we have

bz

To find Vs, for instance, we multiply both sides by sin 277 and inte-
grate from z =0 to z = ¢. All terms on the right-hand-side become

zero after the integration except the term Vs sin m . We find
¢ l
5 5 l
/0 dzsmzLZ—%/O dz sin’ QL;:§V5
Thus

2 l
V5_Z/0 dzsin%

In general, we have

/ nwz 4 nmwz1t 4
Va E dzsm—:—[ COS—] = —

nm 20 nm
Therefore
Viz,t) = i 4 sin 2% cosn—ﬂv—t (2.2.43)
&~ 20 2 /¢ -
nodd

is the solution for the voltage on the line for ¢ > 0.

We now study the solution for several different times at ¢t = 0,
t=140/2v, t ={/v, and t = 3(/2v. In Fig. 2.2.10a~d, we sketch the
sum of the first three terms.

At t =0, we have

V(s t=0) 4 . 7z n 4 . 3mz n 4 57TZ+
z,t=0) = — sin — —s — +—sin — +---
’ s 20 20 51 20

The sum over all of the terms should give back the initial condition of
V(z,t<0)=
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=~

a) t=0 b) t=4VLC/2
c) t=4VLC d) t=3¢vVLC/2
z=0 z=/ z=0 2=/

Figure 2.2.10 Superposition of normal modes.

At t =1{/2v, we have

4 3 3
V(z, t =1/2v) = - sin % cos %—F 3 sin % coszﬁ
n . bmz 57T+
— sin—— cos — +---
o 20 4

At t=//v, we have V(z,t ={/v) =0.

At t =3(/2v, we have

4 3 4 3 9
V(z,t =30/2v) = — sin T2 cos 21 in 20~ T

7 S gp oS g s o cos T
n . bmz 157 n

_— ln —_— [ )

5r o Top Ty

We see that the wave travels back and forth along the line.

If we add up all terms of the series for V(z,t), we should obtain
the result in Fig. 2.2.11. This is seen by solving the problem in the
time-domain as illustrated in Section 4.3. At time t = 0 when the
switch is closed, a positive traveling wave is generated to satisfy the
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a) t=0
‘
b) t= /T b) t=tgC
c) t=(VLC
-~
d) t= L“éﬁ
S
‘
e) tzse\éﬁ e) t:“‘éﬁ
f) t=30VIC
D —
_ WWIC
g) t = s 2L

Figure 2.2.11 Solution to the initial value problem.
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boundary condition of V' =14V, =0 at z =0. This yields V = —1
for the time period 0 <t < ¢/v. The result is Fig. 2.2.11b. At t = ¢/v,
the positive traveling wave V, has reached the open circuit end and
the boundary condition calls for the generation of a negative traveling
wave such that the total current I = (V; —V_)/Zy =0. Thus V_ =
Vi = —1 for the time period ¢/v <t < 2¢/v and the result is shown
in Fig. 2.2.11d. The reflection coefficient I' = —1 at z = —¢ gives
Vi =1 for the period 2¢/v <t < 3(¢/v and the reflection coefficient
I'=—-1at z=0 gives V! =1 for the period 3¢/v <t < 4¢/v. The
results are shown in Fig. 2.2.11e-g.

EXAMPLE 2.2.6
Consider a transmission line resonator with length [ and terminated
with impedances Rs and R; as shown in Figure E2.2.6.1.

2

| 2

z=0 z

Figure E2.2.6.1 Transmission line resonator.

For open-circuited resonators, Rg — oo and Rj; — oo, we find that the
resonance spatial frequencies are k = nw/l with n = 0,1,2,..... and the
voltages and currents are

nmz

V(z) = Vycos -

I(z) = Ipsin ?
The currents are zero at 2z =0 and z =1[. The n =0 mode has zero current
and a constant voltage on the line.
For short-circuited resonators, Rs = Ry = 0, the resonance spatial
frequencies are k = (2n+ 1)w/2l with n=10,1,2,..... and the voltages and
currents are

V(z) = Vycos @n+ mz —|2—ll)7rz
2 1
I(z) = Iysin %

The voltages are zero at z =0 and z=1.
— END OF EXAMPLE 2.2.6 —
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Problems

P2.2.1
An inductance L is defined as

V = LodI/dt

Consider a transmission line of length ¢ that is short circuited.

—

Y
w

z=—/ z=0
Figure P2.2.1.1 Short-circuited transmission line as inductor.

In the limit when —kz=kl{ < 1, find L, .

P2.2.2

Model a stripline as a parallel-plate transmission line with d = 3.16 mm
and w = 3.76 mm, separated by dielectric with permittivity ¢ = 2.5¢,. The
electric and magnetic fields in the stripline are

E, (z,t) = Epcos(kz — wt)
Hy (2,t) = (Eo/n) cos(hz — wt)
What is the characteristic impedance of the line?

)

) What are the voltage and current on the line?
) What is the time-averaged power on the line?
)

Q.0 T o

If the breakdown electric field of the dielectric field is 2 x 107 V/m and
the maximum time-averaged power on the line is 100 kW, will the corre-
sponding maximum electric field strength be below the breakdown field
strength?

P2.2.3
Consider an air-filled TEM transmission line with length [ as shown in
Figure P2.2.3.1. The voltage of the source is V, and the resistor at the source
is Ry = Zy, where Zj is the characteristic impedance of the line. The switch
at the load is on for ¢ < 0, the voltage and current on the line are stationary.
At t =0, the switch at z =0 is suddenly opened.

(a) Sketch the voltage on the line at t = [/2v, where v is the velocity of
wave on the line. Indicate the value of the voltage on the line.
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| s

Figure P2.2.3.1

(b) Find the time ¢ (> 0), so that the voltage on the line becomes constant.
What is the value of this constant voltage?

P2.24

A time-domain reflectometer (TDR) is used to detect fault on a transmis-
sion line, which could be an underground or undersea cable being damaged at
a distance £y from the generator. Model the fault as a shunt resistance Ry .
A unit step voltage is sent from the generator down the line at time ¢t =0.
At time ¢t = 20 us, the voltage reads V = 0.5V instead of V = 1V which
lasted from ¢t = 0 to t = 20 us. Assuming that the insulating material for
the transmission line has a relative permittivity of € = 2.25 and its charac-
teristic impedance is Zy = 902, determine the distance of the fault from the
generator ¢y and Ry .

P2.2.5

A break in a high-voltage DC power line occurs at z =0 at time ¢t =0
(because of a falling tree) [Figure P2.2.5.1]. The line was carrying a DC
voltage V, and DC current I, before the break occurred. The tree is non-
conducting.

Power line
Power line
—_—
Tree
Wind

Figure P2.2.5.1 DC power line broken by a tree.

(a) Sketch I and V on the line at some time ¢ after the break has oc-
curred, but before any reflections from the source and load ends. The
characteristic impedance of the line is Zj .

(b) Consider a 600kV line, carrying a power of 10° megawatts, with a
characteristic impedance of 50082 (two-wire line). What is the peak
voltage on the line after the break occurs?

P2.2.6
A very long transmission line with characteristic impedance Zy and wave
velocity v = ¢ has a shunt resistor of unknown value R; at an unknown
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location z = £. A measurement of the voltage at the input, Vj(t), with a unit
step generator applied to the line, yields the result shown in Fig. P2.2.6.1.

Vi—i— V]

Zy V. -
o ]
+
u(t) Zy ,v =R, —>
_ Vo(t)
T ]
0 z - 0 z
A Vo(t)
1
2
1
T
1078 sec t

Figure P2.2.6.1

(a) What is £7

(b) What is Ry, ?

(¢) Sketch the voltage and current distribution on the line at the time ¢ =
1.5¢/v.

P2.2.7
Consider a transmission line circuit shown in the following figure. At
t =0, the switch is disconnected from Position A and connected to Position
B.
Z,

t=0
A B
+ T Zo 37,

Vs=1Volt —_
_ L

;
{
|
I T
z=0 z=1

Figure P2.2.7.1

(a) Find the reflection coeflicient at the load (at z =1).
(b) Make labelled sketches of the total voltage V(z) on the line, 0 < z < [,

at
(i) t<0
(ii) t=1/2v

(iii) t=2l/v
where v represents the velocity of propagation on the transmission line.
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P2.2.8
A resonator is built using a section of coaxial cable as shown in Fig-
ure P2.2.8.1, where the ends are short circuits.

i €0 Mo )
B 4

) ————>

Figure P2.2.8.1

(a) Find the lowest resonant frequency w, of the resonator.

(b) Find the length ¢ for a resonator with a frequency of 1.5 MHz.

(¢) Introduce a gap of d (d < ¢) at the end of the resonator as shown in
Figure P2.2.8.2 and model it as a transmission line with a capacitive
load, C,. What is C, ?

i o Mo d

S

e———— | ————

Figure P2.2.8.2

(d) Find the lowest resonant frequency w, of the modified resonator in terms
of a, b, d and ¢.
(e) Find the length ¢ for a resonator with a frequency of 1.5 MHz.

P2.2.9

(a) Consider a polyethylene (e = 2.25¢p) filled coaxial cable with an inner
diameter of 0.81mm and an outer diameter of 2.946 mm. Assume the
E-field is E = pEy/r and the H-field is H = ¢Ey/nr . Derive the per-
unit-length capacitance and inductance of the coaxial cable and show
that the impedance of the transmission line is \?S—r lng. What is the

corresponding impedance for the given parameters?

(b) The attenuation due to finite conductivity is proportional to Py/2Pj ,
where Py is the power dissipated and Py is the power flow along the
transmission line. Show that for coaxial cable, it is proportional to (% +
3)/In2 . Show that for minimum loss, = a/b is determined from
ze®t! =1, which yields = 0.2785. What is the impedance?
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(c) Model the coaxial cable as a parallel plate waveguide with periodic
boundary and show that the cutoff frequency of the next higher-order
waveguide mode above TEM is: f. ~ :(Taﬁ_l\g) , where vrgy is the ve-
locity of the TEM waves in the medium that fills the space between the
conductors. (Hint: Use the mean radius for the effective circumference).
Find f. of the given coaxial cable.

(d) A section of coaxial cable is closed at both end [Figure P2.2.9.1], what

is the lowest resonant frequency?

Figure P2.2.9.1

(e) A gap with distance ¢ is introduced at one end of the resonator [Fig.
P2.2.9.1]. What is C, ? Find the new fundamental natural frequency of
the transmission line.

P2.2.10

A lossless transmission line of length /¢ is open-circuit at both ends
Determine the normal mode voltage and currents on the line, normalized
such that V,,(z =0) = 1. What are the corresponding natural frequencies?
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2.3 Sinusoidal Steady State Transmission Lines

A. Sinusoidal Steady State

At sinusoidal steady state with angular frequency w, voltage V(z,t)
and current I(z,t) can be written as

V(z,t) = Re{V(2)e/*t} (2.3.1)
I(z,t) = Re{I(z)e’*"} (2.3.2)
where V(z) = A(2)e’*?) and V(z) = B(2)e’’) are called phasors

which are complex functions of z only.
The transmission line equations

%V(z,t) _ —L%I(z,w (2.3.3)
%I(z,t) = —C%V(z,t) (2.3.4)
can be cast in complex form by using (2.3.1) and (2.3.2). We find
%V(z) = —jwLI(2) (2.3.5)
2 1(2) = w0V () (2.3.6)

where V(z) and I(z) are both complex.
Eliminating V(z) and I(z) from (2.3.5) and (2.3.6), we obtain

92 V(z)
<—2 + w2L0> =0 (2.3.7)
0 ()
The general solutions for V(z) and I(z) are
V(z) = Ve 7k 4 V_eik= (2.3.8)
1 : :
I(z) = —(Vye I% — V_eik?) (2.3.9)
Zo

The first term represents a wave traveling in the +Z direction and the
second term a wave traveling in the —2 direction. Substituting (2.3.8)
and (2.3.9) in (2.3.7), we find the dispersion relation

k? = WLC (2.3.10)
Substituting (2.3.8) and (2.3.9) in (2.3.5) and (2.3.6), we find
Zo = /LJC (2.3.11)

as the characteristic impedance of the transmission line.
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B. Complex Impedance

Impedance is defined as the ratio of voltage to current.

Z== (2.3.12)

In electric circuits, capacitance C, is defined by the relation

I(t) = Co V() (2.3.13)
dt
and the inductance L, by the relation
dI(t)
V(t) = Lo—— 2.3.14
(1) = Lo (2:3.14)
we write
V(t) = Vs cos(wt 4+ o) = Re{V,e? e’} = Re{Ve'*"} (2.3.15)
I(t) = I, cos(wt + 3) = Re{l,e’’e’*"} = Re{Ie’*"} (2.3.16)
Egs. (2.3.13) and (2.3.14) become
Re{le’*"} = C,Re{jwV e’} (2.3.17)
Re{Ve’“'} = L,Re{jwle’”"} (2.3.18)
which gives, omitting the time convention e/
I =jwC,V (2.3.19)
V = jwlLol (2.3.20)
The impedances for the capacitance and the inductance are thus
1
= 2.3.21
o, ( )
Z = jwL, (2.3.22)

A complex impedance is written as Z = R + jX. The real part R is called the
resistance, and its imaginary part X is called the reactance. Thus capacitances
and inductances are reactive elements. Admittance is the inverse of the impedance
Y =1/Z = G+ jB. The real part G is called conductance and imaginary part B is
called susceptance. For a resistor R, an inductor Lo, and a capacitor Cp in series,
the impedance is Z = R + jwLo — j/wCo.
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Complex Reflection Coefficient at the Load

Consider the transmission line in Fig. 2.3.1 which is terminated
with a load impedance Zj. The convention for transmission lines at
sinusoidal steady state is to put the coordinate zero at the load. For a
line of length ¢, the load is at z = 0 and the generator is at z = —¢.

We write the general solution to the transmission line equations

as
V(z) = Vo(e % + T pel??) (2.3.23)
I(z) = E(e_jkz —I'pel*) (2.3.24)
Z
—]
Voe I ——3

~«—— T Vpelks

—]

I +—> =
z=—L z=0

Figure 2.3.1 Transmission line with termination Z;.

We define a generalized impedance Z(z) as

V(z) e dkF4Tpeih®

where Z(z) is a complex function of z instead of a simple complex
number as in circuit theory. At z =0, Z(z =0) = Zr,, we have

V(0) 1+Tg
7 = =7 2.3.26
R () I\ ( )

which gives

_Zr=2% _Zin—1 (2.3.27)
Z1,+ Zy Zin+1 e

L

We call T';, the load reflection coefficient, where

Zin = Z1) Zo (2.3.28)
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is the normalized load impedance.
Consider the following three cases:
Case A) For an open circuit load, Z; — oco. We find

1-1/Zp,
I'n=—-—-+"—""-=1
S
Case B) For a short circuit load, Z;, =0, and we find I', = —1.
Case C) For a matched load, Z;, = Zy. We have Zr,, =1 and I';, = 0.

Thus for a matched load, there is only a forward traveling wave and
no reflected backward traveling wave. All the power will be delivered
to the load impedance.

Complex Input Impedance

The generalized impedance Z(z) in (2.3.25) as defined for every point
z on the line is

Viz e Ikz L Ty el

Z(z) = [((Z)) =27y PTG L=
Zin+1)e % 4+ (Z1, — 1)el**
Zin + Ve ikz — (Zp, — 1)eik?
2Z1ncoskz — j2sinkz

—j2Z 1, sinkz + 2coskz

Zin — jtankz
07 — jZntankz

:ZOE

(2.3.29)

At the load z =0 and Z(z =0) = Zy, is the load impedance. At the
input terminal, z = —¢, Z(z = —{) is the input impedance. We find

V(=¢) Zn + jtankl
I(=0) ~ "1+ jZ, tan ke (2.3.30)

Z(~0)

Case A) For an open circuit load (Zr, — oo) we find the input
impedance

_ 7 l—i-jtankﬁ/ZLn . Zg

Z(—0) = = 2.3.31
(=0) Ol/ZLn—l—jtank:E jtankl (2:3.31)
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g »

- w >

Figure 2.3.2 Parallel-plate transmission line with length /.

When k¢ < 1, we can approximate tankl = kl. As kl = 2wl /) kl <
1 means the transmission length ¢ is very small compared to a wave-
length A. Consider the parallel-plate transmission line with length ¢
[Fig. 2.3.2]. The capacitance per unit length is C' = € w/d and the to-
tal capacitance is Cy = € w £/d. We see that the input impedance
becomes, making use of the dispersion relation & = wvLC, and
Zy=+/L/C,
L 1 1

Z(=4) \/;jw\/EK JwCo

This is the impedance of a capacitor in circuit theory. In general, an
impedance is expressed in terms of the resistance R and the reactance
X:

Z=R+jX

The impedance is capacitive if X < 0 and inductive if X > 0. For
the above parallel-plate transmission line X = —1/wCj is smaller than
zero and thus the reactance is capacitive.

As ¢ increases, we plot (2.3.31) in Fig. 2.3.3. It is observed that
for m/2 < k¢ < 7 or A4 < ¢ < \/2, the parallel plates are in
fact inductive. Whether the input impedance of the parallel plates is
capacitive or inductive critically depends on their length.

This is an important illustration of why ordinary circuit theory,
which is a limiting case of the general theory, will not be valid at
high frequencies or when kf is not much less than one. The input
impedance of a transmission line repeats itself every half wavelength,
or k¢ =nm. A capacitive input impedance becomes inductive and an
inductive input impedance becomes capacitive when £ is increased by
multiples of 7w/k = \/2.
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X(=0)
A

Inductive

Y

4

Capacitive
\

I I I
I I I
I I I
I I I
I I I
/2 I 3m/2 lon 57/2 I3
I I I
I I I
I I I
I I I
| | |

Figure 2.3.3 Reactance for open circuit transmission line.

Case B) For a short circuit load, Zr,, = 0. We find the input impedance
Z(—4) = jZytan kl
The reactance X = Zytank/ is sketched in Fig. 2.3.4.

X = Z() tan k/
A

3r/2 2m 5m/2 3m

Figure 2.3.4 Reactance for short circuit transmission line.

Case C) For a matched load, Zr, = 1. We find the input impedance
Z(—0) = Zy. Thus a matched line has a generalized impedance equal
to the characteristic impedance at every point on the line.
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C. Time Average Power
From (2.3.23) and (2.3.24)
V(z) = Vo(e % 4+ T pel*?) (2.3.32)
v A .
I(2) = (e 7% — T pelh?) (2.3.33)
Z
we assert that, assuming V is real and I'y = [['z]e/7,
V(z,t) = Re{V(2)e?*t}
= Vo(cos(wt — kz) + |T'p| cos(wt — kz + 7)) (2.3.34)
I(z,t) = Re{I(z)e’*"}
= ?(cos(wt — kz) —|T'r|cos(wt — kz +7)) (2.3.35)
0

compose of waves traveling in the 2 and —Z directions.
The instantaneous power is

P(z,t) =V (z,t)I(z,1)
= ‘;—Oz{Vo(cosQ(wt — k2) — Tz cos?(wt — kz + 7))} (2.3.36)
The complex power is defined as
V(2)I*(z) = ‘;—Oz{l — DL + [Cre % — (Tpe?**)]} (2.3.37)

The time average power is
<P>—1/°°d( DP(et) = Y0 (1~ 1,2
“or J, “WVTBY T o L

- %Re{VI*} (2.3.38)

EXAMPLE 2.3.1 Applying (2.3.38) to (2.3.8) and (2.3.9), we find
1 ; )
<P>= ﬁRe{Vﬂ/j —V_VF — (Vi Vrel? = — V_ Ve 727}
1
27,
as (VpV*el?k= — V_Vre=42%2) is purely imaginary. Thus the power at any
point is equal to the difference between the forward and backward travelling

Re{V, V} —V_V*}

waves.
— END OF EXAMPLE 2.3.1 —
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D. Generalized Reflection Coefficient
A generalized reflection coefficient I'(z) for every point z on the trans-
mission line can be defined from (2.3.32)
V(z) =V (e—jkz + FLeij) = Voe 1+ T(2)]  (2.3.39)
where .
[(z) = Tpel?** (2.3.40)

is the generalized reflection coefficient.
The magnitude |I'z| of the load reflection coefficient

Zrn—1

r,=2n— "
L ZLn+1

is no greater than one, |I'z| < 1, when the characteristic impedance
Zp is real. From (2.3.40) we also have |[['(z)| <1 for all z.

z decreasing
towards generator

» Rel(z)

Figure 2.3.5 Motion of I'(z) on complex I'-plane.

We interpret (2.3.40) by means of a complex I'-plane plot on which
we draw a line representing I'(z) at point z [Fig. 2.3.5]. The magni-
tude of the voltage is proportional to the length of the line |[14+I'(z)|. As
z decreases, the point is moving towards the generator or the source,



188 2. Transmission Lines

Figure 2.3.6 Plot of voltage standing wave pattern.

remembering the convention that the load is at z = 0 and the source
or generator is at z = —¢. In Fig. 2.3.6, we plot the magnitude

[V (2)] = [Vol[1 + T(2)]

The result is called a voltage standing wave pattern. Notice the pattern
is periodic and repeats itself for every 2kz = 27 or a distance of \/2.
The maximum voltage amplitude occurs at points when I'(z) = [T'z|,
[V(2)| = [Vo|(1 4+ |T'z|). The minimum voltage amplitude occurs at
points when I'(z) = —|I'z], |V(2)| = |W|(1 — |I'z|). We define a
voltage standing wave ratio (VSWR) as

Vmax _ 1 + |FL|
Vmin 1-— |FL|

VSWR = (2.3.41)

The distance separating Vp,az and Vi, is A/4. It follows that when
the load is an open or short circuit, I';, = +1 and VSWR — oo . For
a matched load, I'y =0 and VSWR =1.
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ExAaMPLE 2.3.2

Consider a voltage standing wave pattern (VSWP) on a transmission
line as shown in Fig. 2.3.6. Let VSWR = 3 and the characteristic impedance
Zy = 50Q . The voltage Vipar = 3Vimin is at z = —A/8. Find the load
impedance Z7, .

SOLUTION: From

Vmax o 1+|FL‘ o

- =3
Vmin 1- |FL‘

we find the magnitude of 'y, |T'p| =1/2.

A 2 1 1
T(z) =TLe*% = (2 = —\/8) = [LeP(F)(A/8) = 5= To=5e"""

Thus the normalized load impedance

14T 245 (2+47)2

Zin = = =
In = 1T, 2—; 5

= 0.6+ jO.8.

The load impedance is Zj, = 50(0.6 + j0.8) 2 = (30 + j40) Q2.
The complex voltage and current at the load are

Vi, = V+(1 + FL) (E2.3.2.1)
I, = E(1 — FL) (E2.3.2.2)
Zo

The time-averaged power dissipated at the load Zj is
1 *
PL = §RG[VLIL]

The complex voltage and current at the input are

V(—€) = V(% £ T pe 7% (E2.3.2.3)
I(—0) = E(ew — e %) (E2.3.2.4)
0

The time-averaged power dissipated in the line is
1 * 1 *
P= §Re[V(—€)I (=0)] = §Re[VLIL]

— END OF EXAMPLE 2.3.2 —
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E. Normalized Complex Impedance (Smith Chart)

The generalized reflection coefficient I';, has a maximum amplitude
of unity. Thus the whole usable complex I'; plane is restricted to a
circle of radius one. On this complex I' plane we define a normalized
complex impedance

_ Viz)  14T(2)
 Zol(z)  1-T(2)

= Ru+jXn (2.3.42)

Zn(2)

At each point within the unit circle on the complex I' plane, we as-
sign a pair of numbers R,, and X, according to (2.3.42). The result
is called the Smith chart which was constructed by Philip H. Smith
(1905-1987) in 1936 and published in 1939, originally called the reflec-
tion chart or circular chart. It serves as an analog computer reading
normalized impedance for every generalized reflection coefficient rep-
resentable within a unit circle on the complex T' plane.

From (2.3.42), we can determine R, and X, in terms of the real
and imaginary parts of I' = I'r + jI'; . From equation (2.3.42), which
is known as the bilinear transformation, we find

1+T'g+ Iy

1-Tgp—jIy

(1+Tr+4I')A-Tg+4I7)
(1—FR)2+F%

Rn +an =

which yields

_ 1-TH-T7
=
(1-Tg)*+13?
o,

n

(1-Tg)*+1?

The above two equations can be re-arranged to give

R 2 1 2
I'p— —2 r? =
(R 1+Rn> T <1+Rn>
1

w2 - (1)
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Figure 2.3.7 Smith chart.

Thus on the complex I'-plane, each value of R, gives rise to a circle
centered at ' = R,,/(1+ Ry, ) and 'y = 0 with aradiusof 1/(1+R,,)
and each value of X,, produces a circle centered at I'r = 1 and
'y =1/X,, with a radius of |1/X,,|. The loci of constant R,, and X,
are plotted within the unit circle of |I'| < 1 and the result is the Smith
chart [Fig. 2.3.7].

EXERCISE 2.3.1 In Example 2.3.2, we can locate on the Smith chart the
position of I' = j0.5 and find that the normalized impedance is Z, = 0.6 +
70.8 . It is seen that VSWR = 3 occurs on the real axis coincident with the
R = 3 locus, where voltage is maximum. Thus rotating counterclockwise an
angle of 7/2, we obtain the location of T';, and read from the Smith chart
the value of Z,, = 0.6 + j0.8.

— END OF EXERCISE 2.3.1 —
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F. Transmission Line Resonators

Consider a transmission line resonator with length [ and termi-
nated with impedances Z; and Z; as shown in Figure 2.3.8. The
transmission line equations are given by

V(z) = Vie Ik L v edk=

_ E —jkz E jkz
I(z) = Zoe Zoe
Z, Zo Zr,
L |
| | ;
| |
z=-/ z=0

Figure 2.3.8 Transmission line resonator.
At z=0, V(0) = Z1(0) gives
Vi + Vo = Zin(Ve — V)
where Z1, = Z1,/Zy. Thus

Ve Zpa—-1

Y- _T 2.3.43
Vi Zpa+1 O F ( )

At z=—1, V(=) = —ZsI(—1) gives
Vielt 4 Ve H = — Zg, (Vi e?H — V_e ™Ik
where Zg, = Zs/Zy. Thus

Vieltt 7z, -1

Ve 7 1= (2.3.44)

Multiplying (2.3.43) and (2.3.44), we find the resonance condition

eI =T Tg (2.3.45)
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For short-circuited resonators, Zg = Zy, = 0, I'es =I'r, = —1, and
V_ = =V, . We find that the resonance spatial frequencies are
k=nm/l

and the resonance frequencies are
w=nn/lVLC

with n =0,1,2,..... The voltages and currents are

V(z) = Vie % 4 V_ eI = Vsin #

V+ —ik V_ ik ‘/0 nmz
I — T IRE _ T Ik — s 2 -
(2) Zoe Zoe ]Zo cos —
where Vy = —j2V, . The voltages are zero at z =0 and z =1[. For
the n =0 mode, Vj=0.
——
ZO RL<<ZO
—1
| —
z=-{ z2=0

Figure 2.3.9 Transmission line resonator with small loss.

The resonator voltage and current will decay in time when there
is a small loss in the resonator. In Fig 2.3.9, we assume a small load
resistance Ry, < Zj . From the resonance condition in (2.3.45), we find
by assuming k = nn/l + jk;

M =il | okl = T = -2 T a2k

It follows that kjl = Ry /Zy and w = nmv/l+ jkrv with wy = jkv =
JjRrv/Zy = jRr/L. Thus the voltage and current attenuate in time
with the factor e~ (Fr/D)t |
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ExAamMPLE 2.3.3
Consider a series R,L,C circuit with R <« 4/L/C in Fig. E2.3.3.1,
KVL gives

dI
V=RI+ Lo +V,

I
R
+
v L
B +
C=— V.

Figure E2.3.3.1 Series R L C circuit.

where V. is the voltage across the capacitor, which is related to I by I =
CdV./dt . Thus the differential equation for the circuit is

av d 21
R I+L—I+—=1I
TR TR RN

We let the solution be
V = ‘/Sest
I = I.%

The terminal voltage V; is then related to the current I in the circuit by

Vsz(R—i—sL—i—%)Is: 82+(R/5L/)z+1/LCIs: (5—32)/(2—8>

I

We find, for R < /L/C,

2
R |1 R\ v ,
s+ =50 J ﬁ(ﬁ) oWV e mer

. s/L

T (stw)+wd 7

where wg =1/vLC is the resonant frequency and

R

Ct)[:ﬁ



2.3 Sinusoidal Steady State Transmission Lines 195

gives the attenuation rate of the voltage and current in the circuit, e=«7?t.
At s = jwg,

The dissipated power is

2 _ Valwo)P?

R )
Py(wo) = 5|Is(3 = jwo)| oR

The stored energy is

1 .
W = §L|I(s = jw0)|2

We see that
wI:E: sRII? _ _Fa
2L 2-1L|I?  2Wr
The quality factor
woWr — wo (R/L) L/C

C="h T T ivic R

At Szj(woiw1)7

JwoVs(wo)/L _ Vi(wo)l
(wr £ jwr)(j2wo % jwr +wr) V2R

[1(s = j(wo wr))| =

The dissipated power is

R . Vs 2 P
Py(wo £ wr) = 5”(5 = j(wo £ wy))]* = | L(:;O)' = d(;O)

The half-power point occurs at w = wg £ wr = wp £ Aw . Thus the half-power
point bandwidth is

BW = 2(,(]]

It is seen that the quality factor

W W Vv L/C _ wWoWr

“ 9%, BW R Py

is expressible in terms of inverse attenuation rate, inverse bandwidth, res-
onator circuit elements, and stored energy over dissipated power.
— END OF EXAMPLE 2.3.3 —
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Problems

P2.3.1
Convert the following time domain expressions into their complex equiv-

alents in the frequency domain, where we have defined
A =Re [Aej “’t]
Example: A =sinwt A=—j

(a) Find A. (b) Find A.

(i) A=3sin (wt - %) (i) A= jeim/4

(i) A= Zsinwt — g2coswt (i) A=2+ 93y

(ili) A = cos ¢ coswt (iii) A= Agel® +j
P2.3.2

The result of a measurement of the voltage standing wave pattern on
a transmission line with source impedance Z; = 502 and characteristic
impedance Zy = 5002 is illustrated in Figure P2.3.2.1.

VSWR = V’!Tl,(vl.'lt —920 ‘V(Z)‘

- — — —/ Vimin

I 25m

Figure P2.3.2.1 Voltage standing wave pattern.

) From the given data, determine the wavelength and load impedance Zp, .
) What is the input impedance at the source Z(z = —25 m)?

) Determine the complex load voltage Vi = V(z =0) in terms of V.

) What is the time-averaged power dissipated in the load Zp ?

(
(

P2.3.3
The “current standing wave pattern” of a TEM transmission line with

characteristic impedance Zy = 502, permeability o and permittivity € =
4eo is shown in Figure P2.3.3.1.

(a) What is the frequency of excitation f =w/27?
(b) Calculate the reflection coefficient T'y, .

(a
(b
a
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I Imax = 3amps
[1(0)|

T Imin = lamp

Figure P2.3.3.1

(c) Determine the load impedance Zy in Q.

(d) What is the time-average power flow along the line? Give a numerical
answer.

P2.3.4
Show that the VSWR= R,, with R, > 1 on the real I'p axis.

P2.3.5

Quarter-wave transformers are primarily used as intermediate matching
sections. Consider a transmission line of characteristic impedance Z; con-
nected to a pure resistive load of impedance Z; = Ry through a section
of transmission line having characteristic impedance Zs of length £. (see
Figure P2.3.5.1). Show that when ¢ = \/4 and Zs = /Z1Z}, the reflection
coefficient T'=0.

e—— ¢ ——>

o

Z e Zy Z1,
r

O————

Figure P2.3.5.1

P2.3.6

Consider the TEM transmission line system connected to a sinusoidal
voltage source as shown in Figure P2.3.6.1.
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Zo ‘VB [ i E] gf(ij)

- A/2

Zp Za
Figure P2.3.6.1

Find the impedance Z4 in terms of Zj .
Find the impedance Zp in terms of Zj.
Find the impedance Zg in terms of Zj .

A~
o T o
NN NN

Show that the time average power dissipated in Z¢ is |V,|*/8Z0 . As-
sume Zg is real.

(e) Find the voltage Vi across the load Zj, in terms of V, and use Vi, to
calculate the time average power dissipated in the load Zj in terms of
V, and Z,. Assume Z, is real.

P2.3.7
Consider the transmission line circuit shown below [Figure P2.3.7.1].
2Zy |= b > L >
i 1
Vo cos wt Zo Zin = Zo Zr,
\ Z()
ls

Figure P2.3.7.1

(a) Given Zi, = Zy/2, what minimum non-zero length ¢, if any, will maxi-
mize power dissipated in the load Zp, . If none exists, state “none exists.”

(b) Let Z; = (0.8 — j1.4)Z; . Determine the shortest distance ¢ and the
shortest corresponding length ¢5 such that Zi, = Zy/2.

(¢) State the constraints, if any, on Z; (in terms of Z; or I'y) such that
Zin can be made to be Zp/2. If no constraints exist, state “none exist.”

P2.3.8
Consider now the TEM transmission line resonator circuit shown oper-
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ating near the lowest order resonant frequency [Figure P2.3.8.1].

Zy Rs=bZ o b>1
. {
Vs Zo,L,C Zo,L,C Ry, = aZ,
- g a1
i | z
.y 0

Figure P2.3.8.1 Internal and external Q.

(a) What is internal Q; = woWr/Py?
(b) What is external Qg = woWr/P,?

P2.3.9

Consider an air-filled transmission line with characteristic impedance Z,
to be connected with a capacitor C, and inductor L, as illustrated in Figure
P2.3.9.1. The operating angular frequency of the transmission line system is
w . The transmission line equations are given by

_ Ve ke V-

jkz
€
Zo Zo

V(z) = Vie % f V_eikz I(2)

Figure P2.3.9.1

(a) Show that “j—; =e 2% where ¢ =tan"'wC,Z, .

(b) Show that the natural spatial frequency k, of the n-th order normal
mode for this resonator satisfies the following equation

L,
cot (knt — @) = can—

o

where ¢ = 3 x 10%m/s is speed of light for the air-filled transmission
line.
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(c) Let £ = 1m. Find the natural temporal frequency f in MHz of the
lowest order normal mode for
(i) C,=0 and L,=0;
(i) Co=0 and L, =00.
(d) Let C, =0 and ¢ = 1 m. With no restriction of L,, find the range
of possible operating frequencies (in MHz) where there can only be one
normal mode existing on the line.

P2.3.10

In the transmission line circuit shown in Fig. P2.3.10.1, the system is
driven at the lowest non-zero resonant frequency (where [ is equal to %) In
this problem, first use the perturbation approach to calculate the real part of
the input impedance, and then compare the result with the calculation using

the Smith chart.

4—5:é —»‘
2

= }

Ry, =0.05Zy

Figure P2.3.10.1

(a) Calculate the complex eigenfrequencies w = wr — jw; using a perturba-
tion approach to find wg . Calculate the real part of the input impedance
Z at the frequency where [ = % by assuming that only the “resonant”

term need to be included in the mode expansion for Z . Evaluate Zio
i zo — 1 11 1
numerically for 5+ = 2, 7,3, and 3.

(b) The input impedance can also be evaluated on the Smith chart. Compare
the results with the approximate results in (a) for the same zy/1.

(¢) The resonator is driven by a shunt current source of amplitude I, applied
at z = w . The source frequency w is varied around w; . Assuming small
loss, write down the modal expansion and indicate the dominant term.
Hence plot |V (z = w)| as a function of w and indicate how @, can
be obtained experimentally from such plots for the loaded and unloaded
resonator.
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2.4 Lumped Element Transmission Lines

We have derived from Maxwell equations the transmission line equa-
tions

= —jwLI (2.4.1)
dl

from two-conductor transmission lines, in particular from a parallel-
plate transmission line. We now show that (2.4.1) and (2.4.2) can be
found from a circuit model approximating that of a continuous line.
Take a small section of length Az and approximate it with a series
inductor with inductance LAz and a shunt capacitor with capacitance
CAz [Fig. 2.4.1].

LAz I(z) LAz I(z + Az) LAz
— N> >—— T ——
1 + ! +
CAz—— V()7 CAz V(z+Az)T= CAz
L,C

=< Az >

Figure 2.4.1 Lumped element approximation of transmission line.

We apply KVL (Kirchhoff voltage law) and KCL (Kirchhoff current
law) to the lumped element section and obtain

V(iz+ Az) =V (z2) = —jwLAz I(2)
I(z+ Az) — I(2) = —jwCAzV(2)
Keeping the first term to order Az by letting Az — 0, we find
V(z+ Az) = V(2)

N
. I(z+Az) - I(2) .
N

which give rise to the transmission line equations (2.4.1) and (2.4.2).
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A. Lumped Element Line

We now directly use KVL and KCL to derive and study the behavior
of waves on a lumped element line as shown in Fig. 2.4.2. Each section
has a physical length ¢. Applying KVL and KCL to the nth section
of the line, we have

Vn+1 — Vn = —ijo In+1 (2.4.3)
Ini1 — I, = —jwCoV,

In - v Tt . ! Inyo -
LI QI I T
Lo Ly + Lo + Lo

Figure 2.4.2 Lumped-element transmission line.

Consider a positive traveling wave similar to e 7%* on a continuous
line. Identifying kz = knf = nf with 0 = kf as phase shift along each
cell, we write

Vi = Vie 0 (2.4.5)
I, =1I,e (2.4.6)

Substituting (2.4.5) and (2.4.6) in (2.4.3) and (2.4.4), we find
Vi <e_j(”+1)9 — e_j”9> = —jwlLy I eI+ (2.4.7)
I, (w'("“)e - e*j"f)) = —jwCy Ve in? (2.4.8)

Multiplying (2.4.7) and (2.4.8) and eliminating V; and I, we obtain
the dispersion relation

6 1 2
sin? = = > w2LoCo = = (2.4.9)
2 4 w,

where

(2.4.10)
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>
>

k= wVLCYt

Figure 2.4.3 Dispersion relation for low-pass transmission line.

The dispersion relation (2.4.9) is plotted in Fig. 2.4.3.
In the low frequency limit w < wqy, we approximate

where we use the upper sign when 6 is positive, corresponding to a
wave traveling in the positive direction, and the lower sign when 6 is
negative, corresponding to a wave traveling in the negative direction,
so that w is always positive.

Identifying 6 = k¢, we find by using (2.4.10)

k:&:w\/@@:vaC
lwy [

with L = Ly/¢ and C = Cy/¢ as inductance and capacitance per unit
length. The lumped element line thus behaves as a continuous line in
the low frequency limit.

EXAMPLE 2.4.1 Delay line using lumped element line.

The velocity of propagation on a continuous line is v = w/k = 1/v/LC =
1//me =3 x10%m/s for =, and € =c¢,. For the lumped element line,
assume Lo = 10"*H, Cp = 1078 F, and ¢ = 10~2 meter. We find the velocity
v =1{//LoCy = 10* m/s. Thus the lumped element line can be used as a delay

line.
— END OF EXAMPLE 2.4.1 —
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When w > wq, the phase shift 8 must be a complex number; we
write

0=0r—j0;
The dispersion relation (2.4.9) becomes
. Op—jbr . OR O . Or . 0 w
sin — :sm7 cosh; —jcos? smh; = w_o
We have
cos 971% sinhe—; =0
. Op 0r w
sin > cosh 5 = uTg

The above equations give the solution 0z = 7 and 6; = 2cosh™! wio .

The voltage on the nth cell is
V, = V+efjn(93fj9[) _ V+€7n9167jn9R

The term e "% gignifies a phase shift from the nth cell to the
(n+ 1) th cell, the term e "% signifies there is an amplitude attenua-
tion from cell to cell as well. Since high frequency (w > wy) waves are
attenuated and low frequency (w < wg) waves pass with no attenua-
tion, the lumped element line in Fig. 2.4.2 is a low-pass filter.

In the limit w > wq, the dispersion relation for the low pass
lumped element line gives

0 1 1 1
coshé = 3 <69’/2+6_9’/2> ~ 5691/2 = wio = §w\/LoC'0

12 = w\/Ly Cy

The ratio of V,,41/V,, gives

We thus have

Vatr _ b — e

Vn w2L0 Co
From elementary circuit theory, considering the (n 4+ 1)th cell with
I,+2 = 0, the voltage V,, is divided on the inductor with impedance
jwLg and V41 across the capacitor with impedance 1/jwCjy. We

have

Vi1 1/jwCo _1/jwCy 1
Va N jwLo + 1/jwCy ~ Jwlyg N w2Lo Cy
Thus at very high frequencies, the inductors behave like open circuits,
and the capacitors approach short circuit.
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B. Dispersion Relations for Lumped Element Lines

205

Consider a general lumped element line shown in Figure 2.4.4. The
impedance Z; = Ry + Xo and the admittance Y; = Go + jBy. KVL

and KCL give

Vor1 —Vo=—21,11 (2.4.11)
Iny1— I, ==YV, (2.4.12)
b, I
2] 2] 2] 7]
+ +
Vn + Vn+1
Figure 2.4.4 A general lumped element line.
With the traveling wave solution as in (2.4.5) and (2.4.6),
I, = I e
Vo =Vye "
we obtain from the dispersion relation
0 1
sin? — = 32V (2.4.13)

2
It reduces to (2.4.9) when Z = jwLy and Y = jwCj.

EXAMPLE 2.4.2

Study the wave behavior on a lumped element line with Z = 1/jwCj

0

|
I\

and Y= 1/jwLy shown in Figure E2.4.2.1.
| (
AN (

In C’
| I
n | K
Vo L,

—>
Figure E2.4.2.1 High-pass lumped element line.
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“A

Figure E2.4.2.2 Dispersion curve for high-pass lumped element line.

The dispersion relation (2.4.13) gives

w2l L% _ (E2.4.2.1)
Sin® — = =— wo = B
2 4W2L0 C() w2 ’ 0 2\/ LO CO

It is seen that 6 is real for w > wy and 6 is complex when w < wyp
[Fig. E2.4.2.2]. High frequency (w > wp) passes and low frequency (w < wp)
is cutoff. This is because at high frequencies, the capacitor behaves like a
short circuit and inductors approach open circuit.

From the dispersion curve for the high-pass filter shown in Fig. £2.4.2.2,
we see that for w > wy , the group velocity is negative when the phase velocity
is positive and vice versa. Thus the group velocity and the phase velocity of
a traveling wave on the line are in opposite directions and the line is called a

backward wave line.
— END OF EXAMPLE 2.4.2 —

The effect of loss on a transmission line causes attenuation and
dispersion of a propagating wave. With dispersion, different frequen-
cies propagate with different phase velocities which lead to distortion
of any non-sinusoidal wave form. Both the attenuation and distortion
resulting from loss in transmission lines were responsible for impeding
the development of long distance communication of speech in the early
days of the telephone. In 1893, Oliver Heaviside developed the trans-
mission line theory based on Maxwell equations. Until that time, the
transmission line was described by a diffusion equation, which was for-
mulated in circuit terms, involving a distributed series R and parallel
C network. Taking proper account of the inductance, Heaviside noticed
that the effects of attenuation and phase distortion both decrease as in-
ductance is increased. He thus proposed that telephone lines be loaded
periodically with lumped inductors, which was experimentally verified
in 1900 by Pupin of Columbia University.
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Instead of a continuous transmission line loaded with Pupin coils
L, , we model the transmission line between the Pupin coils as lumped
inductance and capacitance [Fig. 2.4.5]. This model is valid if the coils
are much less than a wavelength apart. We have

Y = ij()
/ = jw(Lo + Lp) + Ry

ffffff IE/\/\H 4 T
’l\ Vot 1

Figure 2.4.5 Transmission line loaded with Pupin coils.

We obtain from the dispersion relation (2.4.13)
L0 1 1, ,
Sin 5 = _Z Y = Z[w (L() + LP)C() —]wR()Co]

Assuming 6 is very small, sin2 0 (g) For Ro/w(Lo+ Lp) < 1,
)

we find from f(z) = (1+x)1/2 = f(0) + £ (0)x + f"(0)2?/2 + .... =
1+x/2—2%/8+....., with # = —jRo/w(Lo + L),

Ry 2
0=+ Lo+ L,)C _—
wy (Lot Ly) 0[ Yoo+ Ly )]
R2 Ry Co
~ + L L 1+— -9 — | ————

Thus the effect of increasing L,, is to reduce both attenuation and dis-
tortion. However the above analysis requires || < 1 which is equiv-
alent to having the operating frequency well below cutoff. For speech
communication, we are interested in the propagation of signals up to
12kHz. Assuming Ry = 0, we are requiring 12x10%7+/(Lo + L,)Co <
1. This requirement imposes an upper limit on L, .
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C. Periodically Loaded Transmission Lines

First consider the two-port description of a transmission line as shown
in Figure 2.4.6. The transmission line equations are written in terms

of Vi and V_ as
V(z) = Vie 9k 4 V_eik=
I(z) = Yo (Ve 9k — v edh%)

1(0) I(z)
—>— —
A+ +A
V(0) V(z)
H }7

Figure 2.4.6 Two-port description of a transmission line.
At z =0,
V(0) =V, +V_
1(0) = Yo(Vy — V)
which can be solved for V. and V_.

Vi = S[V(0) + Zo1(0)]

Vo = S [V(0) = ZoI(0)]

N = DN

and we have
V(z) =V (0)coskz — jZoI(0)sinkz
I(z) = —jYoV(0)sinkz + I1(0) cos kz

or

0 )= i 2 [0

for the two-port transmission line.

Consider a periodically loaded transmission line as shown in Fig.
2.4.7. Treating the transmission line section of the nth cell as a two-
port network, we have

Vi1 = Vi cos kb — j ZoI,, sin kf (2.4.14a)

Iy = —jYoVysinkl + I, cos k¢ (2.4.140)
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where by virtue of KCL

In+1 = Yvn+1 + In+1 (2415(1)
Vit = ZLng1 + Voyr = (ZY + D)Vyy + ZIsy  (2.4.15)

To obtain th'e dispersion relation, we notice that V1 = V,e % and
Ini1 = I,e7? . From (2.4.14) and (2.4.15), we obtain

Vi{(ZY +1)e7% — coskl} = — {Ze ™ + jZysin kO} 1,
I{e ™% —coskl} = — {Ye % 4+ jYysin kl}V,

Figure 2.4.7 Periodically loaded transmission line.

Multiplying the two equations and eliminating VI, , we find the dis-
persion relation

2cos8 = (ZY +2)coskl + j(ZY, + Z,Y ) sin kl (2.4.16)

Observe that when both Z and Y are reactive, the right-hand side
of (2.4.16) is real, but when the absolute value is greater than unity,
f is complex and the wave is evanescent on the line.

EXAMPLE 2.4.3

Consider a periodically loaded transmission line as shown in Fig. E2.4.3.1.
We substitute into (2.4.16) Z =0 and Y = jwCj, we obtain the dispersion
relation

I, nt1 Ing1

et
T T

Figure E2.4.3.1 Periodically loaded transmission line.

IS

}7
}7

.
— L

>
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w Co

cos ) = cos kl — 2V,

sin kf (E2.4.3.1)

Observe that when the absolute value of the right-hand-side of (E2.4.3.1) is
greater than unity, 6 is complex and the wave is evanescent on the line.

Case A) When wCj > Y, the dispersion relation (E2.4.3.1) allows a real
solution for 6 only when k¢ =~ nm,ie., £ is close to an integer multiplier of
half wavelength. Let

kl =nm+6(0)

It follows that cos(kf) =~ cos(nm) = (—1)" and sinkl ~ (—1)"§(6) . From
(E2.4.3.1), we find

k0C,
207

cosf = cos kl —

sinkl ~ (—1)"(1 — "X Z0)5(0)

For odd n, the trigonometric identity cosf = 2 cos? g — 1 yields

For even n, the trigonometric identity cosf = 1 — 2sin® g yields

4ct | , 6
0(0) = e sin” 5

Thus the maximum value of §(0) is 4C¢/nnCy .

Figure E2.4.3.2 Periodically loaded transmission line as band-pass filter.
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A plot of k£ versus 6 is shown in Fig. E2.4.3.2. Propagation is possible
only for very narrow frequency bands. We find the bandwidths

Aw §4ce

rN—=———"K1
w nt  (nm)2Cy

Thus the capacitive loaded transmission line is a band-pass filter.

Case B) wC, <Y, . The dispersion relation is plotted in Figure E2.4.3.3 for
—m<0<7.As wC,/Y, =0, cos = coskl, and kf¢ = 2mm £+ 6. When
the transmission line is lightly loaded with small lossless capacitive elements
spaced periodically along the line, it can be used as a notch filter which rejects
very narrow bands of the frequency spectrum while passing the remainder of
the band.

k= wvVLCYl

2

stop bands

™ ™

Figure E2.4.3.3 Bandpass lumped element line.

At 6 =0, welet k¢ =2nm — . From (E2.4.3.1), we find

o wCo . o 1o wC 1 wC,
1_c055+2y sind ~ 1 26+ 5—[1 25<5 >}

0 2Y, Y,

Thus k¢ =2mm and kf =2mnm — wC,/Yp .
At 0 ==+7, welet Kl = (2m+ 1)m — 0. From (E2.4.3.1), we find

B wCy . - 1, wC, B 1 wC,
—-1= cos5+2YO sind ~ 1—|—25 —|—2YO(5—[ 1+25<5 Y, >}

Thus k¢ = (2m+ )7 and kl = (2m+ )7 —wC, /Yy .

— END OF EXAMPLE 2.4.3 —
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EXAMPLE 2.4.4
Let Z = jwLo and Y = jwCj . We find from (2.4.16)

2co80 = (2 — w?LoCy) cos kl — w(LoY, + CoZ,)sin kl

For k¢ < 1, we obtain

(k0)? Co Ly L,Cy w?
4 ce "Lt " Lece Z

0
22

o~ 1 — —
sm2 <—|— +

where wy = 2//LLCE + CoLl + L,Cl+ L,C, . It is seen that 6 is real when
w < wyp . The velocity on the line is v = ¢/\/LICL+ CyLl + L,Cl + L,C, .
For w > wp, 6 is imaginary and the wave is evanescent on the line. When
the transmission line section length is very small, it is equivalent to a low-pass
filter with inductance Lf+ Lo and capacitance Cf + Cy .

— END OF EXAMPLE 2.4.4 —

Problems

P2.4.1
The “high pass filter” type of lumped line shown in Fig. E2.4.2.1 does
not support propagating waves for w < wg = 1/(2v/LoCh) .

(a) With the assumed voltage dependence
V—n — V+€—jn9re—n9[

what are 6, and 0; for w < wg? Sketch 6, and 6; as a function of w
for w < wg .
(b) In the limit w <« wy, find an approximate expression for %

—n

and
indicate how this result can be derived from simple circuit considerations.

P2.4.2
Iy I I I,
I L A N i
G T It l n A
% 3 3w v, v,
a/o — — — — e}

Figure P2.4.2.1
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(a) Determine the dispersion relation for the backward wave line shown in
Fig. P2.4.2.1. That is, assume V,, = Ae™"% I, = Be=% and deter-
mine 6(w) . Sketch §(w) forw > wy = ﬁ .

(b) For a given w > wy, the result in part (a) yields two real values of
0 (excluding values which differ by 2nm). Determine the impedance,
Z = ‘I/—: , for each of these modes and show that the time-averaged power
flow is in the direction opposite the phase velocity.

(c) A voltage source vs(t) = Vssinwyt is connected to terminal pair a—a’ .
Determine the steady-state vy, (t) .

(d) Suppose the source connected to a —a’ is given by

sinwit .
sin wot

s(t :Ve
vs(t) Towit

where w; < wp . Determine v, (t) .

P2.4.3

Consider the backward wave line shown in Figure P2.4.3.1. Derive a
expression for the characteristic impedance of this line, z, =V, /I, for the
mode with positive phase velocity (exp —jnf) and for a frequency in the
propagating region (w > wy). Repeat for the mode with negative phase
velocity. What is the time-average power carried by the line in each of these
cases? Is the sign of the power what you would expect?

@ o—| 1 1

Figure P2.4.3.1

P2.4.4

(a) Determine the propagation constant 6(w), for the lumped transmission
line shown in Figure P2.4.4.1. Show that the result can be placed in the
form

o0 w?—w?
sin® o = ———
2 wi

where wg and w% are appropriate constants.
(b) For what range of w will the line support a propagating wave, i.e., admit
real 6 solutions?

P2.4.5
Consider the lumped element line shown in Figure P2.4.5.1.
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O

V+ T Va FT -w—{ Vk+1 jﬁ—Ll

Figure P2.4.4.1

10 -
+ LO
Vo — Ly

)|
]
N

)1

Figure P2.4.5.1

(a) Derive an expression for the propagation constant 6(w). Show that the
result can be written in the form

2 2
o0 Wt —wi
sin® o = ———

2 wp

What are the constants wg and wq ?
(b) Over what frequency band does the line support “propagating” waves
(admit real € solutions)? Sketch 6 vs. w for Ly = Ly.

P2.4.6
It is sometimes very useful to use a lumped element model for a trans-

mission line that is actually a continuous structure. One question that arises

is how finely we should subdivide the line into equivalent lumped-element sec-

tions to have a reasonably accurate model. The following problem illustrates

these ideas in power system applications.

(a) Develop and plot a general chart of phase angle error of a lumped element
transmission line versus the ratio of frequency to cutoff frequency. The
error is defined as

Phase shift for length of actual line—Phase shift for equivalent lumped section
Phase shift for length of actual line

Limit the plot to frequencies less than the cutoff frequency.

(b) Model a power transmission line with L = 1.45mH/mile and C =
0.021 uF /mile . Given a line using 10 mile lumped sections, at what fre-
quency will the error defined in part (a) be equal to 5%7?
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2.5 Transmission Line Modeling

A. Modeling Reflection and Transmission

Consider a linearly polarized wave with electric field
T = 5B, = e ek

incident from a medium with g and e, upon a half-space medium
with u; and ¢ as shown in Figure 2.5.1.

A

X

Y
N

Mt €t

Figure 2.5.1 Reflection and transmission at a plane boundary.

The associated magnetic field H is obtained from the Maxwell equa-
tion

- VXE:L{@ﬁEy—ziEy}

—jwp jwp | 0z ox
.~k , ks —jkex—jk.2
= (x _|_Z_)Eoe IRz IRz
Wit Wik
=tH, + zH,

The boundary condition at the interface z = 0 requires that the total
tangential £ and H be continuous for all x.
In the region z > 0 with p, and €, the transmitted fields are

Ey = By = §TBye IMar=his?

_ —k
H; = &Hyy + 2Hy, = (3—2

+3 Kitx )TEOe—jkmx—jktzz

Wikt Wit

where T denotes transmission coefficient.
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In the region z < 0 with p and €, there is also a reflected wave
with

E, =jE,, = JREge Tkrattikesz

5 k k . .

H, = iHyy + 3H,, = (i—2 + :2)REye IFrevtikea2
Wit Wit

where R denotes reflection coefficient.
The boundary condition at z = 0 requires that

E, + Eyy = Eyy
Hx + Hrm = Htx

which gives

e ket 4 ReIhra® = T ikt (2.5.1)
L LT (2.5.2)
Wit Wit Wk
Since the above equations must be satisfied for all x, we conclude that
kx = km: = k;t:):

This is known as the phase matching condition. Equations (2.5.1) and
(2.5.2) become
1+R=T
kz k’/‘zR ktz

W wpe W

_ 1-— :u'ktz//j’tkz
1+ Mktz/utkz
2
1+ :U'ktz/utkz
The reflection and transmission problem can be modeled as a trans-
mission line with characteristic impedance Z = wpu/k, connected to
a transmission line with characteristic impedance Z; = wpy/ke, as
shown in Figure 2.5.2.

T

we find

Z Zy

.

Figure 2.5.2 Transmission line modeling of reflection and transmission.
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ExaMmpPLE 2.5.1

(a) Consider a uniform plane wave in free space normally incident upon a
perfect conductor. As a function of z, plot the standing wave patterns,
|E(z)| and |H(z)|, due to the superposition of the incident and reflected
waves.

(b) Now consider a slab of material of thickness d, permeability p;, and
permittivity €; , placed A/4 away from the perfect conductor as shown
in Figure E2.5.1.1.

M1, €1
v
Ko, €o Mo, €o
v
perfect
FEine 5 conductor
v g — o0
N
— 1 -
-
P
4

Figure E2.5.1.1

Employing the transmission line analogy [Fig. 2.5.2], the impedance as
viewed from the front surface of the material Z(z = —d—\/4) where the
wave strikes, may be expressed in terms of the terminating impedances,
the thickness and propagation constant of the material [Fig. E2.5.1.2].

H H \

1o m Mo

d Ao/4

Figure E2.5.1.2

What is Z(z = —d — A\/4) 7 In the case of a thin film, |k1d| < 1, show
that

Z(z = —d— \j4) = —j%

where the characteristic impedances 1y = v/u/eo and 1y = /1 /€1 .
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(c)

()

2. Transmission Lines

Let the thin film be a conducting material with conductivity o; and a

corresponding complex dielectric constant € = ejp[l — w]:llR] . In the

limit of high conductivity, w‘;lR > 1, and small thickness, |kid| < 1,
show that

Z(z=—d—)4) = — =R,

1
O'ld

In transmission line terms, this corresponds to a resistance R; placed
Ao/4 in front of a short-circuit transmission line with characteristic

impedance 1y = /u/€ep [Fig. E2.5.1.3].
J

7o R, Mo

| |

T I
22—)\0/4 z=0

Y

Figure E2.5.1.3

For what value of R; is there a perfect match for a normally incident
plane wave? For high-frequency applications it is often desirable to re-
duce or eliminate spurious reflections from metallic objects placed in the
vicinity of radiating systems. Thus a thin conducting film may be utilized
for this purpose if placed appropriately in front of a metallic surface.
At the frequency 1 GHz, with p1 = po, €1r = €9, 01 = 5mho/meter,
determine the thickness d to achieve the value of R; of part (d). Verify
that =2~ > 1 and |k;d| < 1 are satisfied.

welR

SOLUTION:

E, = —i2jEysinkz

— E

H, = g}2—0 cos kz
Mo

The standing wave patterns for |E(z)| and |H(z)| are shown in Fig. E2.5.1.4.
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B |

z

—A/2 A4

Figure E2.5.1.4

(b) In the transmission line [Figure E2.5.1.2]:
_z Zy, — jZytankz

Z =g == J= "
() OZO — jZp tankz
A 0+ jnotan (—Z
2(0)=0 Z(=3) = Ca)
7o
A Z(=2) +jmitankid  —j
Z(—d—-Z2)=m (-1 ] _ _—Jm
4 m+jZ(=2)tank,d  tankid
A N—j771

kyd <1 =  Z(—d—2)~

4 kid

>1

. 01 .01
€=€1R<1—]w6 R)ﬁ—j; for
1

A —j —j/ —j 1
Z(—d— 20y = ZIm _ JvVi/er  —j ~ 1 _p

WEIR

47 kyd wy/pr€1d T werd - o1d
(d)
)\ Rl — To
I'-=)= =0= R, =
( 4) Ry + 1o L=

1
Ri=—=37 = d=0.53mm

(Tld
g1 5
= =90 1
weir  2m(109)(8.85 x 10—12) >
.o
|k1d| = |w\/Ho€oy /1 — j— 'd‘
WELR
27107
~ | 2 (5 . 1073 ~201<1
‘3><108( 7v90)(0.53 x 10™°) 0.1 K

— END OF EXAMPLE 2.5.1 —
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B. Modeling Antenna Radiation

The radiated electric field £ and magnetic field H can be determined
by using the radiation fields of a Hertzian dipole, which has been mod-
eled as a pair of charges +q separated by an infinitesimal distance
and oscillating at angular frequency w . Let the linear antenna be ori-
ented along the z-axis with separation Az . For a Hertzian dipole with
dipole moment ¢Azcoswt situated at the origin, we have determined
the electric and magnetic fields £ and H in the radiation field very
far away from the dipole, kr > 1:

— ~ kwgA
E(T,t) = —0n wasE sin 0 cos(kr — wt)
— - A
H(F,t) = —qbkwq ® sind cos(kr — wt)

wr

Using time convention e/“!, we take time derivative and obtain the
current moment d(qAzcoswt)/dt = —wqAzsinwt = Re{jwqAzel“t} .
Converting the above solution to the complex phasor notation, we have

— JEIAz

EF) =0 in eIk 2.5.
(F) =6n ——sinfe (2.5.3)
— ~JkIA -

() = 2 4mz sin O Ik (2.5.4)

where TAz = jwqgAz and n = \/j,/€, is the characteristic impedance
for free space.

Linear Antennas

A linear antenna can be formed by bending an open-circuited two-wire
transmission line. The commonly used linear antenna is a half-wave-
length dipole. In Fig. 2.5.3 we illustrate the current distribution on a
half-wavelength dipole by folding A/4 section of each wire of a two-
wire transmission line. We have

I(2) = Iysin [k(g— | 2 |)} (2.5.5)

where ¢ = \/2 for the half-wavelength dipole antenna. The procedure
can be used to construct linear antennas of any length ¢.
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1

| >
|
[
|

> 1(2)

K

A4

Y

Figure 2.5.3 Current distribution on a half-wavelength dipole.

Radiation Patterns of Linear Antennas

To calculate the radiation field of a linear antenna, we divide the
antenna into many infinitesimal segments as shown in Fig. 2.5.4. Since
the observation point is far away, the vector 7 originating from the
segment Az at z is parallel to the position vector 7 from the origin.
Furthermore, the electric field AE due to the segment dipole at z is
also pointing in the 6-direction. We approximate the distance R by

R=~r—zcosf (2.5.6)

to observation
point

0/2

—t/2l]

Figure 2.5.4 Calculation of radiation electric field by superposition.
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The electric field AE due to I(z)Az at z is then

AFE ~ @njkIAZ sin fe~IF 977M sin feIkreikzeost (9 5 7)
4R 4r
Notice that we neglected zcos6 in the denominator but retained it in
the exponential because it is important there when Az is of the order
of 7, the exponential term can change from e/ =1 to /™ = —1.
The total electric field E is obtained by superposition of contri-
butions from all segments on the linear antenna. We integrate over the
length of the antenna to obtain

— jksin@

E =0Ey)=0n i e IR £(6) (2.5.8)
where
02 4
£(6) = / . d21(z)eh= 050 (2.5.9)

is called the current moment of the linear antenna. The magnetic field
H is obtained in a similar manner. In terms of Ejp,

.1
H=$-FE,
n

Thus, the task of the calculation of the far fields of a linear antenna is
reduced to the evaluation of the current moment f(6) in (2.5.9).

For a linear antenna with a current distribution given in (2.5.5),
we find

f(9) :/ dZ[(Z)e]kzcose :/ dzIj sin [k(i_ | 2 |)] eJkzcosf

—0/2 —2/2

£/2 / 4 0 0 '
:/ dzIpsin [k(——z)] ejkzcose—i-/ dzIpsin [k:(— + z):| iz cost
0 2 —£/2 2

£/2 /¢
:/ dz 21y sin {k(i — z)] cos [kz cos 0]
0

/2
:/ dzly {sin [%ﬁ — kz(1 — cos 9)] + sin [% — kz(1 + cos 9)] }
0

1 cos [ — kz(1 — cos6)] N cos [ — kz(1 + cos6)] v
k(1 — cosf) k(1 + cosf)

0
21y

B ksin? 6

{cos(% cos ) — cos(%)} (2.5.10)
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The electric field is therefore

jksin® _.. jloe=Ik kl ke
== e — = e ——— J— ~0 — <
Eo = Amr © 1(6) Tomrsing \“\ 2 =\ 2
(2.5.11)

As 0 — 0, L’Hopital’s rule gives Eg = 0. Thus there is no electric
field along the direction of the linear antenna.
For a half-wavelength dipole with ¢ = A/2 and k¢ = 7, (2.5.11)

becomes

I
|Eg| = 0 os (E Ccos 9)
27y sin 6 2

VT
N N

Figure 2.5.5 Radiation pattern for A\/2 linear antenna.

The radiation pattern is sketched in Figure 2.5.5. For ¢ = 3\/2,
Equation (2.5.11) becomes
3w
—-cos?
cos ( 5 C08 ) ’

The radiation pattern is sketched in Figure 2.5.6. We see that the null
angles are at 6 =0, cos™'1/3, and 7.

nlo

FEy|= ————
| B | 277 sin 6

Figure 2.5.6 Radiation pattern for 3\/2 linear antenna.
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EXAMPLE 2.5.2
Consider a linear antenna with current distribution I(z). The radiation
far fields are given by
¢/2

T — énjk‘slnae_jkr/ dz](z)ejkzcosé‘ — éEG
47r s

— 1
H=¢—Fy
n
The directive gain is defined as

(S)
G0,p) = ————
(6:9) P, / 4mr2
and the radiation resistance can be calculated from
2P,

RT == [—2
Find the total radiated power P, , the directive gain G(6,¢) and radiation
resistance R, for the following current distributions
(a) Hertzian dipole, I(z) =1,, { — 0 and I,¢ = constant ,
(b) Triangular shape I(z) =1, (1 — |2z/¢]) and k{ < 1.

SOLUTION:

ol e 1
(S)=3ExH :f2—n|E9\2:fﬁ

. 1/2
5 ]{}Slne/ dz](z)ejkzcose

4mr _1)2

The total radiated power is

27 ™
P, = / do / 2 sin 0d6 (S)
0 0

(a) Ep= n%e*j’"[ﬂ and (S) =2 L1 (ﬁ)QsiHQG. Thus

2 2
k 4 kIl
P, = |L1? (E) ; sin 0df sin® = ?ﬂ-n < p )
G(0,¢) = 3sin®0 and R, = 21? = 20 (kl)®. where we have used
n =120 Q.

(b)

2
. 1/2 2
n | ksinf ilez cos 0 n kIl . o
_ | dzI jkz cos ~ 2200 0
=3 | g /1/2 21(z)e 8 [4mr|
P, =40 |Eel|® | @ (0,6) = $sin®0, and R, =5 |ki|*.

— END OF EXAMPLE 2.5.2 —
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C. Array Antennas

Radiation Patterns of Array Antennas

We now calculate the radiation field of an array antenna consisting
of Hertzian dipoles on the z-y plane. Assume N dipole antennas are
aligned on the z-axis with separation d and all pointing in the 2-
direction [Fig. 2.5.7]. The Oth dipole is situated at x = a. Let the
dipoles have uniform phase shift o so that the dipole moment for the
nth dipole is Ife/™ . Since the observation point is far away, the vector
R originated from the dipole at « = a + nd is parallel to the position
vector 7 from the origin. The electric field AE due to the dipole at
T = a + nd is pointing along the f-direction. We approximate the
distance R by

R=r—(a+nd)cos¢ (2.5.12)

The electric field AE due to (n + 1)th dipole at x = a + nd is then

NG %9?7‘7]{:]4?;”& o ikR @njk‘fd”a o~ ikr gik(atnd) cos ¢
s wr

I0ed?e TPed(N—Da

R

Figure 2.5.7 Dipole antenna array.

I0el™

< q »=< d > d >

Notice that we neglected (a+nd) cos ¢ in the denominator but retained
it in the exponential term.

The total electric field E is obtained by superposition of the con-
tributions from all Hertzian dipole antennas. The electric field of the
antenna array is the sum from all dipoles.

E = énﬂe—jkrejkacosqﬁ NZI ejn(k:dcos ota)

n=0

_ —ikr gikacosé (4 (2.5.13)

~ jkIf
e
" drr
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where F'(6,¢) is known as the array factor.

N-1 ;
. 1 — eiN(kdcos ¢+a)
- n(kdcos p+a) __
Fg)=) ¢ = T Gaeera  (2514)
n=0
The magnitude of the array factor is calculated to be
F(6)] = sin [N (kd cos ¢ + «) /2] (25.15)

sin [(kd cos ¢ + ) /2]

Notice that principal maxima of |F(¢)| occur at kdcos¢ + a = 0
where |F(¢)| = N . In the following we shall sketch radiation patterns
on the xy-plane for various dipole configurations.

ExAaMPLE 2.5.3
Sketch radiation patterns in the zy-plane for the following dipole arrays:

(a) Two-dipole array with aa =0 and d= \/2.
(b) Two-dipole array with e =7 and d = \/2.
(¢) Two-dipole array with « =0 and d = \.

(d) Three-dipole array with e =0 and d = \/2.
(e) Four-dipole array with « =0 and d = \/2.

Solution:

(a) The radiation pattern for the two-dipole array with o =0 and d = \/2
is shown in Fig. E2.5.3.1. The corresponding array factor for the two-
dipole array with o = 0 and d = A/2 is, by virtue of (2.5.14) and
(2.5.15),

()] = |14 7| =

sin [ cos @] ‘

sin [g cos ¢|

Figure E2.5.3.1 Radiation pattern of two dipoles in phase.
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The principal maxima occur in the broadside direction along the y-axis,
where at ¢ = +7/2, F(¢ = £7/2) = 2, the two dipoles radiate in
phase and constructively interfere. In the endfire direction along the -
direction, where ¢ = 0,and 7, dipole a radiates 1 while dipole b gives
e/™ = —1 due to the dipole separation of d = \/2. We have F(¢) =0.
The radiation pattern is null since the two dipoles destructively interfere.
The radiation pattern for the two-dipole array with o =7 and d = \/2
is shown in Fig. E2.5.3.2. The corresponding array factor is

sin [m(cos ¢ + 1)]
sin [r(cos ¢ + 1) /2]

F(0)] = |1 - emere| =

Figure E2.5.3.2 Radiation pattern of two dipoles with o = 7.

The radiation pattern yields a null in the broadside direction of ¢ =
+7/2 as the two dipoles destructively interfere. In the endfire direction
of ¢ = Oandm, the radiation pattern is maximum because as dipole a
radiates 1, dipole b also gives /2™ =1 due to its own phase of 7 and
the phase of 7 coming from the dipole separation of d = A/2. Thus the
two dipole fields constructively interfere.

The radiation pattern for the two-dipole array with o« =0 and d = A
is shown in Fig. E2.5.3.3. The corresponding array factor is

_ iorcosg| | SiD [27 cos @]
@) =|1+¢ | sin[rcos @]

60°

Figure E2.5.3.3 Radiation pattern of two dipoles separated by .

It is seen that the radiation pattern has a null in the direction of 7/3.
The field produced by dipole a and that produced by dipole b differ in
phase equivalent to a path length of Acosw/3 =\/2.
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(d) The radiation pattern for the three-dipole array with o = 0 and d = \/2
is shown in Fig. E2.5.3.4. The corresponding array factor is
o8 4 . in [37 cos ¢/2]
F =1 Jjmcos ¢ j2mcosp| _ S [
IF() te te sin [ cos ¢/2]

cos™ 2
o5~ 2
3

Figure E2.5.3.4 Radiation pattern of three dipoles in phase.

It is seen that there is a null in the direction of ¢ = cos™'2/3. In
the broadside direction of ¢ = +m/2, the three dipoles constructively
interfere. In the endfire direction, the electric field amplitude is 1/3 of
the principal maximum in the broadside direction because two of the
three dipoles destructively interfere.
(e) The radiation pattern for the four-dipole array with a =0 and d = \/2
is shown in Fig. E2.5.3.5. The corresponding array factor is
|F(¢)| =1+ ej-rrcosqS +ej27rcosd> + ej37rcos¢ — S [%:_TCOS ¢]
sin [5 cos ¢

1
cos™! =

= b

eN/20)N/20)\/2¢
a b c d

Figure E2.5.3.5 Radiation pattern of four-dipole array.

In the broadside direction, all four dipole fields constructively interfere
to yield the principal maxima. The null in the endfire direction can be
understood because dipoles a and b destructively interfere and dipoles
c and d also destructively interfere. In the direction of ¢ = cos™ =1/2,
dipoles a and c¢ produce a null and so do dipoles b and d.

— END OF EXAMPLE 2.5.3 —
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D. Array Pattern Multiplication

The radiation pattern of an array of antennas may be obtained by using
the technique of pattern multiplication. To illustrate the pattern mul-
tiplication method, consider four dipoles pointing in the 2z-direction,
spaced \/2 apart with equal amplitude and phase.

We treat the two dipoles separated by A/2 as a single unit denoted
by the symbol (). The unit pattern is shown in Fig. £2.5.3.1. The four-
dipole array as shown in Fig. 2.5.8 is the convolution (denoted by ®
in Fig. 2.5.8) of the unit () and the group consisting of two elements
separated by distance A. The group pattern is shown in Fig. E2.5.3.3.
The resultant radiation pattern is obtained by multiplication of the
unit pattern and the group pattern as shown in Fig. 2.5.9.

o )\ o % ) % . . A . ® @ @ A @
where @ °

B >
L]

Figure 2.5.8 Four-dipole array as convolution of two-dipole arrays.

b — ® ® =

Figure 2.5.9 Multiplication of group and unit patterns.

The radiation pattern is identical to that in Fig. E2.5.3.5.
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EXAMPLE 2.5.4

The following five dipole antennas are all pointing in the Z-direction. The
amplitude of the center dipole is twice as the other four. Sketch the radiation
patterns in the z-y plane.

SoLUTION: Using the pattern multiplication technique, we treat the five-
dipole array as a group of two units separated by one wavelength. Each
unit consists of three dipole antennas with the unit pattern as shown in
Fig. E2.5.3.4. The dipole array is shown as the convolution of a group of two
units in Fig. E2.5.4.1.

1 1 2 1 1
e A e A e A e X e e )\ e ®
2 2 2 2 @
where @ e )\ e A e
2 2

Figure E2.5.4.1 Five-dipole array as convolution of group of two units.

= ® O =

60°

Figure E2.5.4.2 Radiation pattern of five-dipole array.

The group consists of two elements separated by a distance of A. The group
pattern is shown in Fig. E2.5.3.3. The resultant radiation pattern is the multi-
plication of the group pattern and the unit pattern as shown in Fig. E2.5.4.2.

— END OF EXAMPLE 2.5.4 —
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ExXAMPLE 2.5.5

A two-dimensional array consisting of six dipoles on the zy-plane is
shown in Fig. E2.5.5.1. The three-dipole array forms a unit which convolves
with a group of two-elements separated by one wavelength.

e ) e X e °
A 2 2
A A ® ®
Y e ) o Ao (]
2 2

where @ °

N >

. A e
2
Figure E2.5.5.1 Six-dipole two-dimensional array.

The group pattern is Fig. E2.5.3.3 rotated by 90 degrees. The unit
pattern is shown in Fig. E2.5.4.1. The resultant pattern is the multiplication
of the group and the unit patterns as shown in Fig. E2.5.5.2.

30°

RO3

Figure E2.5.5.2 Radiation pattern of the six-dipole array.

The six-dipole two-dimensional array can also be obtained by convolution
of the two-dipole pair separated by one wavelength as a unit with the group
consisting of three elements. The group pattern in Fig. E2.5.5.2 becomes the
unit pattern and the unit pattern becomes the group pattern. Interchanging
the group and unit patterns in Fig. E2.5.5.2, the resultant pattern remains
the same.

— END OF EXAMPLE 2.5.5 —
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EXAMPLE 2.5.6 Binomial array.

To construct an array antenna with no side lobes, consider the following
synthesis procedure. Noticing that the radiation pattern of two dipoles sepa-
rated by a half-wave-length has no side lobes, we make the two dipole array
a unit separated by A/2. The resultant pattern is shown in Fig. E2.5.6.1.

3-8 - ¥

Figure E2.5.6.1 Multiplication of two two-dipole array patterns.

which corresponds to an array shown in Fig. E2.5.6.2.

® 1 ® C e ® @ e

Figure E2.5.6.2 Resultant array consisting of three elements.

Treat the array in Fig. E2.5.6.2 as a unit. Multiplying the unit pattern with
the same group pattern of two-dipoles, the resultant pattern is shown in
Fig. £2.5.6.3.

Figure E2.5.6.3 Resultant pattern of array with no sidelobes.
which corresponds to an array shown in Fig. E2.5.6.4.

®  ® el e ® e e 2 AN T

Figure E2.5.6.4 Resultant array consisting of four elements.
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Again repeat the process by making the above array as a unit, we obtain
a resultant pattern that is more sharply peaked and the corresponding array
has the amplitudes 1 4 6 4 1. Thus, we conclude that an array antennas with
binomial coefficients as amplitudes will have no sidelobes.

Mathematically, the array factor for the binomial array can be obtained
in the following fashion:

|F(¢)] = |1+ CNe/me? 4 O T e0s¢ 4 Oy elNTeos?

_ ‘(1+ej7rcos¢)N‘ _

2 cos(g cos @)

For N =1, the above equation is equivalent to the expression obtained for
two dipoles.
— END OF EXAMPLE 2.5.6 —

EXAMPLE 2.5.7 o
The total electric field E for the dipole array in Figure 2.5.7 was obtained
by superposition of the contributions from all Hertzian dipole antennas.

1304 py

= _ 5 J —jkr _jkacos ¢ jn(kd cos ¢p+a)

E= 917—47W e 7"e ZO e (E2.5.7.1)

The distance from the dipole to the observation point is
R=r—(a+nd)coso (E2.5.7.2)

The result in (E2.5.7.1) can also be obtained from the following integral sim-
ilar to (2.5.8)

Fal N ju)/.L —jkr - jka cos ¢
E=0=—¢™ I(x)e? E2.5.7.
947We /_Oodx (x)e (E2.5.7.3)
with the source
N-1
I(z) = §(z —a — nd)ed™
n=0
We find the array factor
oo
F(¢) = / dal(z)ethreose (E2.5.7.4)

For the four dipoles in the previous Example with @ =0 and d = \/2, we
have

I(x) =6(z) + 6(x — d) + 6(xz — 2d) + 6(x — 3d) (E2.5.7.5)
The array factor becomes
F(d)) =1+ e]'71'005(;5 + 6j27rcos¢ + 6j37rcos¢

— END OF EXAMPLE 2.5.7 —
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EXAMPLE 2.5.8
The array factor

F(¢) = /°° dal(z)elkrcose (E2.5.8.1)

oo

is seen to be the Fourier transform of the current distribution I(z) .
For the source distribution of four dipoles with o« = 0 and d = \/2,
and

I(x) = I£[8(z) + 8(x — d) + 6(x — 2d) + 8(x — 3d)] (E2.5.8.2)

we can write I(x) in the form of convolution as follows:

I(z)=1¢ /OO de' [§(x —2') + 6(x — 2’ — 2d)][6(2") + 6(z' — d)] (E2.5.8.3)

o0

which is graphically represented as

o ) A A A A
5 L] 5 L] E L] L] L ] ® L] E L]
Figure E2.5.8.1

Eq. (E2.5.8.3) and the above Figure illustrates the convolution of a two-
dipole array with separation one wavelength with another two-dipole array
with half-wavelength separation.

The array factor (E2.5.8.3) then becomes
F(¢) = / d;v/ da' [§(z — ') + 6(z — 2’ — 2d)][0(") + 6(z’ — d)]elkecos?

= / duld(x — 2') 4 6(u — 2d)]eFucos?

oo

/ da' [§(a") + 8(a' — d)]edhe’ o

oo

— [1 + ej2kdcos¢][1 + ejkdcos¢]

where we substitute the variable x — 2’ = u. The radiation pattern as rep-
resented by |F(¢)| is illustrated in Figure 2.5.9, which is the multiplication
of the radiations of the two dipole arrays. This is the result of the Fourier
transform (E2.5.8.3) of the convolution in (E2.5.8.3).

— END OF EXAMPLE 2.5.8 —
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E. Equivalence Principle

Equivalence principle is useful in formulating problems for finite “re-
gions of interest” by replacing all “regions of no interest” with equiva-
lent sources. Current sheets are important conceptual tools to be placed
on the surfaces of the regions of interest to generate equivalent prob-
lems that have identical solutions to the original problem. According
to the equivalence principle, we can place current sheets on the bound-
aries of the regions of interest, or we can place image sources in the
regions of no interest. The solutions of the equivalent problems are
identical in the regions of interest but in the regions of no interest, the
solutions will be different and incorrect. With judicious design of an
equivalence problem, many complicated problems can be reformulated
to facilitate the solutions.

Radiation by Current Sheets

Consider a plane wave

FE
H = yHpe 7%= (2.5.16)

propagating in an unbounded space. We can designate z > 0 as the
region of interest and formulate an equivalent problem by placing a
current sheet with

Js = —32H,

E =3 nHye 7k

H =—j H,e'**

Yy
_ . F :gHoe_ij
E =2 nH,e'*? l

Figure 2.5.10 Current sheet for the reflected wave.
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at z = 0. The current sheet produces the original plane wave for
z > 0. In the half-space z < 0, however, the current sheet produces a
plane wave

E = @nHye'*?
H = —jHye* (2.5.17)

propagating in the —Z direction, which is different from the original
plane wave. Thus the two problems are equivalent in the region of
interest but different in the region of no interest.

Image Theorem

Consider dipole antennas placed in front of a perfectly conducting half-
space as shown in Fig. 2.5.11. We can replace the conducting half-
space with images of the dipole antennas. For the dipole parallel to
the surface, the image dipole is also parallel to the surface but in the
opposite direction, such that the tangential electric field at z = 0 is
zero. In order to have zero tangential electric field on the surface, the
image of the dipole perpendicular to the surface is also perpendicular
to the surface but points in the same direction.

oD -

Region of Region of Region of

oD

Region of

interest no interest interest no interest

Figure 2.5.11 Image dipole antennas.

The region of interest for this case is the half-space containing the
original dipole. In the region of no interest, which was occupied by the
perfect conductor, now contains the image dipole. Thus the solutions
to the problem of dipoles in front of the conducting half-space are only
valid in the region of interest.



2.5 Transmission Line Modeling 237

EXAMPLE 2.5.9
Consider a dipole antenna placed in front of a perfectly conducting half-
space as shown in Fig. E2.5.9.1.

!

Region of interest

|

| | | | | |
| | | | | |
| | | | | |
—> | —> | —> | —> | —> | —> |
| | | | | |
| | | | | |
| | | | | |

Figure E2.5.9.1 Images of a dipole in between two conductors.

In order to satisfy the boundary condition of zero tangential electric field
on the surfaces of both perfect conductors, multiple images are required. It is
important to note that the solution of fields due to all the dipoles is only valid
in the region of interest. The region of interest is in between the conductors
containing the original dipole. The region of no interest was occupied by the
perfect conductors and the fields are zero there.

— END OF EXAMPLE 2.5.9 —

Fourier Optics and Diffraction

Consider a plane wave incident upon a slit of width ¢ as shown in
Figure 2.5.12. The problem is to obtain the diffracted field to the right
of the slit, which is designated as the region of interest. To the left
of the slit for z < 0, the incident plane wave can be replaced by
a current sheet with J; = —#2H,. We assume that the slit width is
large enough so that the slit open region can be replaced by the current
sheet of width ¢. With the same far-field approximation as (2.5.6) and
(E2.5.7.2), we find

R~r—ysinf (2.5.18)

and write the far field electric field in terms of the current moment per
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unit length in  as F(0) such that £ = 2AF(0) with

F(0) = /dst(y)ejkySina (2.5.19)

Ry
2/ z
E :QAJ?]Hoeijkz js =_32H,
Region of Region of
interest interest

Figure 2.5.12 Diffraction by a slit.

20

—

Figure 2.5.13 Diffraction pattern.

where the factor A contains e /¥ and other parameters such as dis-
tance and spatial frequencies.

Equation (2.5.19) states that the electric field is a Fourier trans-
form of J,. This is a simple formula in Fourier optics. For the example
of diffraction by a slit, we find

¢ . .
ey si k£ sin 0]
FO) = [ dy Hyertwsin® — opp, SRS ) 2.5.2

(6) /_e y e 0" klsing (2.5.20)
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The diffraction pattern is plotted in Fig. 2.5.13. Far away from the slit,
y/z < 1, approximate sinf ~ y/z. We see that nulls of the diffraction
pattern occur at kfy/z = nw. Compare the above result with that of
an N-dipole array with separation d along the y-axis. In the limit of
N — 00, d—0,and Nd =2/, we find the array factor

sin(% kd sin 0)
sin(2kd sin 0)

[F(0)] =

__ | Nsin[kfsin 0]
- kfsin @

which is of the same form as (2.5.20).
In Figure 2.5.14, we plot the diffraction pattern for three slits.

1

)
-
LTS

Figure 2.5.14 Diffraction by three slits.

The plot illustrates the pattern multiplication technique. First, the
three slits are treated as a gate function multiplying an infinite impulse
train and then convolving with one slit. The Fourier transform is then
the result of the transform of the gate function convolving with the
multiplication of the transforms of the infinite impulse train and one
single slit.
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Problems

P2.5.1
Consider a material of thickness d, permittivity e;, coating a material

with permittivity e . The frequency is f = 3 x 10% Hz.

(a) For a plane wave at normal incidence, the transmission line analogy
shown in Figure P2.5.1.1 may be applied to this problem. Determine the
equivalent transmission line parameters Zy, Z1, Z5 , where d is specified
in terms of A;, the wavelength in region —d < z < 0.

-

Zo Zl Z2

Y

Figure P2.5.1.1

A uniform plane wave is normally incident on this material with
E; = jEge7*0*

where Ej is a real constant and kg = w./pg€o.
(b) For d = % m, give the expression for the transmitted electric field E; and
the time-average Poynting vector <§t> for z > 0 in terms of Ey, w, uo,

and €.
1
(c) Repeat (b) for d = 7 m.

P2.5.2
A plane wave with wavelength \ is incident from free space upon a layer
of dielectric medium with permittivity & = 4eq .

(a) When the incident angle is # = 15°, what is the transmitted angle 6, ?
(b) When the wave is at normal incident (§ = 0°), find a cascaded transmis-
sion line equivalent to the problem. What is the length of the transmission
line representing the dielectric layer? What is the reflection coefficient T ?

P2.5.3

Owing to corrosion and tarnishing problems, metallic reflectors may
prove unsuitable at optical frequencies for applications requiring exposure
to the atmosphere. An alternative is the use of dielectric mismatching to
build up high reflectivity. A typical scheme illustrated below uses alternating
layers of high dielectric material, H , and low dielectric material, L , each
layer being one-quarter wavelength thick (in the dielectric).
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ar
Substrate
uartz
(2m+ 1) — H ° ° ° H L H q
layers n = 1.46

Figure P2.5.3.1

Using refractive indices ny = 1.6 and ny = 1.2, find the power reflec-
tion coefficients for m = 6, and m = 25. Modeling the structure by using
transmission line sections [Figure P2.5.3.1].

P2.5.4

A microwave radiometer can measure thermal radiation at microwave
wavelengths, the intensity being directly proportional to the average physical
temperature of the radiating matched load. Such a device is to be used to
measure the internal temperature of hospital patients; but is necessary to

match the sensor impedance to that of the patient. The problem is modelled
in Figure P2.5.4.1.

migrowave p Zo Zp | %p isimpedance
radiometer |0 of patient

Figure P2.5.4.1

The radiometer is temporarily replaced by a signal generator at the fre-
quency of interest. The VSWR measured in the transmission line is then 2
and the voltage standing minimum is located A\/8 from Z,.

(a) What percentage of the signal generator power is reflected from Z,?

(b) What is Z, if Zy =507

(c) A single inductor L is to be placed in series with the transmission line to
match the load. What is the closest distance to the patient the inductor
should be placed and what value of L, if any, should be used in order
to produce a match? The frequency (w) of operation is 10 rad/sec.

P2.5.5

A BALUN is a term used by antenna engineers to describe a device which
transforms an unbalanced to a balanced transmission line. (An “unbalanced”
coaxial line is one in which the magnitude of the total current in the outer
conductor is not equal to the current in the inner conductor; that is, in which
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Figure P2.5.5.1

there is current flow on the outside of the outer conductor.) Figure P2.5.5.1
shows a coaxial balun proposed by W. K. Roberts in 1957.

The antenna is modelled as a resistive load Ry (equal to the “radia-
tion resistance”). The two coaxial cables are identical and have characteristic
impedance Z;. The outer conductors of the two coaxial cables are shorted
at one end and these outer conductors form a two-wire transmission line of
characteristic impedance Z,. An equivalent circuit can be drawn as shown
in Figure P2.5.5.2. (Convince yourself that this circuit is equivalent to the
physical arrangement above.) In answering the following questions, consider

the case where Z, = Ry.
) —I

*
S

o

.

Vsé Zo — Z R

Figure P2.5.5.2

4/VV\/7
N
L]
Q

1o
o 4

(a) Show, from the equivalent circuit, that the impedance looking into the
terminals D-F' is

Z = Ry sin® kl + jcot k¢ (R sin® k¢ — Zp) .

(b) The line is perfectly matched if Z = Z,. Assume Zy =50 and R =
Zq =708 ; determine k¢ such that the line is perfectly matched.

(c¢) This balun is useful for matching a balanced circuit to an unbalanced
circuit of nearly the same impedance over a wide frequency range. Show,
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from the above formula for Z , that the first two frequencies for a perfect
match have a ratio of approximately 2:1 for the given data in (b).

(d) Assume the coaxial cables are one quarter wavelength long, ie., k¢ =
m/2. Show that VSWR = 1.4 for the given data in (b).

P2.5.6

A “turnstile” antenna consists of two Hertzian dipoles oscillating at an
angular frequency w and situated at right angles to each other as shown in
Fig. P2.5.6.1. The antenna have current distributions given by I; = £I and
I, = gjI , respectively.

antenna 1 10

J <€
antenna 2 jIe

mast o
* (p:9)

Figure P2.5.6.1

(a) Using the spherical coordinate system, show that in the far field kr > 1,
E~ —jw[fAg + ¢Ay).

(b) Find the total electric field in the far-field (kp > 1) in the z-y plane
with 6 = /2. Show that the real space-time dependence of the electric
field is of the form cos (wt + ¢ — kp). Note that

T = fcos¢sin9—¢Esin¢+écos¢cos¢9

y =rsingsinf + (ZASCOS(b + ésinqbcosQ.
(c) Find the radiation power pattern in the a-y plane.
(d) Calculate the power density radiated in the +2Z direction in the far field.

P2.5.7

The migratory patterns of Caribou in Alaska are to be monitored by
means of small attached transmitters. Periodically the transmitter radiates
a coded pulse train with a total radiated power of 10 watts at 300 MHz.
Assume the transmitting antenna is an isotropic radiator (with gain 1), but
the receiving antenna is an array with 30 dB gain (gain in dB is 10log;, gain).
The receiver is matched to the antenna which has an impedance of 50  and
can detect the coded signals if the voltage across the receiver terminals is
greater than 1 4V . Assuming the path is line-of-sight, at what distance can
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the Caribou be tracked? Can they be tracked from a synchronous satellite at
36,000 km altitude?

P2.5.8

In the United States, broadcasting to the general public is regulated
by the Federal Communications Commission (FCC), which allocates fre-
quencies and establishes technical standards. Three general classes of broad-
cast stations have been established. Standard broadcast stations (amplitude
modulation-AM) are licensed for operation on channels spaced by 10 kHz and
occupying the band from 535 to 1605 kHz. Frequency modulation (FM) broad-
cast stations are authorized for operation on 100 allocated channels, each 200
kHz wide, extending consecutively from 201 on 88.1 MHz to channel 300 on
107.9 MHz. Television broadcast stations (operating with vestigial-sideband
amplitude modulation of the visual carrier and frequency modulation of the
aural carrier) are authorized for commercial and educational operation on
designated channels 2-83, each 6 MHz wide, extending from 54-806 MHz.
(See reference: Reference Data for Radio Engineers, Howard W. Sams & Co.,
ITT, 1983.)

The electromagnetic waves radiated by AM stations have the FE field
perpendicular to the ground and parallel to the antenna towers (vertical polar-
ization). Most FM stations broadcast with circular polarization. For television
broadcasting, the E field is parallel to the ground (horizontal polarization).

The induced current on a receiving antenna is largest when the antenna
is aligned with the electric field. Given are three wire antenna configurations.
For each type of broadcast, AM, FM, and TV, specify which configuration(s)
gives maximum reception [Figure P2.5.8.1].

| 1 toground

(i) (i) (iii)

Figure P2.5.8.1

P2.5.9

Consider an elementary ground-to-air communication system with an
airplane flying parallel to the ground at an altitude d. The path of the
airplane is directly over the transmitting antenna (F,) . Both receiving (FP,)
and transmitting antennas are short dipoles and remain parallel during the
flight and perpendicular to the ground. Assume throughout that d > A.

(a) Let the total time-average power radiated by the ground antenna be P .
Determine the power received by the receiving antenna on the airplane,
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assuming the receiving antenna is matched. Express your answer in terms
of 0, d, A\, and P .For what value of 6 is the received power maximized?

(b) Assume 10 kW is radiated, the receiver sensitivity is 1070 watts (i.e.,
the minimum detectable signal is 10710 watts) and the wavelength is 10
cm. How far away from the transmitter will the signal be detectable in
the airplane? (Hint: For r > d, d/cosf = r ~x and sinf ~1.)

P2.5.10
(a) Find an expression for the far field electric field due to the traveling wave
current distribution

I(z) = e 7%=

along a terminated wire antenna of length L.
(b) Show that the magnitude of the electric field for large distances from the
antenna is given by
301y sin 6 1
FEyl=——+2—-2 kL(1 — 0))]'/2.
B0l = i ean 2 — 2eos(hL(1 = cos))

(c) Sketch the radiation pattern in the plane containing the antenna if L is
equal to 3/2 wavelengths.

P2.5.11

A radio station is located on the coast, west of a city, as shown in
Figure P2.5.11.1a. The transmitting antenna tower may be modeled as a
Hertzian dipole antenna of dipole moment I,¢.

Ocean

(a) (b)

Figure P2.5.11.1

(a) The radio station was able to erect another antenna tower. Relative to
the first antenna tower, at what distance d should the second tower be
placed and with what phase difference @ (—7 < ¢ < 7) should it be
fed, so that there is a null in the radiation pattern in the direction of
the ocean and no “dead” spots in the reception area as shown in Figure
P2.5.11.1b7
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(b) Asshown in Figure P2.5.11.1c, consider another radio station which must
serve two cities, sending most of the power over the land area and little
power in the direction of the ocean (a null at ¢ = 180°) , with maximum
radiation in the direction of the two cities (¢ = £60°), and no nulls, or
“dead” spots, in the reception area (|¢| < 90°). Determine the spacing
d of these two antenna towers and the relative phase difference ¢ (-7 <
1 < 7) to satisfy these requirements.

P2.5.12

Using the pattern multiplication technique, sketch the radiation pattern
in the z-y plane for the dipole antenna array as shown in Figure P2.5.12.1
where all elements are excited with equal amplitudes and phases. Find the
angles for the nulls and indicate them on sketches. The dipoles are all in the
2-direction.

Y
* C A2
T
[ ] .i
|<— A —>

Figure P2.5.12.1

P2.5.13

(a) Construct a binomial array with 3 in-phase Hertzian dipoles along the 2
axis. Specify the relative amplitude of excitation for each element.

(b) Sketch the radiation pattern on the zy-plane and identify the null posi-
tions.

(¢) A 2D array is created using the binomial array from part (a). The array
is shown in Figure P2.5.13.1. Sketch the group pattern and the total
radiation pattern for an in-phase array and identify the null positions.

)

/\/21 * o
[ ]
Figure P2.5.13.1

(d) Find the minimum phase shift « between the units such that there will
be no side lobes.
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P2.5.14
(a) An antenna system in free space radiates the following magnetic field in
the far field (kr > 1) region.

— ~ H, . . .
H = ¢j—2e 7% sin 6 cos(2m sin § cos ¢p)e 72750 cos ¢
r

What is the corresponding electric field in the far-field zone?
(b) The gain function for a transmitting antenna system may be written as

G+(6,$) = 20sin” § cos? (27 sin 6 cos ¢).

A matched receiver is located 1km away in the direction 6 = 30°, ¢ =
90° relative to the transmitter. The receiver has a gain of 10 in the
direction of the transmitter. Find the available power received if the
transmitter radiates 1 kilowatt of power at f =1 GHz.

P2.5.15

(a) Consider an eight-element linear array with dipoles pointing in the 2
direction and spaced A/2 apart with equal amplitude and phase. Using
pattern multiplication, sketch the resultant radiation field pattern in the
-y plane. Locate the positions of the nulls and maxima.

(b) Cousider four dipoles of equal amplitude and phase on the z-y plane
situated at (xz = A/2, y = A/4), (x =A/2,y=—-N/4), (x =—-\/2,y =
A/4), and (xz = —\/2, y = —\/4). Using pattern multiplication, sketch
the total radiation field pattern in the z-y plane. Locate the positions
of the nulls and maxima.

P2.5.16

An electric dipole antenna with dipole moment I/ is oriented in the 2
direction and is placed at the corner of a wall as shown in Figure P2.5.16.1.
The ground and the wall are considered to be perfectly conducting and their
areas are assumed to be infinite.

AZ

77 *m

=

|E|

max

Figure P2.5.16.2

(a) Explain why the radiation field from the dipole antenna is zero every-
where if d =0.
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(b) Let h = 0. The radiation pattern of the electric field |E| is shown in
Figure P2.5.16.2, where the maximum value |E)| appears at 0 = 90°,
and the nulls appear at 6 =0 and 6, .

(i) What is the value of 6,?
(ii) Find the distance d in terms of wavelength .

(¢) Let h = 0. Find the value(s) of d in terms of wavelength A such that
the radiated power along the & axis is zero.

(d What is the field in region z < 0, and what is the field in region z < 07?

max

P2.5.17

Two electrically short dipoles of effective height ¢ parallel to the z-axis
are separated by a distance A along the z-axis. Both dipoles are driven by
currents that have the same amplitude, Ip.

Find the expression for the far field E produced by this array in terms
of the phase 1 of the current of dipole 1 with respect to that of dipole 2.
Sketch the radiation in the z-y plane for ¢ =0 and 7.

P2.5.18
Two short dipoles, each having an effective length d, and spaced one
wavelength apart, form a simple array. The terminal currents are fed 180°
out of phase.
(a) Determine the radiating electric field as a function of r, 6, and ¢ for
>\
(b) Find the time-averaged power density radiated as a function of r, 6, and
¢ . For a given 6, at what angle ¢ is the radiated power a maximum?
(c) Sketch the radiated power density as a function of ¢ in the plane 6 = 7 .
What is the angle for maximum radiated power?

P2.5.19

Consider a T.V. station operating Channel 25 at 537.25 MHz and radi-
ating a total power of 5 x 103 kW. The radiation pattern in the horizontal
plane is isotropic, with a gain G, = 3. How much power will be received
by an antenna with a gain of 10 located one mile 1.6 x 10% meters from
the T.V. tower? (Assume that the receiving antenna is matched and has its
polarization directivity optimized).
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Answers

P2.1.1
Co=Q/V
P2.1.2
I = NqurR? gives v=1/NqrR?> =1/7107%x8.5x 102 x 1.6 x 1071 =
0.023 mm/sec.
P2.1.3
n=308Q and Zy =500 . Vo In(b/a) =250, Enax = Vo/a =1190v/m

P2.1.4

(a) For an air-filled coaxial line, n = 1, = 120m Q. From Zy = 3-1In (%) ,
we find, for b=a+d, a = &= ~0.77d, and b= 1.77d.

(b) For a parallel-plate line filled with air, w = 2% d ~ 7.54d.

(c) Let Zg=5L1In(2) =10*Q. We find & = e10°/6 = 2.41 x 1012 which is
too large, and is not practical.

(d) Let Zo = 5-1n (%) =1Q. We find £ = ¢!/60 = 1.017. The separation
d is too small, and is not practical.

P2.1.5

— Fr—_. /E 5 H H — € s % E

(a) LC = pe as BEr = \/jszT,and HT—\/:zXET.

(b) Zo = (no/27)1In(b/a), where a and b are the radii of the inner and
outer conductor respectively with b= a + d.

™

-1
d 2nZ
Zo = 500 = ;7—0111 <1+5> —a= [e( ) —1] d = 0.769d

(c) Zo=500="d = w=d=12"qd.
3
(d) In order to get Zy = 1k, we have, 2250 = % =16.7 = a = 5.78 x
10~8d . This is not a feasible design.

(e) To get Zy = 10 for a coaxial line, we have 27:7020 = &5 = a=>59.5d.
It is not practical. For a parallel plate line, we need w = 377d, which is
practical.

P2.2.1

The solutions for the voltage and current waves are

V(z,t) = Vi[cos(kz — wt) — cos(kz + wt)] = 2V sin kz sinwt

I(z,t) = Iy[cos(kz — wt) + cos(kz + wt)] = 214 cos kz coswt
We find, in the limit when —kz =kl < 1,
U

V. A
Ly=———tankz ~ DO = w—
wly w w
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for a parallel-plate transmission line.

P2.2.2

(a) Zo=2,/E =200Q.

(b) V (2,t) = Egdcos(kz —wt); I (z,t) = (Eow/n) cos(kz — wt)
(c) P=E2wd/2n.

(d) Fmax = 2 x 10° V/m, below the breakdown field strength.
P2.2.3

(a) At t =0, a backward traveling wave V! = Vj is generated such that
[ =Vo/Zo—V_]Zy =0. [Fig. A2.2.3.1]

v

-~

U| 12

Figure A2.2.3.1

(b) For t >1/v, V=1,.

P2.2.4

lf=vt=1t//pe=10us x 2 x 108 m/s = 2000 m

V=Vi(1+Ty), Ty =V/Vy —1=—%, Ty = £550 gives Ry =
Ry =309

P2.2.5

(a) At the point of the break there is an open circuit (I' = 1) and the
current is zero. To satisfy the boundary condition at the breakpoint for
t > 0, two current waves, I, and I_ with value —I, are created. From
I, Vo =20l =—-20l,. From I, V_=—-Zy1_ = 7,1,

(b) Py = I,V,=1x10°W = I, = % x 10" A = Vieak = Vo + Zol, =
1430 kV

P2.2.6
(a) £=3x108m™! x$x10"8s=15m
(b) Since V =V,(1+Tg) and V = 0.25V, V, = 0.5V, we find T =

1 _ Z.-Z _ 1 : s
-5 = ZiJng . It follows that Zj, = 579 .;%ezplace tge infinite line by
L 40 0

Zy which is in parallel with Ry . From Riids — 3 We determine
R, =%
L 2

(c¢) The voltage and current distribution on the line at time ¢t = 1.5¢/v is
shown in Figure A2.2.6.1

P2.2.7

(a) To=3577=3
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AV
1/2+
/ -
1/4—+
>
} } > Z
l/2 l 30/2
1z,

N R
124 =
14+ —|

/2 ¢ 3¢/2

Figure A2.2.6.1

(b) For t <0, V(2) =1x % =32 At t =2l/v, V(2) =0 along the
transmission line.
t<0 t=1/2v t=2l/v

3/4 3/4

1/4

Y o
Y w
Y w

I 1/2 1

Figure A2.2.7.1

P2.2.8
(a) £=X/2, A=2(; kof 7 = 7 Wo=koc=TF
(b) ﬂ-&5MHZ$@b:9x1W ¢ = I¢ = 100m
7ra ma‘e, . 2mhle,
(C) Co = C ; Cr= In(b/a)
1
(d) tankl= &t
2
Since d is small, k¢ ~ gt and W3 = G a7
2
(e) L= wg#(db/a); a=3mm, b=3.3mm; ¢~ 8mm
P2.2.9
(a) Zp=+/L/C= (b/a)/ln%;/ea In(b/a)r ~ 50 Q
(b) Z ~ 509

(¢) f.=33.9GHz



252 2. Transmission Lines

(e) Co="5*
P2.2.10

V(z,t) = 2A cos (wt) cos (kz)

2A
I(z,t) = Z sin (wt) sin (kz)
nw

vV LC

kl =nm; w, =

(i) A=Re[-3je/~™M] = = A=-3je "/ = (-3 -3j)
(i) A=Re[e/!(—ji—27)] = A=-ji-2j
(iii) A = cos¢coswt = Re [cos gbej‘”t] = A=cos¢

=je/™* = A=Re/(je!"/1elt) = cos(wt + 3m/4)
E+93) = A=Re[(&+§3))e*!| = icoswt — 3jsinwt
=Re [(Aoe?? + j) e7%t] = A, cos(wi + ¢) — sin(wt)

NSRS
I

(i)
P2.3.2
(a) A=8m; Z, = ZoZn = 50(0.55 — j0.3), Q = (27.5 — j15)Q
(b) Zn(—25) = 0.55+;0.3  Z(—25) = (27.5 + j15)Q
() V(=25) = Vayimrnge = Vi [e7H(29) 4 1 ek (-29)]

- Z(-25)
V+ =Vs [Z(_25)+ZO][e—jk(—25)+FL€jk(—25)]

Ve =Vi(1+4T7) = V,(0.19 — j0.35)

(d)
1 1 Vil Vi 1
<P>—§%{VLIL}—§%{VLZZ}— 9 r Zz

1

1
= —|V.(0.19 — j0.35)]?Rd ——
51Vs(0-19 = j0.35)] %{27.54-]'15

} = 0.0022|V,|?

Note that instead of calculating < P > at the load, the same result can be
obtained by calculating < P > at z = —25m.

V(—25)|2§R{ 1 }_ Val?1Z(=25)]7  R{Z(=25)}

<P>=

2 Z(=25)" [ 2|1Z(=25) + Zo|2  |Z(-25)|2
_ViPR{Z(=25)} _ VA2 275
T 21Z(=25)+ Zo2 2 (50 +27.5)2 + 152

= 0.0022|V,|?

P2.3.3

a) LA\=6cm, A=12cm, v =< = L3 , — 1 95 GHy
2 ) ? A 0.12
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(b) T = 0.5e772/37
(¢) Zr =2ZrnZo = (18.5—j25.5)Q
(d P=121-4-50-0.75W =T75W
P2.3.4

At voltage maximum, the normalized impedance is
_14T(2) 140y

2 =TT T TS0

Ry

Thus VSWR = Ymaz — 1Ll _ i with R, > 1 on the real Ty axis.

Vinin 1_‘FL‘ -
P2.3.5
eIl 4 T eIk 1-Ty
Z(z=-N4) =Zy——7i——5=7
(Z / ) Oejke_l—\Le_Jké 21+FL

_ 2(ZL-l-Zz)—(ZL—ZQ) _ Z3
(ZL+Z2)+(ZL_ZQ) 21

_ ZG=—XNN-2Z1 _ — ./
F_Z(ZTM_OWhenZ2_ Z]_ZL.

P2.3.6
(a) Za=Zo(1-) o
(b) Zp=2a+3jZ0=20(1—3)+jZo=Zo
(C) ZC:Z() , X
Vol2 _ Vo
@ (P)= 1 = Ik |
() Vo="%, Ve=jVo=j% Va=i%aieis="%0+))

a . V,|? . V,|?
VL:_VA:_VT(1+])7 <P>:%|4ZL%{1_]}:‘SZL

P2.3.7
2

Z
(a) When £; =0.25)\, Z(z =41 — l3) = Z_'O = 27y will maximize power.
(b) From the Smith chart ¢ = 0.125), ¢ = 0.074\ (Figure A2.3.7.1).

V5 = 0.125)

Figure A2.3.7.1
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(c) Intersections with the circle Re{Y,} =2 give [I'z| = %ﬁ _T_ gz > % .
P2.3.8
(a) Wr = 2(W.) = S|Vo]2 Py= LRp|I(z=0)]? = 2ol
Q== 4
(b) Wr = 2(We) = FWl* P = ﬁ 1K2‘b 2 = 222)‘(/25172)
Qp = 29T = Z(1+b?)
P2.3.9
@ HY =Yz = = b= g =,
(b) VO = Yoo Vo g — jul,. Yo = e 50 = cotlkal — 6) =
ckné—z

(c-i) cot(wn ):0 :>wn§:mr—|—§. n=0 = fo=352="75MHz.
¢ _

£
cii) cot (wpf) =00 Swpl=nr. n=0 = fo=4=0.
c c 2m
(d) cot (w) = =0<wi<F,or 0<f<T75MHz.
P2.3.10
1 A 1 Z
= =Yy = = =Yt = 1
(a) 20 66, Zo 5 20 46, Zo 0
frng l . —Z — frng l . —ZO —
20 = 3& ZO 15 20 21& ZO 20
1 A ; 1 Z .
=l L= 4 — 1y Z .
(b) 20 66, Z 5+ 40 20 4& Z 0+50.5
_1 Z _ ; _1 Zy _
S A 4 —1lp Zo_»o
20 367 Z 5470 20 26, Zo 0

(¢) The resonator is driven by a shunt current source of amplitude I, applied
at z = w . The source frequency w is varied around w; . Assuming small
loss, write down the modal expansion and indicate the dominant term.
Hence plot |V (z = w)| as a function of w and indicate how @, can
be obtained experimentally from such plots for the loaded and unloaded
resonator.

P2.4.1

1
(a) FOI'U)<W0, HTZW and %:W

Vi ;
(b) =~ ijjo“erf)l ~ —w?LoCy (W?LoCh < 1)

JjwCo
P2.4.2
2
in2 & — “ou 1
(a) sin 2 T w2 4w2LoCo
(b) Z= ‘I/—” = % = —sgnb, [ Loei5
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sin w _V2n
(d) wvn(t) = Visin (wot + ”7”) %

wo1

P2.4.3

1 1 [Lo 6
Py .. =ZReZlI.1?=—Z|I.12:] =2 cos =
< >p051t1ve 2R€ | +‘ 2| +‘ CO COb2 <0

_ 1 * 2 LO 0
<P>negative - 2Re (V*I ) |I | \/ 0 COS 5 >0

Hence power travels in 0pp0$1te direction of the phase velocity.

P2.4.4

(b) w2 <w? <wi+w?.

P2.4.5

(a) wg = 2/\/Loco, w1 = 1/\/L100 .

(b) w?<w?<w2+w?.

P2.4.6

(@) bo =kl =wlVLC =wVLICL=22; 0= 2sin~! el

(b) wa we/2 =18.1 x 10% rad/sec = f = 2.88 kHz.

P2.5.1

(a) Zo=120m9, 2y = /B0 = 22 — 60702, Zy = VE = 20 =300

- 2 1 S C; |
b) E;=4Ey= —%7\ ,—ddkoz _ o itkoz
(b) t 31031 1(e )e _2\/§y ne
3
T = 4 Ef E}
2772 3 2 0 4 27]0
_ al-%
(C) Et:gEog—l(fj) 7j4k0z—7_]yE e Jdkoz
1__
(5) = |—‘ <>E2 8Ef
2,'72 2770 0 257’]0

Note that (S;) = 2770 [1—To?] = 2(Sine) [1 - [Tol?]

P2.5.2
(a) 0: =6 =15° because the media on the two sides are the same.

(b) The layer is 1/2 wavelength thick — perfect transmission T" = 0.
P2.5.3

Let = po, n = +/€/ep, and n = y/uo/e = no/n, ng = 1.46, and
model this problem as in Figure A2.5.3.1.

Looking into the substrate, we see an impedance of 79 /ng . From the left
of the first dielectric layer, we can use the inversion properties of a quarter-
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256
[ 0 o o — — —
_. = _ o _ o Mo
Zo =no Zu - Zr, . Zy - Zg= .
— e —— — —
e A s F%»\ e A
4

Figure A2.5.3.1

2
ﬂ) s and, back another layer:

) nH o 9
m
Lin = (n—H> U So, after 2m layers, we get Z;, = <n—H) 0 And
nr, ng nr ns

wave transmission line to give: Z;, = (

2m
after the last H layer: Z;, = n—QS (n_L) o -
n? \ng

The reflection coefficient, I', from outside the last layer is:

ns (TLL)2m 1
- ZL/Zo— 1 . n% ng

- - 2m
ZL/Zo+1 ng (’I”LL> 41

~ —0.9645103 for m = 6
©—0.99999935 for m = 25

n% \ng
0.930280 for m = 6
Th flecti flicient |I'|* =
e power reflection coefficient |T| 0.9999987 for m — 25

P2.5.4
j fl
(2) VSWR=2= |of=3= o=-§= i = =5
Vi plane of o
Vmax
|Vmin| |Vm<mx‘
V;nin
! A
‘ B
— > Z
A .
8 Y oy(z=0) = —j3

Figure A2.5.4.1

_ 140 (17‘7./3) _ .
(b) Z, = ZotE2t = 50 — 40 — 430
(1+ j/3)

(¢) Zp, =0.8—40.6
To connect inductor in series to match the load, we need to go to the

point A, =1-350.7 at w =101 = AX=19cm ¢=0473\ = /=89cm.
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To match A, , we need to add in series an inductor of value: X,, = +0.7 =
X=07x50=35Q= L= —_35nH

P2.5.5

(a) Zpr = Impedance looking into the terminals DF
Zpp = Impedance looking into the terminals DFE
Zpr = Impedance looking into the terminals E'F'
Therefore, we have Z = Zpp = Zpg + ZgFr 4
Open circuit = Z; =co = ' = 1 = I'(z2) = eI2k*
Zpp = Z)aes = Zo 0 — —jZo cot kt
Short circuit = Z; = 0= Ty = -1 = I['(z) = —e/?k?
Zpipr = 2oy = Z% = jZ.tankl = jRy tan kf
Ry -Z gt 1 an an . . :
Zpr = R;+Zill;l = fipt 1+kf;1j2}7c§ tankl _ R, sin® kl+j Ry, sin kl cos k¢
7 = ZppZpr = Ry sin® kl + j cot k€(Ry, sin® kl — Z)
(b) Z =2y = Zy = Rysin®kl = sin®kl = 2> = 20 = sinkl = 0.85 =

Ry
kl = { ;?; 1 :;; in radians
(c) k=2==L-101, 2£-213=2—213_2]1],
Z
——1 14—1 1
™ Z,
d) k¢ = = = Z =R, = 70Q = I'y = 2 = = =
(d) 5 = L TP Zy T mael 6
14+ 1
veswr= Ll _1¥s

1-|Tp] 1-1
P2.5.6
(a) For far field, E(7) = —jw,ue4;TT (9f9 + ¢f¢)
where f(0,¢) = IE = (z+jy)lt= 0ei? cos 010 + djel Il so
E(F) = —juult ' gid (COSH 0 +]¢)
_ . s
(b) B() = ¢M4M et

E(r,t) =Re {E(F)e*t} = qﬁw,um cos(wt + ¢ — kp)

(c) <8 >= 1Re|E| 3 <k12> which is a constant independent of the
azimuthal angle o .

@ [ <F>|=1ReZE = 1y (522

P2.5.7
Fmax = 11/ Ft ~ 7.96 x 10*km > 3.6 x 10* km

P2.5.8

(a) Figure P2.5.8.1(i) gives the maximum reception for AM.
(b) Figure P2.5.8.1(ii) gives the maximum reception for TV.
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(c) All three configurations gives the same reception for FM.

P2.5.9

(a) The angle of maximum power reception is 6 = tan~! V2.
(b) Tmax ~ 79.6 km

P2.5.10
(a) I(z)=Ioe 7"
B = fyisnt e=ikr f(g) = fydbsinde—sbr [115 21 (z)eik=cos
(b) |Eg| = W fL/§2 dzIye—ikzgikz cos0
- % [T ejkz(cos@—l)}L/LQ/Q

= —3810;23) 2sin [2E(1 — cos )]

r(1—cos 0)
(c) For L =3\ and far field

1
__ 30I,sinf 2 { 2—2cos[kL(1—cos )] } 2
- 4

= —

= <
- ~

Figure A2.5.10.1 L= 2\

s1n[37"(1—cos 9)]

[2]
tan 5

|E(7)| o blneesm [7”(17(:050)] =

P2.5.11

(a) d=MX/4 and ¢ =—7/2.

(b) ¥ = Z(4m+2n+1), and d = ?’\(m n—1/2). Let m =0 and n = —1,
we get Y=—7m/3 and d=\/3.

P2.5.12
Nulls at ¢ = £60°, £90°, £120°

o =T

a) E= 6 B Hy = =0 Hoe IkT sin @ cos[27 sin @ cos P|e 727 sin b cos &
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(b) Pr= 1000 (£225)%10-5 =285 x 1070 W

P2.5.15

(a) The eight-element linear array can be generated by the convolution of
the unit and the group consisting of two dipoles separated by distance
2. The unit is a four dipole array with separations of A/2. The resul-
tant radiation pattern is the product of the unit pattern and the group
pattern, which has two maxima at ,,,, = £90° and fourteen nulls at
1 =0,£41.4°, £60°, £75.5°, £104.5°, £120°, £138.6°, 180°.

(b) The unit is a two dipole array with separation of A along x -axis. The
group consists two dipoles separated by distance A/2 and located along
y-axis. The resultant pattern has two maxima at .., = 0,180° and
six nulls at ¥ = £60°,£90°,4+120°. The sidelobes between 60° and
90°, 90° and 120°, —90° and —60°, —90° and —120° are small.

P2.5.16

(a) When d =0, the (image) dipoles cancel with each other.

(b) E ~sin®-sin(kdsin®). At 6§ =90°, |E| = |E|, .= kd=n1+ T .
(i) kdsinf,=n =0, =sin"" 2n2+1 =sin~! 2 (n=1).
(i) n=1 =kd=3 =d=23\.

(c) kd=nt =d=4X (n=0,1,2,---).

(d) The fields in region z <0 and x < 0 are zero.

max

P2.5.17
— - o oy .
E(F) _ 9]WM2¥T6_]I€T+WTSIH9COS #+37 sin 6 cos |:7T SlIleCOS¢ + %]

P2.5.18
(a) E= é%e‘j’”“” sin 6 cos ¢ gin @ sin[7 sin 6 cos )

(b) <S>=1Re {E X ﬁ*} =7in ’%IQSHIQGSHIQ[WSHIHCOSQS]

Tsinfcos¢ = I = ¢ = cos™! (25i1n9)
(c) p=m/3.
P2.5.19
AQ PT(I Gra
Arec = EGrec P (Prec)MAX = ArecSinc 5 Sinc = #
A2 Prog 3 x 108 (3 x 10)(5 x 10)

=0.116w

Proe = = GreoGh - 2
ree = g GreeGraages = (g5 708) (16)(72)(1.6 x 103)2
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3.1 Time-Harmonic Fields

A. Continuous Monochromatic Waves

For electromagnetic waves of a particular frequency in the steady
state, the fields are time-harmonic and are known as monochromatic
waves or continuous waves (CW). The CW cases are important for
three reasons: (i) the CW assumption can be used to eliminate the time
dependence in the Maxwell equations and thus considerably simplify
the mathematics; (ii) once the CW case is solved and a sound under-
standing is developed for the frequency-domain phenomena, Fourier
theory can be applied to study the time-domain phenomena; (iii) CW
representation covers the whole spectrum of electromagnetic waves.
Clearly, a thorough understanding of CW or the time-harmonic case
is essential in the study of all electromagnetic wave phenomena.

In general, for a time-harmonic field with angular frequency w,

we let

E(7,t) = Re{E(F) e ™'} (3.1.1)
where Re denotes the real part of a complex quantity, E(7) is a
complex vector, and e~ is the time convention used to denote the
time harmonic dependence.

The complex electric field vector E(F) is a function of position
only and independent of time. In this book we do not use different
symbols to distinguish real quantities such as E(7,t) in the time do-
main and complex quantities such as E(7) in the frequency domain.
Their meanings should be clear from the context. In case of possible
ambiguity, we shall explicitly indicate the complex field quantities to
be functions of 7 only and the real time-domain fields to be functions
of both 7 and ¢.

Similar definitions apply to other field quantities with E replaced
by B, D, H,J, and p in (3.1.1).
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Substituting E(7,t) and B(7,t) in Faraday’s law

V x E(T,t) = —%F(?, t) (3.1.7)

we obtain
Re {[V x E(F) —iwB(F)le ™"} =0 (3.1.8)

This equation is true for all time t.

Note: When the real part of the complex quantity in the square brackets
multiplied by all values of e~** is equal to zero, the complex quantity itself
must be equal to zero. Consider Re{Ce ™!} = 0 where C = Cg + iC;
denotes the complex quantity with both C'z and Cj real. Show that C'r =0
by letting wt =0, and C; =0 by letting wt = 7/2.

We find from (3.1.8) that Faraday’s law for time-harmonic fields
becomes

V x E(F) —iwB(F) =0 (3.1.9)

Similar arguments apply to other Maxwell equations and we find that
they become, if we omit writing the argument 7,

V x E =iwB (3.1.10)
V x H=—iwD+J (3.1.11)
V-B=0 (3.1.12)
V-D=p (3.1.13)

This amounts to replacing time derivatives in all Maxwell’s equations
by —iwt and treating all field quantities as complex.

We see that the Maxwell equations for time-harmonic fields no
longer have time dependence, thus mathematically reduced the four
independent variables x,y,z,t to x,y,z. The electromagnetic field
quantities are now dependent on space only. However all field quantities
are now complex. To recover the real space-time dependent field vector,
we simply multiply the complex quantity by e ™! and take its real
part as shown in (3.1.1).
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B. Polarization of Monochromatic Waves

Considering the time evolution of E(r,t) at r =0 by letting
E=FEr+ikE] (3.1.14)

The plane defined by the two vectors Er and E; is called the po-
larization plane. For the time dependent electric field vector, we find
from (3.1.1)

E(t) = Re{(Eg +iEr)e ™'} = Egcoswt + Ersinwt (3.1.15)

In Figure 3.1.1 we sketch the two vectors Er and E;. At t = 0,
E(t) coincides with Ep. At wt =7/2, E(t) coincides with E. The
tip of E as a function of time traces out an ellipse. When FEp is
perpendicular to E;, one represents the major axis and the other the
minor axis of the ellipse.

The time derivative of E(t) gives

OE(t)

ot
At t = 0, the time rate of change of the electric field vector is in the
direction of Ej. As wt = 7/2, the time rate of change of E is in the

opposite direction of Ep . Thus as time increases, the vector £ moves
from Er to Ey.

= w[-Epgsinwt + Ejcoswt ]

wt=m/2
M
wt=m t=0
Ex
wt = 3m/2

Figure 3.1.1 The polarization plane.

When Ei and E; are parallel or anti-parallel to each other, the
total electric field vector represents a linearly polarized wave. For an
electromagnetic wave propagating out of the paper in the direction of
the thumb, the motion of the tip of E(7, t) follows the right-hand
finger. The wave is right-hand elliptically polarized. When Epr and
E; are perpendicular to each other and have the same magnitudes,
the wave will be circularly polarized.
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C. Time-Average Poynting Power Vector

The complex Poynting’s theorem is derived by dot-multiplying (3.1.10)
by H" and subtracting the complex conjugate of (3 1. 11) dot multl—
plied by E Making use of the identity H VxE-E-VxH
V.- (E x H"), we obtain

v-(ExF*):z’w[ﬁ -B—Eﬁ*]—E-T (3.1.16)
The complex Poynting’s vector S is defined to be
S=ExH (3.1.17)

However, it is noted that, mathematically, F x H" is not a uniquely
defined quantity as far as Poynting’s theorem is concerned. An arbi-
trary curl field V x A can be added to E x H without changing
(3.1.16). Physically the complex vector S as defined in (3.1.17) has
been identified as a complex power density vector.

The term E-J =E-(J, + 7}) in (3.1.16) consists of two parts:
one part due to the ohmic current J. and the other due to the free
current J;. Equation (3.1.16) can be rearranged to read

~E-J;=V-(ExH)+E-J.+iw(E-D —B-H) (3.1.18)

Consider a small volume element V. Equation (3.1.18) states that
the complex power supplied to V by 7f, -E. T}, is equal to the
divergence of the complex Poynting power flow out of V, V- (E x ﬁ*),
plus the complex power dissipated in V, E - 72, plus the last term
related to the stored complex electromagnetic energy in V.

While the instantaneous value of the field vectors can be immedi-
ately determined from (3.1.1), the instantaneous value of the Poynting
power density vector cannot be determined from the same rule; the
power flow vector S involves the product of two field vectors. For more
insight into this issue, we let a complex field vector be represented by
two real vectors. We write

E(F) = Eg(F) +iE;(7) (3.1.19)

where Er and E; are both real vectors representing the real and
imaginary parts of the complex vector F. Similarly,

H(F) = Hg(F) +iH (T) (3.1.20)
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The instantaneous values for the field vectors are
E(7,t) = Re{E(F)e ™'} = Epcoswt + Ersinwt (3.1.21)
and o o o
H(7,t) = Hrcoswt + Hsinwt (3.1.22)
The complex Poynting’s vector is
S = ExH = ER XFR—FE[ X F]—FZ(E[ X FR—ER XF]) (3123)
We define the instantaneous Poynting’s vector S(7,t) as
S(7,t) = E(F,t) x H(F,t) (3.1.24)
In view of (3.1.21) and (3.1.22), we have
g(?, t) = ER X FR cos® wt + E[ X H[ sin? wt
—I—(ER X F[ + E] X FR) sin wt cos wt (3.1.25)
Clearly (3.1.25) is not related to (3.1.23) in any way by the rule for field
vectors as shown in (3.1.1). The instantaneous Poynting’s vector S(7,t)
is a real vector and is time-dependent. To relate S(7) to S(7,t) we

must eliminate the time dependence in S(7,t). This is accomplished
by a time averaging process. We find

. 1 21

<87, t)> = 7 d(wt) S(7,t)
T Jo

= 3 [Brx g+ By < )]
= %Re{g(F)} (3.1.26)

where the first equality defines the time average of S(7,t), the sec-
ond equality follows from (3.1.25), and the last equality follows from
(3.1.23). Thus, when the complex Poynting’s power vector S = E x H
is known, taking half of its real part yields the time average value of
the instantaneous Poynting’s vector:

<B(r1) x (1) >= yRe {E < 7' (3.1.27)

This rule, in general, applies to the product of any two field quantities.
That is, the time average of the product of two field quantities is equal
to half of the real part of the product of one complex field quantity
and the complex conjugate of the other complex field quantity.



268 3. Media

D. Waves in Conducting Media

Under the time harmonic representation, constitutive elements describ-
ing material media are, in general, complex. Consider a conducting
medium governed by Ohm'’s law

J.=0F
From the Maxwell equation
VxH=—iwD+J.+J; (3.1.28)

Where_jf represents the source, we can absorb J. in D by noting
that D = eE. We find

— 7 —
V x H=—iw {e+—a} E+Jy
w
Thus we define a new permittivity
ce=ct+il (3.1.29)
w
which is complex and accounts for the conductivity of the medium.
When both € and o are real, the conductivity o then constitutes the
imaginary part of a complex permittivity € + io/w.
The Maxwell equations for the conducting medium in source-free
regions with Jy = p =0 are simply

V x H = —iwe.E (3.1.30)
V x E =iwpH (3.1.31)
V-H=0 (3.1.32)
V-E=0 (3.1.33)
The wave equation for E is
(V2 +w?ue) E =0 (3.1.34)
Wave solution E = ZE, = #Eye’™ has the dispersion relation
k2 = W pee = wl (e + zg) (3.1.35)
as seen from (3.1.29). The spatial frequency k is now complex, we find
k= wy/ie [1+z’ﬂm = kg + iks (3.1.36)
The solution for a wave propagating in the 2 directions is
E = 1 Eye™ = pFyeFratiknz (3.1.37)

which attenuates exponentially in the direction of propagation.
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Penetration Depth in Conducting Media
The solution of the electromagnetic fields in a conducting medium
15 ( E — i,Eoe—kIZ-i-ikRz
F _ @ (kR + Zk[) Eoe—lqz—‘rikRz
Wi

— kp — ik 3.1.38
wi
<8 > =i | Byl

The electric field in time-domain is

E(Z, t) = :%Ez(z, t) = Re[iEoe_kIZ—i_ikRze_th}

= #Ege 1% cos(kpz — wt) (3.1.39)

The wave propagates and attenuates in the 2z direction. The spatial
variation of F,(z,t) in (3.1.39) is illustrated in Fig. 3.1.2.

>
>

> F.(z,t)
Figure 3.1.2 Wave in dissipative medium at ¢t = 0.
The penetration depth is defined as

dy = — (3.1.40)

such that the wave amplitude attenuates by a factor of e~! in a dis-
tance d,. We now consider the two limiting cases of very high conduc-
tivity and very small conductivity.
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For a highly conducting medium with 1 < o/we, we approximate

1/2
k:kRkaw\/;E[ia} :,/“’—g”(lﬂ') (3.1.41)

we
We find the penetration depth

=] —2— =3 (3.1.42)

wHo

which is usually a very small number known as the skin depth.
For a slightly conducting medium with o/we < 1, we can ap-
proximate

o [ 1/2

k= kn + ik ~ wy/ie [1+ 22—w€] = wy/ie +ig (E) ? 3143

We find the penetration depth

d, =2 <5>1/2 (3.1.44)

It is interesting to note that the penetration depth in (3.1.44) is in-
dependent of frequency. However, we have assumed a homogeneous
medium here, at high frequencies there will be large attenuation due
to scattering.

To find a general solution for kr and k; in (3.1.36), we obtain

from the identity v/1+1iA = \/%(\/1 + A% +1) —l—i\/%(\/l + A2 -1),

11/2
1( o?

1 o2

r 1/2

which reduces to (3.1.41) in the case of highly conducting medium and
reduces to (3.1.43) in the case of slightly conducting medium.
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E. Waves in Plasma Media

Consider a plasma medium, which is a neutral ionized gas consisting
of free electrons and positive ions. Since the ions are much heavier
than the electrons, we assume that only the interaction between the
free electrons and electromagnetic waves need be considered. Let the
electron plasma comprising electrons with density N, electron mass
9.1 x 1073 kg, and electron charge ¢ = —1.6 x 107 coul. We can
derive a constitutive relation for the plasma medium by finding the
polarization vector P = Nq7 where N is the number of electrons/m?.

Under an applied electromagnetic wave field, an electron is subject
to the Lorentz force f = q(E +7 x B) =~ ¢E. The second term is
negligible for v/c < 1, as |B| = |E|/c for a plane wave in free space,
and |[vx B| =~ (v/c)|E| < |E|, although ¥ x B and E are in different
directions. From Newton’s second law, we have

B = Lom) = m by = s
~ f=—(mv) =m—-—=5T = —muwF
1 dt dt2
which gives the polarization vector
— Ng? —
P=Ngg=—-——LFE
mw

From the source-free Maxwell equation

- . = =T , N¢ \ =
V x H=—iwD = —iw(e,E 4+ P) = —iwe, | 1 — E

me,w?

we find the permittivity for the plasma medium
w2
ep(w) =¢€o |1 — w—g (3.1.47)
and the plasma frequency w, is defined to be

Na?
wp = | —L ~ 56.4VN (3.1.48)
mego

Equation (3.1.47) explicitly displays the frequency dependence of the
permittivity e,. It is noted that e, is always less than ¢, .
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The wave equation for E is
(V2 + w2,uep) E=0

with the dispersion relation

2
w
K = wQ,quo <1 — w_é))

3. Media

(3.1.49)

(3.1.50)

For w > wy , the solution of a plane wave propagating in the Z direc-

tion is
PN
c w?
E = :%Eoezkz
— k
H = jj— Ege'™
w
— k
S = z—|Ey|
w
_ _k 9
<S8 >=z2—|E|
2w

2
w.
k= ik =iy | £ —
C w
E = i‘E(]e_kIZ
ik
H = §—LEyetr?
W
ik
S =2 1Ry ’E0’€_2k12
wh
<S>=0

(3.1.51)

(3.1.52)

This result of zero time-average power is significant. The wave that
attenuates exponentially in the 2 direction and transmits no time-
average power is called an evanescent wave.
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Phase and Group Velocities

In a dispersive medium, the spatial frequency k is a nonlinear
function of the temporal frequency w . A plasma medium is a dispersive
medium with the dispersion relation

when w > wy, . In a dispersive medium, consider a field composed of two
waves with slightly separated temporal frequencies w; = w, + dw and
wy = w, — 6w . The corresponding spatial frequencies are ki = k, + 0k
and ko = k, — 0k . We write

E,(z,t) = cos(kiz — wit) + cos(kaz — wat)
(lﬁ + ko w1 + wo
= 2cos t

2 2
= 2cos(koz — wot) cos(dkz — dwt)

> cos(0kz — owt)

e B

~ \\()/
cos(Akpz — Awgt) S
—

cos(kroz — wot)

Figure 3.1.3 Wave in dispersive medium at ¢t = 0.
where we used the identity cos A + cos B = 2COSA%BCOS A_TB. In
Fig. 3.1.3, we plot E,(z,t), which shows a propagating wave cos(kz—
wt) with a modulated amplitude cos(dkz — dwt) . The modulated am-
plitude propagates with the group velocity v, = dw/dk. The car-
rier cos(kz — wt) propagates with the phase velocity v, = w/k. In
general, for a narrow-band signal, the group velocity is defined as

vg = 1/(0k/0w) .
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ExAMPLE 3.1.1

Consider a narrow-band signal propagating in a plasma medium with
dispersion relation

k(w) = 1/ poco(w? — w?)

In Fig. E3.1.1.1, we plot the w-k diagram for the plasma medium. The phase
velocity is found to be

C

w
F oo

’Up:

Wp

/y
//} tan~! Up

> k

Figure E3.1.1.1 Dispersion relation for plasma media.

which corresponds to the slope of a line from the origin to the dispersion
curve. The group velocity is

1
= /1= w2/w?
Vg 0w cy/1—w2/w

which corresponds to the tangent to the dispersion curve. Notice that v v, =
¢? . Thus, while the signal propagates with the group velocity which is always
smaller than the velocity of light, the phase velocity is larger than the velocity
of light.

— END oF EXAMPLE 3.1.1 —
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ExamMpLE 3.1.2
The source waveform is a sinusoidally modulated sine wave:

E,(t) = coswpytsinwet

with wpr < we at z = 0 propagates in the +2 direction inside a plasma

medium with the dispersion relation k* = (w? —w?)/c?.

(a) Use the appropriate trigonometric identity to write E(t) as a sum of
sinusoidally varying signals. What is E(z,t) for z > 0? Write the ex-
pression for E(z,t) as a product of sinusoids.

(b) If wy = 0.1we, and we = V2wp , sketch the wave form E(z,t) vs. z

for several values of the time t¢. With what speed does the modulation
envelope move?

SOLUTION:
(a) Ey(z=0,t) = coswytsinwet = 1 [sin(wc +wM)t+sin(wC—wM)t} .

Define wi; = we + wysr, we = we — wyy . Then
1
E(z,t) = 3 [sin(wlt — k12) + sin(wqt — ]{322)]

= cos 1 [(wl —wo)t — (k1 — k2)2:| sin % [(wl +wa)t — (k1 + kg)z]

2
— cos [wMt _ MZ} sin [wct _ MZ}
2 2
Ak . ko
= COSW) [t — —z} sin W, [t — —z}
Aw We

where wy —ws = 2wy = Aw, k1 — ko = Ak, k1 + ko =2k, , and wy +wy =
2w, .

(b)
1

wM:O.lwc szﬁwc
W =wet+wy = 11w, wo = we —wpyr = 0.9w,

k2 = [(11)20;205]“’2 o ((].84)2‘:’,_2g k3 = W > (0.56)%%

0N

1 1 We 1 we
- = —(0.84 + 0.56)2c = —_ ¢
o = 5k + ko) = (0844 0.56) 7 2 ==
Ak =ky — kg = (0.84 — 0.56)% - 0.28%
Aw = w1 —ws = 0.2w,

Thus

E(z,t) = cos [wM(t - ?2)} sin [wc(t - ﬁz)}
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z)] sin [wc
- gz)} sin [wc

(t— gz)} sin [wc

b
V2e

d
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Figure E3.1.2.1

3. Media

The modulation envelope moves with the speed v, = % whereas the carrier
wave moves with the speed vy, = v/2¢. Thus vy, = 2v,.

— END OoF EXAMPLE 3.1.2 —
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ExampLE 3.1.3

Consider a group of plane waves with different angular frequencies propa-
gating along the Z direction in a dispersive medium. Assume that all angular
frequencies are in the neighborhood of a center frequency wg . We can express
the wavenumber k& around wy,

k:(w) = k‘(CUO) + (w — wo) [%“:})]
oy [%’ﬁ;‘”]m o (1)

For a narrow-band signal, we can retain only the first two terms. The space—
time dependence of the group of plane waves becomes

. dk(w)
—i(w— t—p | 2E)
eik(u)z—iwt _ eik(wo)z—iwote iw wO){ # [ dw ] w=wq }

which can be viewed as a wave propagating with phase delay T, = k/wy and
group delay Ty = dk(w)/dw .

We can construct a w—k diagram, plotting w as a function of k. Figure
E3.1.1.1 shows the w-k diagram for an isotropic plasma medium. The slope
of the straight line from the origin to a point on the curve at w = wy then
represents the phase velocity v, , and the slope at w = wg represents the
group velocity vy . We find

vp = !
\/uoeo (1 — wg/wz)

and

vy = V11— w2/w?
VMoo

It is seen that v, is larger than the velocity of light ¢ = (po€o)~'/? and
that vyvy = c? . For a nondispersive medium, the w-k curves are straight
lines starting from the origin, and the phase delay and the group delay are
the same, as are the phase velocity and the group velocity.

— END OF EXAMPLE 3.1.3 —
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F. Dispersive Media

Time dispersion is a common phenomenon for most media in the pres-
ence of time-varying fields. As an example, the permittivity of water
drops from 80¢, to approximately 1.8¢, as the frequency increases
from static to the optical range. The reason for this decrease is that
the alignment of water molecules, which possess permanent dipole mo-
ments, is much more ineffective at optical frequencies than in slowly
varying fields. In the same fashion, both conducting media and plasma
medium are dispersive media as they are described by permittivities
which are functions of frequency.
The equation of motion for a bounded electron under the action

of an electric field is

— d’F  dr

¢E=m @Jrv%w%
where v is the damping constant which is small compared with the
binding or resonant frequency w, . The polarization vector is then

Ng*/m

P=Ngr=— 3
w

— w2 4wy

From the source-free Maxwell equation written as

V x H = —iw(e, E + P) = —iweg(w)E

we determine the permittivity

eq(w) = € [1 - — P (3.1.53)

w

— w2 4wy

where wg = N¢?/me, . In the high frequency limit w > w,, the per-
mittivity reduces to (3.1.47).
For conductors, w, =0, we have

eq(w) = € [1 - wf, (3.1.54)

w? + fwy

From (3.1.54), let €, = €,(1+1i0/w), we find that in the low frequency
limit,
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For copper, o ~ 7 x 10" mho, with N = 8 x 102 m~3, we find v ~
3.2 x 10" Hz. For an insulator, w, # 0, the polarization vector at very
low frequency is given by P = eong/ w2 = Ng?E/muw?.

Normal dispersion is when ep =Re[e4(w)] increases with w. In
the frequency range when ep = Re [¢4(w)] decreases with w, it is called
anomalous dispersion. Anomalous dispersion occurs in the neighbor-
hood of resonant frequency (w = w,) when the imaginary part of
€4 is appreciable which causes power dissipation known as resonant
absorption. From (3.1.53), we find

eq(w) = €r + i€g

2 2\, ,2 2
w’ — wsw ) wyw
=€ |1— 2( 22")” 5| i 5 (3.1.55)
(W? = w3)? + (wy) (W? = w3)? + (wy)
144€
12
101
€r
8r 2
o €R ’/// ‘\
, s
]
2 |
\ B -
0 i e w
2 4 6 8 0 12 14 16 18 20 GHy,
: D
| /
-4+ \\/,/
6L
Figure 3.1.4 Real and imaginary parts of permittivity,
wp =101 w, =8 x 10%, ~, = 10°.
To determine when er < 0, we find from (3.1.55)
(W? — w?)? — (W - wg)(w; —)+w? <0 (3.1.56)

For v =0, we see that er is negative when w% <w?< wg + w}% .
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ExamMpLE 3.1.4

In studying the negative permeability of artificial metamaterial, O’Brian
and Pendry [2002] proposed the model of a split ring resonator (Fig. E3.1.4.1).
The fractional area occupied by rings of radius R is f. Let the applied
magnetic field be Hy. Consider a two-dimensional configuration, a surface
current Jy = Hey — Hipy s induced. The macroscopic average magnetic field
intensity Hgye = Heqt = Ho + fJy . Note that fH;p, + (1 — f)Heye = Hp -
The effective permeability is thus

HO _ Hea:t_fJ¢: |:1_fJ¢>:|

e = Mo = Ho E3.1.4.1
a il K Hezt s Hezt Hext ( )

Figure E3.1.4.1 Split ring resonator.

Assuming perfect conduction with E; = 0, we find

d _
2d.FEy =Vy = P // dS - poHint = —iwuoﬂ'RZHm,g = —wLlgHins

d
J¢ = Ecaqub = 7Z'WECEOE2 = 71‘0}02ch2
where L, = pomR? and C = €,l./2d. . The effective permeability is deter-
mined to be

[Ty fu?
e = Mo 1-— = Uo 1-— E3.1.4.2

where w? = 1/L,C . Within the frequency range w? < w? < w?/(1— f), it
is seen that the effective permeability is negative.
— END OF EXAMPLE 3.1.4 —
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EXAMPLE 3.1.5
Consider the split ring resonator in [Fig. E3.1.4.1]. When E; is not zero
inside the metallic wire with very high conductivity whose permittivity is

w? w?
E=¢, |1— — P | x —6, N
w(w + i) w(w + i)

We find

d . . w;
Jy = d%Dw = —jwdéF ~ ide, oty FEq

d
J¢ = ECEDQ(’{) = 7Z‘w£C€oE2

—iwpomR?Hypy = 21 RE, + 2d.Fs
[ . 27R 2R 2d,,
= | —wWw

= + +
de,w? 7 de w3

' =7 E3.1.5.1
Zw€060:| J¢ J¢ ( 3.1.5 )

Hewr = J¢ + w—Lg |:—Z(4JLZ‘ + ’}/Li + E} J¢ = (1 + ’LZ/ng)J¢ (E3.1.5.2)

where Ly = ponR?, Li = 2nR/wle,d, and C = €,{./2d. . The impedance
7 = —iwL; + vL; + i/wC represents a series of inductance, resistance, and

capacitance.
Eq. (E3.1.4.2) gives

/ ] = it [1 _ fw?Ly/(Lg + Ly)

= 1 _———
Hers = Ho [ 1+iZ/wL, w? — w2+l

where I' =~L;/(Ly + L;) and w? =1/(L, + L;)C . For perfect conductors,
I' =0, and we have

Peff _ 4 _ fWQLg/(Lg + Li) _ w? —w) = fw’Ly/(Lg + Li)
o w? —w? w? —w?

It is seen that within the frequency range w? < w? < w?/[1— fL,/(Ly+L;)],
the effective permeability is negative.

— END OF EXAMPLE 3.1.5 —
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G. Field Energy in Dispersive Media
Poyntings theorem in time-domain as derived from the Maxwell equations gives

_ _ 9B — 9 _
- ExH)=-H-—-F-——-E-J=——W-FE-J 3.1.57
v ) ot ot ot ( )
where —H - % -E. % = —%W in (3.1.57) corresponds to the negative time rate
of change of the sum of the magnetic energy and electric energy.
Consider lossless media, where the complex fields £ and D are assumed to
have a time dependence. Assuming narrow bandwidth, we express

E(7,t) = Re[E(t)e "] = Re (Eoe ™! + Eqe @™t
with E(t) = Eo + Eqe*t and %E(t) = jaE et

D(7,t) = Re[e(w)Eoe™ ™" + e(w — a)Eqe 7%

%5(7, t) = Re [—iwe(w)Eoe—iwt —i(w — a)e(w — a)Eae—i(w—a)t]
Eoe*iwt — i(w — a){6(w) — aie(w)}EQC*i(wfa)t]

Re [—iwe(w)E(t)e™ ™" + iafe(w) + w%e(w)}fae%(‘“*“)t]

%

Re [—iwe(w

~

%

_ i T —twt i i T —iwt
= Re[—iwe(w)E(t)e + dt{dw [we(w)]E(t)}e ™7
We write the time-average of the term E(,t) - OD(7,t)/0t as

<TG 0 - 2200 5 - LE 1) iwe@) B0 + 1L o) B)]

=k d d =t
E(t)- i E —{— E
+B() - liwe) B () + S [we@) B (0)}]}
[we WIHE®)|]? =< Wg > (3.1.58)
which is the time-average electric energy. Similarly we find

<Wr>=<Wg>4+<Wy>

1d,d - 1d, d T2
= ot e @BE®P + 3 5 lon@H)

which is the total time-average electric and magnetic energy.
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N

ExaMpPLE 3.1.6
Consider the permittivity €,(w) = € [1 — z—g] for a plasma medium.

The electric energy is calculated to be
2

ld(‘“p) 2_ 6o Yo | =2
W E 1+ —=||F E3.1.6.1
<Wpg>=1—"" |E]" = 2115 £ (E3.1.6.1)

— END OoF EXAMPLE 3.1.6 —

ExXAMPLE 3.1.7 Energy and group velocities.
Consider a lossless medium with the permittivity and permeability

w? —w?
Fuw?,
(W) = o [l_uﬂ—ng
The total stored energy is,
€o W+ Wil = L Mo (w + w2 )Fw?, )
Wp >=— 1 E == H
<T>4[+( 2)]|| 4[ Sy |
1 w?w? 2, 202 Fw? 9
=1 [G(w)‘Ho 2) ] |E* + [ )‘Htoﬁ |H|
Lldwe@)] | 7o 1 jdwp@]] ew) 2o
= | —=Z| |E — | —%|F E3.1.7.1
4 [ dw B+ 4 dw u(w)' | ( )
The time-average Poynting power density for a plane wave in the medium is
1
<§>=tigp, /W)
2 (w)

The energy velocity is

<S> 2¢/p(w)e(w)
<Wr> " () Beslel] | it ()
The dispersion relation is k = w\/m . The group velocity is
do 2 /H )
Ak 2p(w)e(w) + wp(w) TG + welw) U

2 /@)@

d[wG(w)] + [w (W)] e(w)

)

’Ug:

p(w)
Thus the energy velocity is equal to the group velocity.

— END oF EXAMPLE 3.1.7 —
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ExXAMPLE 3.1.8

Consider dispersive media with very small loss and narrow bandwidth.
We express

_ 1 .
E(7,t) = Re[Fe ™! = §(Ee*“"t + E ")
_ . 1 e
D(7,t) = Re[De™ "] = §(De*“‘”5 + D e™t)

where the complex fields E and D are assumed to have a time dependence.
We write the term E(7,t) - 0D(7,t)/0t as

— dD(T,t 1 — . — o — _. —

E(F,t)' (;:, ) — Z(Ee_“"t—i—E elut)_a(De—zwt_i_D ezwt)
1[0 0D — 9D\ 1 (= 0D _py =+ 0D 0,
_4<E ot TP 8t>+4<E at e

—x

fin(E-De*’%th - D ezz“’t)—in(E D-FE-D")
(E3.1.8.1)

The last term vanishes when e¢; ~ 0. The second and third terms are zero
upon taking time average. We thus have
— OD(T, t) 1 0D — 0D
E(r,t) - ! =< —(F - — E. —
<EY ot <4( ot ot
Let the electric field be a slowly varying function of time and spans a narrow
frequency range centered at w . Consider the following:
— dE(t)

E(t) = Eo + E, cosat; = —aE, sinat

) > (E3.1.8.2)

We write
D =¢(w)Eg + ae(w +a)Eae ™ 4 §e(w —a)Eye'
It follows that, with f(w) = —iwe(w),

D = 1 = 1 — .
g =¢e(w)Fo — zi(w + a)e(w + a)Eqe " — zi(w —a)e(w — a)E e

ot
= f(w)Ey + %f(w +a)Eqe 4 %f(w —a)Eyett
~ fW)E(t) + %%Ea [eiet — gt
= f(w)E(t) + Q%Ea[—i sin at]
df (w) dE(t) ) —  dwe(w)] dE

= f(W)E(t) +i

=\ B4 e\
do  dt weW) B+ =
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From (E3.1.8.1), we find
1 — 0D  — 0D
(E =4+ F. =
<iF g tE )
1 _ s 1o dwe)=x dE  d(we") dE"
—<1<—zw(e—e)|E0| + 7o E E_F 0 E W]
__ldwe) d — =+ 1d [dwe) =
< dt( -E )>_<4dt< 7o |E)= ) > (E3.1.8.3)
where we have neglected the imaginary part of e(w) . Similarly,
1— 0B — 0B . d [dwp) =5
(H - =—4+H Z—)y=2= H E3.1.84
4( 8t+ at) dt(dw| (E3.1.8.4)
Taking time average of (3.1.57) and in the absence of .J , we find
— 0D — 0B
V- <S>=—-<E- —>-<H - —>
ot ot
1, 9D oD 1 .-+ OB — OB
Gt E ) g )
_d (1d(we) =0, 1dwp) =0
__E(Z o |E| +ZW|H| (E3.1.8.5)
We conclude that
ld(we) =5 | 1dwp) =
=-——|F -——|H E3.1.8.
<Wyr > = Mg L g (E3.1.8.6)

is the electromagnetic field energy for dispersive media.

— END oF EXAMPLE 3.1.8 —

For nondispersive media when € and p are real constants,

D=¢FE
B=puH
(3.1.57) can be written as
V.S = —QW (3.1.59)
o T o

where

3 H (3.1.60)
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is the total stored electromagnetic field energy. Thus the divergence of the
Poynting power vector density S is equal to the time rate of decrease of
the stored electromagnetic energy. We identify %E|E |2 = W, as the electric
energy and % w/H|? = W,, as the magnetic energy. However, when ¢ and
1 are negative, the energy will be negative. It is imperative, the dispersive
nature of both ¢ and g must be considered.

Problems

P3.1.1
Separate the number 10 in two and make their product equal to 125.

P3.1.2

The instruction to a buried treasure site is given as follows: Start from a
wood hanger T', walking to tree 77 and turn right at 90 degrees, walk the
same distance and mark the ground A. Back to the wood hanger I', walking
to tree To and turn left at 90 degrees, walk the same distance and mark
the ground B. The treasure is buried in between markers A and B. Find its
location.

P3.1.3
Consider two real time-harmonic vectors E;(t) and Es(t) represented

by complex spatial vectors E; and E, obeying the rule F(t)=Re {Ee‘i“t} .
Let E1 =2+ ¢4 and Fo =i(Z + §1).

(a) Are both E; x Ey and E(t) x Eo(t) zero?

(b) Are both FE; - Fs and FEq(t) - Ex(t) zero?

P3.14

For a right-hand circularly polarized wave, the electric field vector in real
space time domain is

E(7,t) = & cos(kz — wt) — §sin(kz — wt)
Find the corresponding complex vector.

P3.1.5
An electromagnetic wave with the following electric field

&

|k ... k
= Zsin [%(erz) wt] + 7 [Ag + 2] cos [ﬁ(erz)wt}

is propagating in a plasma medium characterized by the dispersion relation

1
k= —v/w?—4r2 x 1012

c
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where w is the frequency in rad/sec, and c¢ is the speed of light in free space.
(a) What is the value of A7

) In which direction is the wave propagating and what is wave vector k ?

) What is the polarization of the wave?

) The permeability of the plasma medium is u, of free space, what is the
permittivity € of the medium in terms of w and permittivity of free
space €, !

(e) What is the magnetic field vector of the wave ?

(f) What is the Poynting power density vector of the wave ?

) Show that the plasma frequency is f, = 10 Hz.

) If w = V51 x 10°rad/sec, what is k& and what are the phase velocity
vp and group velocity v, ?

(i) If w = /37 x 10%rad/sec, what is k and what is the expression for E ?

(j) If w = /37 x 10° rad/sec, what is the group velocity v, and what is the

time-averaged Poynting power density 7

P3.1.6
Consider an Z -polarized uniform electromagnetic plane wave in free
space at an angular frequency w

E\(7) = 2Eget™v

(a) Determine the speed and direction of propagation of this wave.

(b) Find the complex expression for the magnetic field H (7).

(c) Determine the complex Poynting vector, S; = E; x FT, and determine
the time average Poynting vector <§1> .

(d) A second Z -polarized wave, also of amplitude Fy and at the same angu-
lar frequency w, is propagating in the —g direction. When this wave is
added to the first wave, there is anull at y =0 for all ¢t (Ep(y = 0,t) =
0) where Ep(F) = E1(F) + E2(7) . Determine the complex expression
E5(7) for this second wave.

(e) Let the second i -polarized wave be E3 = (F)#Ege~"*¥ . (This may or
may not be the answer to (d).) Then the total field is E1+FE3 = £E,(y) .
Find the positions of the nulls (ky =7) and determine at what speed
the nulls move.

(f) For the field in (e), determine the time-average Poynting vector <§> .

P3.1.7

To shield a room from radio interference, the room must be enclosed in
a layer of copper five skin-depths thick. Note that this will attenuate fields by
a factor of €°, or about 43 dB. If the frequency to be shielded against is 10
kHz to 1 GHz, what should be the thickness of the copper (in millimeters)?
For copper, € =€y, ft = o and o = 5.8 x 10" mho/m.

P3.1.8
(a) At the operating frequency (2.5 GHz) of a microwave oven, the permit-
tivity for bottom round steak is about e = 40¢y and the conductivity
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o = 2 mho/meter. What is the penetration depth? Compare this pen-
etration depth to that of polystyrene foam which has the permittivity
€ = 1.03¢p and conductivity o =4 x 107° mho/meter.

(b) Earth is considered to be a good conductor when we/o < 1. Deter-
mine the highest frequency for which earth can be considered a good
conductor. Assume o =5 x 1073 mho/meter and € = 10¢q .

(c) Aluminum has € =€, p = pp and o = 3.54x 10" mho/m. If an antenna
for VHF reception is made of wood coated with a layer of aluminum and
if its thickness ought to be five times greater than the skin depth of the
aluminum at that frequency, determine the thickness of the aluminum
layer. Is ordinary aluminum foil thick enough for that purpose? Use f =
100 MHz. Ordinary aluminum foil is approximately 1/1000 inch thick.

(d) Calculate loss tangents and skin depths for sea water at frequencies 100
Hz and 5 MHz. Sea water can be characterized by conductivity o =
4 mho/m, permittivity ¢ = 80¢p, and permeability p = po at those
frequencies.

(e) A ship at the ocean surface wishes to communicate electromagnetically
with a deeply submerged vehicle 100 meters below the surface. Consider a
ULF signal at 1 kHz propagating down into the sea water. What fraction
of the incident power density reaches the submerged vehicle?

P3.1.9

(a) An ionized plasma is dispersive; derive its group velocity vy if = po
and € = (1 — w2/w?), where w, = Ne? /me,, N is the number of
free electrons per cubic meter, e is the charge of an electron (coulombs),
and m is the mass of an electron (kg).

(b) What is the difference in arrival times between a flash of light (A =
0.5pum) and a simultaneous radio pulse (f = 10 MHz) seen through an

idealized homogeneous ionosphere where w, = 27 x 8 MHz along a path
of 100 km?

P3.1.10

Pulsars are rapidly rotating neutron stars composed primarily of neu-
trons at nuclear densities. As observed on Earth, these pulsars emit periodic
RF pulses each lasting approximately 10 msec. As these sharp pulses propa-
gate through the interstellar medium, the dispersion introduced by the inter-
stellar plasma slows the pulse envelope more at lower RF frequencies than at
higher frequencies. The first pulsar to be seen visually is located in the Crab
Nebula, and was discovered in 1968 using the data shown in Figure P3.1.10.1.
The sloping lines formed by dense dots represent the envelopes of received
pulse signals. Optical astronomers estimate that the Crab Nebula is approxi-
mately 6x10' m (6,350 light years) from the Earth. In the following analysis,
use the permittivity for plasma e = eo(1 — w?/w?) and assume w > w, .

(a) For w > w,, find expressions for the phase and group velocities.

(b) As shown in Figure P3.1.10.1, note that there is a 1.5sec dispersion
between frequencies 110 MHz and 115 MHz, i.e., the relative time delay
between the 110 MHz and 115 MHz frequency components arriving at
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earth is 1.5 sec. Use this fact plus the known distance and the expression
for v, to calculate the interstellar electron density (m~3).

115 | o 2 L
114 |-
R |

12 - R -

Frequency (MHz)

1 - RS R

110 ! e L ! L.

Figure P3.1.10.1

Historical Notes

The pulsar presented in this problem is called Baade’s Star and is the
remnant of a supernova recorded by the Chinese astronomer Toktagu on July
4, 1054. The star was so bright that, for a time, it was visible in the daytime.
The data presented was later used by Taylor, Cocke, and Disney to determine
if the star pulsated at optical as well as radio wavelengths. It did.

Pulsars are very dense neutron stars that are the remains of supernovae.
Unlike our Earth, whose axis of rotation and magnetic axis are more or less
the same, these two axes may be widely separated in a neutron star. The
eccentrically rotating magnetic field creates a time varying current density
as it exerts a force on charged particles in the vicinity of the pulsar. Hence,
radiation!

P3.1.11

The sketch of a simple interferometer is shown in Figure P3.1.11.1. Light
from a source is split into two beams by a semi-transparent mirror. The semi-
transparent mirror has the property of transmitting et/ V2 of the incident

electric field and reflecting e~ ¢r / V2 of the incident field. Assume that the

two reflecting mirrors are identical and have the same reflection coefficient of
ido
e'eo

Consider the light source to be emitting light with field amplitude Ej .
The reflected and transmitted fields are as follows

—idr - _ _ E —idr - —a
= EO e €1kT.Tér, Hr _ Lo € ezkr~7"hr
V2 no\ V2

_ —igt - _ _ E —idt - .
Et _ EO <€\/§ > eikt-rét’ Ht _ 7O <6\/§ > ezkt-'r‘ht

(a) Show that the semi-transparent mirror transmits and reflects 1/2 of the
incident power.

=
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v
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Tight ‘ N mirror
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l3 l4 = l3
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\

v
N
=

la=ly

wn

Figure P3.1.11.1

(b) The field goes into the light detector is the sum of the field transversing
paths [; and [l; and the field transversing paths I, and I3, each goes
through one reflection and one transmission from the semi-transparent
mirror and constructively interfere. The field not reaching the detector is
the sum of the field transversing paths [; and Iy with two transmission
and the field transversing paths lo and [3 with two reflections from the
semi-transparent mirror. To determine the relationship between ¢, and
¢¢ , assume € = €,. The electric field reaching the light detector is

o LB or cikols yido yikols e’

V2 V2 V2

_ Eoei(%—¢T»—¢t+kol1+kol3)

il T eii(bt ikol1 igo ’Lkol36
FEi=FEy——e¢ e

The electric field not reaching the detector is
—idr —idy —id —ip
Ey = Fo—e : etkols gido gikoly e’ +Foe - etholi gido gikols £ -
2 V2 V2 V2

_ Eoei¢0+iko(l1+l3)—i(¢r+¢t) cos(¢y — (br)

Let the power going to the light detector be equal to the incident power,
and the power not going to the light detector be zero. Show that

(bt_(br:g"_lﬂ—

(¢) Suppose the region I; is filled with a plasma with electron density N

with
2
w
e=¢ |1 -2
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where w, = \/Ne?/me,, find the power intensity as a function of N
when w, < w. Neglect reflections from the light detector and the plasma
boundaries. Show that the sum of the power reaching the light detector
plus the power not reaching the detector is equal to the incident power.

P3.1.12
Consider effective permittivity

(W? — w2)w? i wyw?

(W2 —wi)?+(w7)? (W2 —wi)? + (w)?

eqw)=¢, |1 —

made of conducting rods. We can reinterpret w2 = Nejrq®/meyséo -
(a) The rods occupy an lattice radius of a. We have

2

s
Neff = na—2

What are n and r,?

(b) To calculate the effective mass, use gE = —iwm, s or = —iwmeysJ/ng

and J = 2wrH/7r? . Show by using Faraday’s law that

Meff = ing*Fjw] = 7rr2nq2§—; lng
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3.2 Bianisotropic Media

A. Anisotropic Media

The constitutive relations for anisotropic media are written as

(3.2.1a)
(3.2.1b)

@l o
I
=l o
|

where € is the permittivity tensor and € is the permeability tensor.
Crystals are generally described by symmetric permittivity ten-
sors. In the principal coordinate system, called the principal system, a
uniaxial crystal with z axis as its optic axis has constitutive relation
0
0 (3.2.2)

el
Il
OO ™
O N O

€z

The crystal is positive uniaxial if €, > €, and negative uniaxial if
€, < €.

An electron plasma as described in (3.1.47) becomes anisotropic
when an external dc magnetic field By is applied. Assume that By is
in the 2z direction. The permittivity tensor takes the form

€ teg 0
e=|—ie;gz € O (3.2.3)
0 0 e,

where the magnetic field enters the constitutive parameters via the
cyclotron frequency w. = qBy/m.

An anisotropic medium characterized by a hermitian permittivity
tensor such as (3.2.3) is called gyroelectric or electrically gyrotropic. An
anisotropic medium that is characterized by a hermitian permeability
tensor 1z such as

B K g 0
n=|—igg p O (3.2.4)
0 0 e

is called a gyromagnetic medium or a magnetically gyrotropic medium.
An example is a ferrite subject to a dc magnetic field in the Z direction
around which the magnetization of the ferrite processes.
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EXAMPLE 3.2.1 Gyrotropic media.

An electron plasma becomes anisotropic when an external dc magnetic
field By is applied. Assume that By is in the Z direction. Show that the
permittivity tensor is

e=| —ie, € 0 (E3.2.1.1)

r 2
e=¢ |1 — % (E3.2.1.2a)
| (@=wd)
[ —wiw
— p—c
€g = €0 m} (E3212b)
- 2
€:=¢ [1— w—g:| (E3.2.1.2¢)

Write the constitutive relation as E = k- D with

[ K ikg 0 ]
= :_1 .
E=€¢ = | —ikg K 0

0 0 kK,
Determine the constitutive parameters &, ry, and k.

SOLUTION:

When the wave frequency is much greater than the electron collision
frequency, the collision effect can be neglected and the plasma can be treated
as a lossless medium. Using Lorentz Force Law and Newton’s Law, we have

dv — —
m— =q(E+vx B
ikl )

Under the time-harmonic excitation and with ¥ much smaller than ¢, we
find

—iwm® = q(E 4+ x By)
Defining a vector @, = qBo/m, we write
—iwT = LE 47 x @, (E3.2.1.3)
m

Dot multiplying (E3.2.1.3) by @., we have

—iwT T = LE B, (E3.2.1.4)
m
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Cross-multiplying (E3.2.1.3) by w. and making use of (E3.2.1.4), we have

T X Te = LB X @ + (T X Be) X Te
m
= —iwc X E+we(0-we) — twi
m
= 5. xF+ Y%.@,. B) - w7 (E3.2.1.5)
m wm

Substituting (E3.2.1.5) into

—

E3.2.1.3), we obtain

J = Nqv
N _ _
_ 2q4 %XﬂﬁﬂE_ﬂ@&,Eﬂ
w? — w2 m m
ow? [ 1_
- wwf ;”5 Bw XE—F+ —wo(@e - E)} (E3.2.1.6)

From Ampere’s law, we find

2 2
— — [ — WpWe €0

VXHZ—iweoE—l—J:—iw{—iegéxE—i—eE—i—méé-E}
= —jwe- E

where €4 and € are as listed in (E3.2.1.2a) and (E3.2.1.2b). Writing € in the matrix
form (E3.2.1.1), we find

w2 /w? wiw? jw? —elio iﬁ
1-w?/w?  1—w?/w? w?

=1

Carrying on the inverse of €, we find for & = €

€, = €0 {1—

o € :l{ 1 —w?/w® — w2 /w? }
€2 — €2 e (1 —wi/w?)? —w?/w?
I l{ wcwp/w }
9_62*65 " e (1—wZ/w?)? —w?/w?
1 1
“*E*QL—%MJ

It is easily shown that € -k = 1.
In the case of an infinitely strong magnetic field, w. — oo and we have

1
€ = €0 K= —
€0
€ =0 kg =0

€z = € 701712; K/—l#
=T w? " e |1 - wB/w?

and the medium becomes a uniaxial plasma.

— END OF EXAMPLE 3.2.1 —
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B. Biisotropic Media

Constitutive relations for biisotropic media take the form

=eE +¢H (3.2.5a)
=uH+ CF (3.2.5b)

& O

To realize his new network element, the gyrator, Tellegen in 1948 con-
ceived of a medium possessing constitutive relations of the form

D=¢E+7H (3.2.6a)
B=uH+71FE (3.2.6b)

where 72/pe is nearly equal to 1.
Chiral medium is also biisotropic, which has the constitutive rela-

tions

D=¢E +ixH (3.2.7a)
B=uH - ixFE (3.2.7b)

where x is the chiral parameter.

ExaMPLE 3.2.2

The split ring resonator (SRR) in Figure E3.2.2.1 is bianisotropic as a
directed polarization vector is induced by the applied magnetic field in the 2
direction and it is reciprocal. The constitutive relation takes the form:

Figure E3.2.2.1 Split ring resonator.
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& 0 0 00 0
D= [0 e 0|-E+]0 0 zg] -H
0 0 e 00 0
pe 0 0 (0 0 0
E[o py O |-H+]0 0 OJ-E
0 0 p 0 —i& 0

— END OF EXAMPLE 3.2.2 —

C. Bianisotropic Media

The constitutive relations for a bianisotropic medium take the form
D=¢ E+&-H (3.2.80)
B=C-E+n-H (3.2.8b)

where D depends on both F and H , and so does B.
__ The constitutive relations for bianisotropic media (3.2.8) in the
E H representation can be written as

[g] — T [g] (3.2.90)

] (3.2.9b)

I
NI

where

EEH =

I ol

Il

is the constitutive matrix under E H representation. To express E
and H in terms of B and D, we write

[%] —Con- [%} (3.2.10a)
where
Con=|2 1
vy v
:[ E-¢m’ 0t —E-eEoten
~E-c gt @E-cEe g
(3.2.100)

is the constitutive matrix under D B representation.
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D. Symmetry Conditions for Lossless Media

Consider source-free regions in a medium where J = 0. The time
average of the divergence of Poynting’s vector, in view of the complex
Poynting’s theorem (3.1.16), is

<V.S>= %Re {iw(ﬁ* .F—E-ﬁ*)} (3.2.11)
We can classify a medium as lossless if
<V-§>=0
as passive if <V -8>< 0, and active if <V -S5>>0.

The most general representation of constitutive relations is bian-
isotropic in form. In the F H representation,

-F+§-F
ﬁ-FJrE-E

Il
ol

D

B

We now apply the complex Poynting’s theorem to derive symmetry
conditions for lossless media. Under time harmonic excitations, the
constitutive matrices €, &, i, and ¢ are usually complex and frequency-
dependent. In general, there are altogether 72 real parameters.

Making use of the relationship Re{C} = 2(C'+C*) and substitut-
ing in the constitutive relation for bianisotropic media, we find from
(3.2.11)

S N R .
<V S>:Z{zw(H B-E-D)—iw B-FE D)*}
Z.w —x% —— = — [ —% =% =% 4
:Z{H @ H+C E)-E-& -E +¢ -H

R R =k __ _f = = = —

In matrix manipulation, using superscript ¢ to represent the transpose

J— p— J— p— :t J—
of a matrix, the scalar quantity A-C-B = B-C -A. For the term
H -7 -H' in (3.2.12), for instance, we make use of the relation

JZ AT (Y ; A ¢
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where the superscript + denotes the transpose and the complex con-
jugate of the matrix 7, we find

<v-5> = B G- BT G-
+ T E-C) H+T-C-€) B} (3213)

For lossless media, (3.2.13) must vanish for all possible E and H
fields, thus we obtain the lossless conditions

|
+

e =% (3.2.140)
=7 (3.2.14b)
=+ =

£ =( (3.2.14¢)

The lossless conditions (3.2.14a) and (3.2.14b) state that € and 7 are
hermitian. Each contains six independent complex elements. Since the
diagonal elements must be all real, there are together nine real consti-

tutive parameters. Equation (3.2.14c) relates ¢ and (; both matrices
have a total of nine independent elements or 18 real parameters. Thus
for a lossless bianisotropic medium, the constitutive relations contain
a total of 21 independent complex elements of which six are pure real,
or altogether 36 real constitutive parameters.

The lossless conditions for the constitutive parameters in the D B
representations as shown in (3.2.10) can be derived to yield

By the same token, we find

_l’_
I

=~ Q
I
Q

=-M

for the constitutive parameters in the E B representation.
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E. Reciprocity Conditions

We now derive reciprocity conditions for the constitutive parameters of
bianisotropic media. Consider a source J, producing electromagnetic
field a as follows:

V x E, =iwB, (3.2.15)
V x Hy = —iwDg + Jg (3.2.16)
V-B,=0 (3.2.17)
V- Dy = pq (3.2.18)
Another source J, producing electromagnetic field b:
V x Ep = iwBy, (3.2.19)
V x Hy = —iwDy + Jy (3.2.20)
V-B,=0 (3.2.21)
V-Dy=pp (3.2.22)

Form the difference of reactions between source a on field b and source
b on field b, we find

Integrating over the whole space, we find the left hand side
ﬂ 05 - (Eo x Hy— By x Hy) = 0 (3.2.24)
S

because at an infinite distance away from the source, the E and H
fields are related by

H=1#xE/n

and #-E =7 -H =0.As a consequence, E, x Hy, — E, x H, = 0.
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Equation (3.2.23) becomes

///Vdv 7y Fu—To- By

:iw///vdv@b.ba

_Ea'§b+ﬁa'§b_ﬁb'§a)

=iw///VdV By G-7) Bt W, -7y

+ By - (

[

T

)'Ha_Hb'(E

+E

Tl

(3.2.25)

We call the medium reciprocal when the left hand side is zero. Thus
the reciprocity condition for the medium is

e =% (3.2.26a)
i =70 (3.2.26b)
:T =

= (3.2.26¢)

The reciprocity condition for the constitutive parameters in the D B
representations as shown in (3.2.10) can be derived to yield

By the same token, we find

v =U

X =-7
P =P
=T =
QR =Q
=T —_—
L =M

for the constitutive parameters in the E B representation.
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F. Causality Relations

We now investigate the relationship between the real and imaginary
parts of the complex permittivity of a dispersive medium. The linear
relationship between fields D and E can be written as

D(t) :/ dre(t — 7)E(T) = /000 dre(T)E(t —T)

—00

The convolution integral signifies that D(¢) is determined by E at all
previous times, on account of causality principle. Writing in terms of
Fourier transformations, we have

/ dw D(w)e ™" :/ dTe(T)/ dw E(w)e™@=7)
0

—00 —

- /_ Z o [ /0 h do:- e(T)eW} B(w)e ™!

with the time dependence e~™? for the fields, the permittivity e(w)
is seen to be

e(w) = /000 dre(r)e™™ (3.2.27)

Notice that because of causality, the integration range for 7 is from
0 to oo, and €(7) is assumed to be finite throughout the range of
integration.

From the defining equation for e(w), we see that

€ (w) = e(—w)

For bianisotropic media, we have all constitutive parameters

S
*

Il
ol

|
&

£
*

I
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|
£

NI onll Bl e

_~~ Y~
€ €

NIRRT
*

*

Il
,QII L‘QII =
| |
S

in FH representation and similarly in DB and EB representations.
They are all analytical functions of complex w on the upper half plane
of w.
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EXAMPLE 3.2.3 Anisotropic conducting media.
_ Consider an anisotropic conducting medium governed by Ohm’s law

J.=0-E. From the Maxwell equation
Vx H=—iwD+J.+J; (E3.2.3.1)

where J ¢ represents the source, we can absorb J. in D by noting that for

a general bianisotropic medium D =¢- E + & - H. We find

VxH=—iw F—i—iﬂ ~E—iwz~ﬁ—|—7f
w

Thus we define a new permittivity tensor

€c —

+

ol

i (E3.2.3.2)

€|

which is complex and accounts for the anisotropic conductivity of the medium.
— END OF EXAMPLE 3.2.3 —

Problems

P3.2.1

Estimate the conductivity ¢ = —pcu. for copper with free-electron
charge density p. ~ —1.8x10'° Coul/m?® and mobility s, ~ 3.2 x10% m?/Vs.
For semiconductors, the conductivity is a function of both electron and hole
concentrations and mobilities, o = —pepe + prpn - For silicon, pp, = —p, =
0.011 Coul/m3, g, =~ 0.12m?/Vs, and pup, =~ 0.025 m?/Vs.

P3.2.2

Superconductivity was first observed by Kamerlingh Onnes in 1911. In
1933 Meissner and Ochsenfeld discovered that superconducting metals cannot
be penetrated by magnetic fields. Magnetic fields are expelled from a normal
metal when it is cooled to the superconducting state. A macroscopic theory
of superconductivity was developed by London and London in 1935 followed
by the microscopic theory of Bardeen, Cooper, and Schrieffer in 1957.

A simple model of superconductivity calls for an electron plasma with a
very high electron density N .

(a) Show that the penetration depth of a plasma with very large N takes

the form
m
dp = 4 | ——
P\ Nep,

(b) Let N =7 x102®m™3 and calculate d, .
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(c¢) Compare the above result with the skin depth of a good conductor. Ex-
plain why a very slowly varying magnetic field can penetrate a good
conductor but not a superconductor.

P3.2.3

Consider an electron plasma with collisions, and introduce a collision fre-
quency weypr ~ N T—3/2 such that a damping term is introduced and the force
on the electron in the # direction becomes f, = d*(mx)/dt*+w. s d (mz)/dt.
Derive the constitutive relation and show that

2 2
wp . wpweff

w? —|—w§ff w(w? —|—w§ff)

e=¢€ |1—

What are the limiting cases as weyf/w — 00 and wepr =07

P3.2.4
The constitutive relation for superconductors in weak magnetic fields
can be macroscopically characterized by London equations proposed by two
brothers Fritz and Heinz London in 1935. The first London equation
0J sup _oF

ot

and the second London equation
(V X 7sup) = —OQP

where Jqup stands for the superconducting current, o = nyq®/m and a; ~ «
with ngs, m and ¢ denoting, respectively, the number density, the effective
mass, and the charge of the Cooper pairs responsible for the superconductivity
in a charged Boson fluid model.

(a) From the first London equation, derive an equation for B= OB/ot by

using the static Maxwell equation V x H = Jsup Without the displace-
ment current. Show that

V2§ = ,anE

and deduce that the penetration depth of the time-varying magnetic field
is (poa) 12

(b) From the second London equation, derive an equation for B from V x
H = Jsp and show that the penetration depth of the stationary mag-
netic field is (,uoozl)_l/2 . Thus for static fields, both the current and the
magnetic field are confined to a thin layer of the order of the penetra-
tion depth which is very small. The exclusion of a static magnetic field

from a superconductor is known as the Meissner effect experimentally
discovered by Walther Meissner in 1933.
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P3.2.5

In the macroscopic theory of dielectric dispersion, consider the equilib-
rium dipolar polarization to be represented by Ps. When an electric field
FE is applied, a distortion polarization P; is immediately established, but
the remaining dipolar part of the polarization P, takes time to reach its
equilibrium state. Letting the macroscopic relaxation time be 7, we have

dP, 1
— 2 =2(P,—P, - P
dt 7'( ! 2)

where P, = (es —€0)E, P =(éx —€)E , and €5 and e, are both real

and representative of the permittivity at static and infinite frequencies re-

spectively. For a time-harmonic field with angular frequency w, we have

P2 = (Pg 7P1)/(1 775(4)7') .

(a) Prove the following formula for the macroscopic permittivity e due to
Peter Debye (1884-1966).

€s — €0

€=€o+ —F (Debye Equation)
1 —dwr
€s — €oo ) wT
€= {eoo + Tr 022 } +i(es — eoo)—l e

€1

log(wT) ‘ /_\ €

b.

R

Figure P3.2.5.1

(b) Let € = eg+ier and plot eg and e; [Fig. P3.2.5.1a]. Label the values for
er and €7 including the maximum point for e€;. What are the numerical
values for water molecules?

(¢) Show that e; plotted as a function of eg is a circle. Find the radius of
the Debye semicircle [Fig. P3.2.5.1b] and the points of intersection with
the e axis.

P3.2.6
In this problem we examine dispersion in the vicinity of a resonant fre-
quency. Show that, if an electron is originally bound to an ion as in an atom,

d? d 2\ = Ne2—
il = P=""TF
(dt2 ooy +w0) m
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where P = Ng¢F is the total dipole moment per unit volume, ¢ is a damping
constant, and wy is the characteristic frequency of the electron and accounts
for the restoring force. Derive the complex permittivity

w2

e(w) = € <1 + r > = ep(w) + ier(w)

2 _ 2
Wi — tgwwy — w

and plot the real and imaginary parts of e(w). Identify the region of normal
dispersion, where €r increases with frequency, and the region of anomalous
dispersion, where er decreases with frequency. Show that e; is highest at
the resonant frequency wy. Note: use the approximations w ~ wg, and (w?—
w2) ~ 2wo(w — wp).
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3.3 kDB System for Waves in Media

A. Wave Vector k

In source-free and homogeneous regions in isotropic media, electro-
magnetic fields are generated by sources outside these regions, and the
Maxwell equations are

V x E = iwpH (3.3.1)
V x H = —iweE (3.3.2)
V-E=0 (3.3.3)
V-H=0 (3.3.4)

A wave equation for E can be readily derived by taking the curl of
(3.3.1), introducing (3.3.2), and making use of (3.3.3). We obtain

(V2 +w?ue) E=0 (3.3.5)

o*  9* 02

2_ 9 O T
v _8x2+8y2+8z2

(3.3.6)

as the Laplacian operator V2 in rectangular coordinate system. This
is known as the homogeneous Helmholtz wave equation.

An electric field vector representing an electromagnetic wave prop-
agating in a general direction can be written as

E(F) = Ee'tksathyythe2) (3.3.7)

which satisfies the homogeneous Helmholtz wave equation.
Substituting (3.3.7) into (3.3.6) yields the dispersion relation

k4 k4 k2 = wipe = K (3.3.8)

We define a vector [Fig. 3.3.1]
k = &k, + 9ky + 2k, (3.3.9)
The vector k is called the wave vector, the propagation vector, or

simply the k vector. By virtue of the dispersion relation (3.3.8), we
see that the magnitude of the k vector is equal to w(ue)/?.
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~
/7 ~
constant N ~ - k71 = krycosay
phase/ N = krycosaz
front ~ _
~N =k-7
N k-7
~ NG
~
~
AN ~ To
al az
< ~
N ~
z
N ~

Figure 3.3.1 Constant phase fronts of a plane wave.

The scalar product of the wave vector k = &k, + §k, + 2k, and
the position vector 7 = Zx + fy + 2z gives

k-7 =kex +kyy+k.z

A constant phase front is determined by k -7 = constant , which indi-
cates that the front is a plane perpendicular to the k vector [Fig. 3.3.1].
The electromagnetic wave is called a plane wave.

Substituting the plane wave dependence e/(k=#+huy+k=2) i (3.3.1)
-(3.3.4), we find the Maxwell equations become, for the plane wave
solution,

kxE=wuH (3.3.10)
kx H=—weE (3.3.11)
k- E=0 (3.3.12)
k-H=0 (3.3.13)
The dispersion relation
k? = w?pe (3.3.14)
The time-average vector power density is
-1 - — — k=
— (kxH)x H = —|H?
< S >= _Re (F X ﬁ*) = —Re ;‘K wEe*
— Ex (k' xE")=—|E?
Wit Wit
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We see that when p and € are both positive, Poynting’s power vector
is in the same direction as k. From (3.3.10)—(3.3.11), we see that the
three vectors k, £, and H form a right-handed system. If only one of
[ or € is negative, the wave is evanescent, which is seen from (3.3.14)

as k becomes imaginary.

z
<S>
D
B
H
E —
k

(a) Positive isotropic medium  (b) Negative isotropic medium

Figure 3.3.2 Plane waves in isotropic medium.

In negative isotropic media, p and e are both negative, Poynting’s
power vector is in the opposite direction of k. The three vectors k,
E, and H form a left-handed system. Thus the negative isotropic
medium is also called a left-handed medium (LHM). In this medium,
the Poynting power vector points in a direction that is opposite to the

direction of k. The plane wave is called a backward wave.

EXAMPLE 3.3.1
In the case of o/we < 1, we find

k= kg + ik ~ wy/jie [1+¢ﬁ]

o
=kgr {1 + z—}
2we
We see that if € < 0, we must also have kr < 0 in order for k; = okr/2we >
0 so that the wave attenuates in the direction of propagation even though
the phase propagates in the backward direction.

— END oF EXAMPLE 3.3.1 —
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B. The kDB System

We shall now investigate solutions to the Maxwell equations in regions
void of source, namely in regions where J =p =0.

V x E =iwB (3.3.16)
V x H=—iwD (3.3.17)
V-B=0 (3.3.18)
V-D=0 (3.3.19)

We also assume homogeneous media where constitutive relations are
independent of spatial coordinates. Plane wave solutions of the form

e are then admissible. With the wave vector k

k = &k, + 9ky + 2k, (3.3.20)

the Maxwell equations (3.3.16)—(3.3.19) become, for the plane wave
solutions,

kxE=wB (3.3.21)
kx H=-wD (3.3.22)
k-B=0 (3.3.23)
k-D=0 (3.3.24)

We see from (3.3.23) and (3.3.24) that the complex vectors D and B
are always perpendicular to the wave vector k. Let me call this plane,
which is perpendicular to k and contains both D and B, the DB
plane, and establish a coordinate system formed by the three vectors
k, D,and B, the kDB system, noticing that D and B may not
be perpendicular to each other. Since £ and H may not lie on the
DB plane, the Poynting vector is in the direction of E x H is not
necessarily in the same direction of k inside an anisotropic medium.
Thus the direction of power flow of a plane wave may not always be in
the direction of the wave vector k.

To facilitate the study and understanding of plane waves in homo-
geneous media whose constitutive relations can be as complicated as
bianisotropic in form, I have designed a systematic approach using the
kDB system. I shall show in detail the propagation characteristics in
several anisotropic and bianisotropic media with the application of the
kDB system.
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The kDB system has unit vectors é;, ez, and é3. Let é3 be in
the direction of k such that k = észk, and ég is in the 7 direction.

In terms of the zyz coordinate system [Fig. 3.3.3], we find

és =7 = Zsinfcos ¢+ ysinfsin g + zcosb (3.3.25)

Figure 3.3.3 The kDB system.

The unit vector &, is in the direction, we have

9 =0 = Fcosbcosp+ +icosfsing — 2sinb (3.3.26)
The unit vector é; is in the —<}§ direction which is perpendicular to
both é3 = 0 and é3 = 7. The three unit vectors é1,é9,é3 form a

right-hand coordinate system.

| =6y X é3=—¢=asing — §cos¢ (3.3.27)

>

which lies in the z-y plane. All three unit vectors are perpendicular
to one another as €1 -éy = é9-é3 = é3-¢1 = 0. The three unit vectors
are indicated in Figure 3.3.3. We see that if the z-y plane is rotated
counter-clockwise about 2 by ¢ — 7/2, and then rotated about the
new z-axis by @, the resulting plane perpendicular to k is the DB
plane.

We now establish transformation formulas for components of field
vectors. Let a vector be called A when it is represented by components
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projected onto the zyz coordinate system. We write

Ay
A= [ A, ] (3.3.28)
A,

Let the same vector be called A; when it is represented by components
projected onto the kDB coordinate system,

A= | 4 (3.3.29)
As

The relation between the components of A and the components of Ay,
is governed by -
A, =T A (3.3.30)

Since A and A, denote the same vector, we find

Ai=é1-A=¢é1-TA, +é1-JAy+é1-2A,

= sin A, — cos pA, (3.3.31)
AQZég-ZZéQ-.@Aw—FéQ'@Ag—i—éQ-%Az

= cost) cos pA, + cosOsinpA, —sinbA, (3.3.32)
Ag:ég‘Z:ég-@Ax—i-ég'@Ay—i-ég,'%Az

= sinf cos pA, + sinfsin pA, + cos A, (3.3.33)

where we have made use of (3.3.25)—(3.3.27). Writing (3.3.31)—(3.3.33)
in matrix form and comparing with (3.3.30), we obtain

_ sin ¢ —Ccos ¢ 0
T = | cosfcos¢p cosfsing —sinf (3.3.34)
sinfcos¢ sinflsing cosf
The inverse of T is simply calculated as
_ sing cosfcos¢ sinfcoso
T = | —cos¢ cosflsing sinfsing (3.3.35)
0 —sinf cos 0

which is seen to be the transpose of T . The result (3.3.35) can be
obtained in three different ways: (i) by directly calculating the inverse
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of T; (ii) by following a procedure similar to (3.3.31)(3.3.33) and
using instead the relations A, = - Ay, Ay=1- Ap, and A, = 3-Ay;
and (iii) by recognizing that the transformation is orthogonal so that
the inverse of T is equal to the transpose of T. Clearly the product
of (3.3.34) and (3.3.35) is a unit matrix.

The transformation formula established in (3.3.30) applies to any
field vector E, D, B, or H . We must now find formulas that transform
constitutive relations from xyz to kDB . Notice the fact that vectors
D and B take much simpler forms than £ and H because D3 =
B3 = 0. We express the constitutive relations in xyz by relating E
and H to B and D,

(3.3.36)

E=
H (3.3.37)

H=

Qll RH
S|
=l <)

S| ol

+
_|_

We call these the constitutive relations in the D B representation.

=1 _
Making use of the transformation formula (3.3.30) we find £ =T -E},
and similarly for H, D and B. The result is

E,=T-%T ) D+ (T-X-T )-By (3.3.38)
Ho=(T-7-T )-Bot+(T-5-T ) Dy (3.3.39)
We thus obtain

R =T-8%-T (3.3.40a)
Y =T-%x-T (3.3.400)
o =T-7-T (3.3.40¢)
5. =T-5-T (3.3.40d)

such that in the kDB system
Ej =Fy - D+ Xy, - B (3.3.41)
Hy =7V By+75,- Dy (3.3.42)

With the transformation formulas (3.3.30) and (3.3.40)-(3.3.40), we
can now transform all quantities from the zyz coordinate system to
the kDB system.
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C. Maxwell Equations in kDB System

Within the frame of the kDB system, the Maxwell equations for plane
waves inside source-free homogeneous media take the same form as
(3.3.21)—(3.3.24)

k x Ei, = wBy, (3.3.43)
k x Hy = —wDy, (3.3.44)
k-Bp=0 (3.3.45)
k-Dyp=0 (3.3.46)

but with the & vector in the é3 direction
k = éesk (3.3.47)

From (3.3.45)—(3.3.46), we find B3 = D3 = 0. From (3.3.43)—(3.3.44),

we find o
wBy, = késg x (élEl + éo By + égEg)

—wﬁk = keg X (élHl + egHoy + é3H3)
Making use of the constitutive relations (3.3.41)—(3.3.42), we obtain

wBy = kE1 = k(k11 D1 + k12D2 + x11B1 + x12B82)
wBi = —kEy = —k(k21D1 + koo D2 + x21B1 + x22B2)
wDy = —kHy = —k(v11B1 + v12B2 +711D1 + 712D2)
wD1 = kHy = k(vo1B1 + v22Ba + v21D1 + 722D2)

We first divide both sides by k£ and let v = w/k. Rearranging terms
and writing in matrix form, we obtain

K11 K12 Dl]:_[ X11 Xlz—u] [Bl] 3.3 48
[Fm /m] [Dz Xo1+u  X22 By (3.3.48)

Vi1 V12 By _ M1 mz2tu D,

[ Va1 Va2 ] [ By ] B [721 —u 722 ] [ D, ] (3:3.49)
From the above two equations, we can derive the dispersion relations
for the homogeneous media. The procedure is also applicable to dissi-
pative media, where k = &k, + §ky + 2k, is a complex vector. We first
treat k and the angles 6 and ¢ as though they were real. After the
solution is obtained, we eliminate 6 and ¢ by relating them to the
rectangular components of k in the original zyz coordinate system
and allowing the k vector to be complex.
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D. Waves in Isotropic Media

The constitutive relations for isotropic media in the D B representa-
tion can be written as

@ O

E=k

H=v
where k = 1/e is called the impermittivity and v = 1/p is called the

impermeability.
In the £DB system, we find that

Hyj, = vBy (3.3.50b)

Substituting in (3.3.48)—(3.3.49), we obtain

D1 o 0 U B
" [ D, ] B [ —u 0 ] [ By ] (8:3.51)
BiY (0 —u Dq
V(Bz] - [U 0 ] [DQ] (3.3.52)
Eliminating Bj, from the above two equations yields
u? — kv 0 D1
( S W] [Dz] —0 (3.3.53)

In order to satisfy (3.3.53), we have the following four cases:

(A) Di=Dy=0
(B) D1 #0 and Dy =0, u?>—vk=0
(C) Dy=0and Dy #0, u?>—vk=0
(D) D1 #0 and Dy #0, u?>—vk=0
In order to have non-zero D}, , we must have the dispersion relation

uw? — vk =0
Case (A) is a trivial case with zero field. Case (B) is a plane wave
linearly polarized in the é; direction and Case (C) is a plane wave
linearly polarized in the és direction. Case (D) represents a plane
wave of any polarization.
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E. Waves in Uniaxial Media

In the principal, xyz, coordinate system of a uniaxial medium the
constitutive relations under D B representation are

E=%-D (3.3.54)
H=vB (3.3.55)
where
x 0 0
=10 k 0 (3.3.56)
0 0 kK,

is called the impermittivity tensor. The optic axis is in the 2z direction.
In terms of the permittivity tensor

e 0 0
€= [0 € 0] (3.3.57)

0 0 e,

we find that x = 1/e and s, = 1/e,, since & = € ! . The imperme-
ability is related to the permeability u by v = 1/u. Transforming to
the kDB system, we find from (3.3.40), that

Nl

4 K 0 0
=T r-T = [ 0 kcos?f+ k,sin?0 (k — k,)sinfcosd J
0 (k—k.)sinfcos rsin®6+ Kk, cos?
(3.3.58)
Since the uniaxial medium has cylindrical symmetry around the z-
axis, the transformed relation is ¢ -independent as one should expect.

Applying (3.3.48)—(3.3.49), we obtain

(2 (5= (% 9 (8] esm

B1 o 0 —u D1
v [32] B [U 0 ] [D2] (3.3.60)
Note that ¥ =75 = 0 and, from (3.3.58), k11 = & and kg = K cos® 0+

k,sin? 6. Note also that although k23 and k33 are both calculated
in (3.3.58), they will not be needed either in applying (3.3.59) or in
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determining E) from Dy, as illustrated later. Eliminating B from
(3.3.59) and (3.3.60),

u? — vk 0 Dy
(F L0 Y (B ) =0 s

In order to satisfy (3.3.61), we have the following four cases:

(A) Dy = Dy =0

(B) D1 #0 and Dy =0, u?>—vky3 =0

(C) D=0 and Dy #0, u®—vkyp=0

(D) Dy #0 and Dy #0, u? —vky = u? — Vkoy =0
Case (A) implies that there is no field at all.

a. Ordinary and Extraordinary Waves

Case (B) corresponds to a wave which is linearly polarized in the
é1 direction. Notice from Figure 3.3.4 that é; is perpendicular to the
plane formed by the optic axis and the k vector. This linearly polarized
plane wave propagates with the phase velocity

U = ++/VK11 (3.3.62)

The other field components for the wave are determined from (3.3.60)
and the constitutive relations (3.3.54) and (3.3.55). We find that

z

=Nl

Dy, Ej,

By, Hy

Figure 3.3.4 Ordinary wave in uniaxial medium.
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Dy =¢ Dy (3.3.63)
By = éo %Dl (3.3.64)
H), =éyuD; (3.3.65)
E), =é1 kD) (3.3.66)

Thus D), and Ej are in the same direction, as are Bj and Hj
[Fig. 3.3.4]. We call this the ordinary wave in the uniaxial medium.

ExaMPLE 3.3.2

When both v and k are negative and wu is positive, we see from
Fig. E3.3.2.1 that the Poynting power vector is in the opposite direction of
the wave vector k .

z

Figure E3.3.2.1 Ordinary wave in uniaxial medium
with negative constitutive parameters.

— END OF EXAMPLE 3.3.2 —

For case (C), the wave is linearly polarized in the é2 direction. Re-
member that é; lies in the plane determined by the optic axis and the
k vector and is perpendicular to the k vector. This linearly polarized
wave propagates with the phase velocity

u = +/Vkp = +[v(k cos? 0 + k. sin? 0)]'/? (3.3.67)

which is seen to be dependent upon the direction of propagation. The
other field components for the wave are determined from (3.3.60) and
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the constitutive relations (3.3.54) and (3.3.55). We find that

Dy = é3 D (3.3.68)
By = —& %DQ (3.3.69)
Hy, = —&1uDs (3.3.70)
Ej = é3 kDo + 3 (k — k) sin @ cos § Dy (3.3.71)

Figure 3.3.5 Extraordinary wave in a positive uniaxial medium.

We see that Ej and Dj both lie in the plane determined by the
optic axis 2 and the wave vector k but are no longer in the same
direction. For a positive uniaxial medium, e, > e, Ej lies between
the vectors k and Dj, [Fig. 3.3.5]. As a consequence, the direction of
the Poynting’s vector will not be in the direction parallel to k = ésk .
This is seen from the cross-product of E}, xﬁz . This linearly polarized
wave, the phase velocity of which has magnitude dependent on angle
and direction different from that of the Poynting’s vector, is called an
extraordinary wave in the uniaxial medium.

In order for Case (D) to apply, that is, Dy # 0 and Do # 0,
we must have k17 = koo, which cannot hold unless (i) the medium is
isotropic or (ii) the direction of propagation is along 2. Thus waves
with polarizations other than linear can propagate only when the k
vector is along the direction of the optic axis. In general, plane waves
inside a uniaxial medium are either an ordinary wave linearly polar-
ized with the D vector perpendicular to the plane determined by the
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optic axis and the k vector, propagating with the phase velocity in
(3.3.62), or an extraordinary wave linearly polarized with the D vector
lying in the plane of the optic axis and the k vector and perpendic-
ular to the k vector, propagating with the phase velocity in (3.3.67).
The result of these two characteristic waves propagating with different
phase velocities in a medium is called birefringence and the medium
is called birefringent. When an electromagnetic wave enters a uniaxial
medium, it decomposes into the two linearly polarized characteristic
waves which propagate with different velocities. This phenomenon is
known as double refraction.

ExaMpLE 3.3.3
Consider a slab of uniaxial medium with optic axis in the Z direction
and with the y axis perpendicular to its front and back surfaces. Let a
linearly polarized plane wave with D = (£D,+2D,)e’*¥ be normally incident
upon the slab in the § direction [Fig. E3.3.3.1]. We neglect reflections at the
surfaces. Upon entering the medium, the wave is decomposed into an ordinary
wave with D = £D, and an extraordinary wave with D = 2D, . According
to (3.3.62) and (3.3.67), the ordinary and extraordinary waves propagate with
the spatial frequencies
k) — v
VUK

]{(e) - w o w

\/V(KZ cos? 0 + r sin? 0) VE

Figure E3.3.3.1 Wave incident on a uniaxial slab.

at 6 = 7/2 along the y axis. The spatial dependence of the D vector then
becomes

- “ ik (0) ” ik (e)
D:xDoelkoerzDeelkey
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Thus after propagating a distance of y , the polarization of the incoming wave
has been changed. If D, = D, , then at y = 0, the wave is linearly polarized
in a direction 45° with respect to the optic axis. After a distance d such
that

(K — k) d = @m+ m
>

where m is an integer, the wave becomes circularly polarized. A slab of
such thickness is known as a quarter-wave plate. A polaroid is also a uniaxial
medium where €, has a very large imaginary part such that the extraordinary
wave is drastically attenuated after having been transmitted, whereas the
ordinary wave component is transmitted with only a little attenuation.

— END OF EXAMPLE 3.3.3 —

b. k Surfaces

The dispersion relations in (3.3.62) and (3.3.67) for the ordinary
and extraordinary waves can be converted from their angular depen-
dence to the rectangular components of k in a three-dimensional &
space with the axes formed by k., k, and k.. Notice that u =
w/k, kcosf =k, ,and ksinf = ks where ks is the transverse spatial
frequency representing the transverse component of k. We find that

w? = vkk? + vrk? (3.3.72)

for the ordinary wave and

w? = vrk? 4+ vk k2 (3.3.73)
for the extraordinary wave. Equation (3.3.72) describes a circle and
(3.3.73) describes an ellipse [Fig. 3.3.6]. Rotating them about k,, we
obtain a sphere for the ordinary wave and an ellipsoid for the extraor-
dinary wave.

We now prove that in general the direction of flow of the time-
average Poynting’s vector is also normal to the tangent of the k sur-
faces. Thus the group velocity is in the direction of the energy veloc-
ity which is defined as the time-average Poynting’s vector divided by
the electromagnetic energy density. Mathematically we wish to show
that <S> is perpendicular to the tangent of the k surface, namely
ok - < S >= 0. First we take the differential of k¥ x E = wB and
kx H =—wD" and obtain

Skx E+kxdE=wéB (3.3.74)
Sk xH +kx6H =—-wéD" (3.3.75)
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7
n

direction of < S >

k surface for
ordinary wave

Bl

&

k surface for
extraordinary wave

Nz

w/\VE

Figure 3.3.6 k surfaces for the ordinary and extraordinary waves
inside a positive uniaxial medium with x/k, > 1.

We dot-multiply (3.3.74) by H and (3.3 _75) by
Using the vector identity A- (B x C) = B-(C x
obtain

FE and then subtract.
Z) C- (A X B)

20k - (ExH)=w(H" -6B+E-6D)+0E-(kx H)—6H - (k x E)
Y {ﬁ* 6B+E-6D -D 0E-B- m*} (3.3.76)
For the uniaxial medium, we find

2k - (Ex H)=uw {E T 6B —6E - B+ H - pH—6H" ME}

- w{[E* E 0B —[E°-F 0B+ [H - poH) - [H -M*aﬁ}*}
Using the lossless condition € =% and uw* = p, we observe that the
right-hand side is a pure imaginary quantity. Since the time-average
Poynting’s vector is equal to one-half times the real part of £ x H "
we conclude that

§k-<S>=0 (3.3.77)

In general we can show that the right-hand side of (3.3.76) is a pure
imaginary quantity for lossless bianisotropic media. Thus, at a point
on the k surface, the direction of the time-average Poynting’s vector
is normal to the surface at that point.
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EXAMPLE 3.3.4

Plotting the the ellipse ® = z2 4 2y?, it can be shown that V& =
Z2x + g4y is pointing in the directions of the expanding ellipse.
Now consider the function

f((I),CC,y) :®(I7y)*I2*2y2 =0

We find df = 55 (52 dz+ 92 dy)+ 5L dr+5Ldy = 0 or GEVO-dF+Vf-dF =0
where dF = &dz + jdy. Thus V& = —V /9L = 32z + jay.

— END OF EXAMPLE 3.3.4 —

ExaMPLE 3.3.5

The dispersion relations provide a functional relationship among com-
ponents of the k vector and the angular frequency w. The equations are
usually quadratic in k for each characteristic wave when there are more than
one. We write in general

f(kxa kya kmw) =0

In the three-dimensional k space, a quadratic equation describes a two-
dimensional hypersurface. The surface is called the wave surface or simply
the k surface.

We observe that the magnitude of &k, as described by the k surface,
may vary as a function of its direction. In a particular direction, the £ vector
intersects the k surface at a point. The magnitude of %k in this direction is
proportional to the length from the origin to this point. The phase velocity
of a wave in the media is u = w/k. The group velocity pertaining to the k&
surface is

Since the vector Vy f is normal to the k surface f(ks,ky,k.,w) =0, we
conclude that, as a wave propagates with phase velocity u along the direction
of k that intersects the wave surface at a point, the group velocity is in a
direction normal to the k surface at that point.

— END OF EXAMPLE 3.3.5 —
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F. Waves in Gyrotropic Media

As another example of the application of the kDB system to the
solution of characteristic waves inside homogeneous media, consider a
gyrotropic medium possessing the following constitutive relations:

H=vB (3.3.78)
E=%-D (3.3.79)
where
K tkg 0
R = —ikg K 0 (3.3.80)
0 0 kK,

One example of such a gyrotropic medium is an anisotropic plasma
with an externally applied dc magnetic field in the 2z direction. The
constitutive parameters x, x, and k. have been derived and ex-
pressed in terms of the plasma frequency and cyclotron frequency as
given in Example 3.2.1.

Dispersion Relations and Characteristic Waves

We transform the constitutive matrices to the kDB system by
applying (3.3.40)—(3.3.40). We find v = v and
-1

Ek =T r-T
K ikg COS 0 ikgsind
= [ —ikgcos® kcos? O+ kysin?0 (kK — k) sinfcos6 ] (3.3.81)
—ikgsin® (k — kK;)sinfcosf ksin? 6 + k. cosZ 0

Substituting the values for the constitutive elements in (3.3.48) and
(3.3.49), we obtain

K ikg COS 0 DYy 0 wu By
[ —ikgcost /1005294-/12511129] [_DQ ] a [ —u O] [Bg ]
(3.3.82)
5)-(0 ) (2)
By u 0 Dy
(3.3.83)
Eliminating By, yields

w2 — vk —1iVkg cos 0 D;
ivkgcosf u? —v(kcos? O + ki, sin® 0) D,

From which we determine the dispersion relations and wave character-
istics.

] =0 (3.3.84)
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Faraday Rotation

When the wave propagation direction is along Z, we have 6 =0
and (3.3.84) becomes

( u? — vk ;z'w@g ] [ Dy ] -0 (3.3.85)

WKy u® — UK Do
We find

Dy u? — vk VK

Dy kg uZ — vk

It follows that

u? — vk = Uk,

which gives the magnitudes of the phase velocity
u=w/k=1/v(k*£rg)

The two components of the field vector D}, are related by
Dy .
[ 1
D

Thus, both characteristic waves are circularly polarized.

The type I wave has a velocity u = (vk + I/K,g)l/Q with spatial
frequency
k' =w/\/v(k+ k)
and
Dy .
—_— = —
Dy

which is left-hand circularly polarized.

The type II wave has a velocity (vk — Vng)l/ 2 with spatial fre-
quency
' =w/\/v(k — ky)
and
Dy .
=2 _
D,

which is right-hand circularly polarized.
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Consider a linearly polarized plane wave with D = &; 2D, propa-
gating in the 2 direction. Decomposing into superposition of left-hand
and right-hand circularly polarized waves D = &1 2D, = D,(é1+é21)+
Dy(é1 — é21), we write

D(F) = Do(&1 + e2i)e™'* + Do(e1 — i)™’

After traveling a distance zy inside the medium, the two waves are
phase-shifted by different amounts,

D = Dy(&1 + é21)e™® 4 D,(é1 — &91)e

= 21D, ("1 4 €191) 4 £9iD, (' — £%1) (3.3.86)
where
wzo
g1 =klz = ———— 3.3.87
v(k + Kg) ( )
e i (3.3.88)
v(k — Kg)

For the ratio of the two components of Dy, , we find

Dy efm — ¢l (¢ — ¢1)
— =1——F— = —tan ——=
D, eidn 4 eidr 2
€2
z
®
v _2®V )
o ony2 (611 — 61),/2
€2

(a) (b)

Figure 3.3.7 Faraday rotation.
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Both components are in phase and the wave is linearly polarized
[Fig. 3.3.7a]. Notice that for an observer viewing into the —% direction,
the incoming wave is rotated clockwise by an angle (¢ — ¢1)/2.

Now consider the case when the wave is propagating along the —2
direction, we have § = 7 and (3.3.84) becomes

u? — vk VK Dy
[ TN M] [ DZ] —0 (3.3.89)
We find
& _ _u2 — VK VK
D, ivkg  u?—Uk

It follows that

u? — vk = Uk,

which gives the magnitudes of the phase velocity
u=w/k=/v(k+tkg)

The two components of the field vector D, are related by

Doy .
224
D, !

Thus, both characteristic waves are circularly polarized.

The type I wave has a velocity v = (vk + I/Ii‘,g)l/Q with spatial
frequency
K = w/\ful + y)
and
Dy .
— =
Dy

which is right-hand circularly polarized.
The type IT wave has a velocity (vk — vkg)'/? with spatial fre-
quency

T =w/\[v(k — Ky)

and
Do )
— =9

D,
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which is left-hand circularly polarized.

Notice that for waves propagating in the —Z direction, the é, axis
in Figure 3.3.7b is now in the opposite direction to that in Figure 3.3.7a
as seen from the kDB system shown in Figure 3.3.3. Decomposing a
linearly polarized plane wave with D = &; 2D, into superposition of
left-hand and right-hand circularly polarized waves D = &, 2D, =
Do(él + &9 Z) + Do(él — €9 2) , we write

D(7) = Do(é1 + é21)e ™2 + Dy (&1 — egi)e "+

After traveling a distance z = —zp inside the medium, the two waves
are phase-shifted by different amounts,

D = Dy(é1 + e21)e’™ % + Dy(ey — eqi)e™ =

= 21D, ("1 + €1911) 4 890D, (!?1 — i) (3.3.90)
where
1 = k2 = —— (3.3.91)
v(k + kg)
o = kT2 = ——2 (3.3.92)
V(K — Kg)

For the ratio of the two components of Dy, , we find

Dy et i (11 — 1)

D_l = —ZW — tan B
Again we see that for an observer viewing into the —Z direction, the
outgoing wave is rotated clockwise by an angle (¢ — ¢r1)/2, as shown
in Figure 3.3.7b. Thus, irrespective of whether the wave is propagating
in the +2 or —Z direction, the wave is rotated in the same direction
by the same angle.

The phenomenon of rotation of a linearly polarized field vector
when passing through a gyrotropic medium is known as Faraday rota-
tion. For a plasma medium, the electrons circulating along the mag-
netic field lines are responsible for this effect. Faraday rotation also
occurs in ferrites in the presence of external magnetic fields; there the
effect is caused by precession of spin axes around the magnetic field. A
parallel analysis can be carried out for ferrites by using a magnetically
anisotropic model with an impermeability tensor 7.
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ExAMPLE 3.3.6
From (3.3.84), we find

Do u? — vk VK, CcOs 0
g

D;  ivkgcosf u? — v(k cos? 0 + ki sin? 0)

which gives

2 14

ut vk =g [(n — k,)sin?0 + \/(n — kz)?sin® 0+ 4k2cos? | (E3.3.6.1)

This is the dispersion relation relating w and k.
The two components of the field vector Dy are related by

D iy cos
=2 = g 00 (E3.3.6.2)
D,

(k — k) sin® 0 & \/(n — k,)2sin® 0 + 4K2 cos? 0

The expression can be greatly simplified if we define an angle ¥ such that

2kg cost

tan 2¢) = (E3.3.6.3)

(k — k) sin®
We find that for the characteristic wave with the phase velocity u having the
plus sign in (E3.3.6.1), (E3.3.6.2) becomes

D

22— _itan (E3.3.6.4)

D,

having the spatial frequency

—1/2
B =w {w@ + g [(/@ — k.)sin? 0 + \/(/{ — k,)2sin? @ + 4r2 cos? 9] }

We call it the Type I wave in the gyrotropic medium.
For the characteristic wave with the phase velocity u having the minus
sign in (E3.3.6.1), we find from (E3.3.6.2)

D
22 — jcot o (E3.3.6.5)
D,

having the spatial frequency

~1/2
K =w {w&—k g |:(I<L — k) sin? 0 — \/(/1 — k)2 sin 0 + 452 cos? 9} }

We call it the Type II wave.

Both characteristic waves are elliptically polarized. When &, is zero,
the medium becomes uniaxial and the characteristic waves become linearly
polarized. Both characteristic waves are also linearly polarized when the wave
propagation direction is perpendicular to % and thus 6 = 7/2. This bire-
fringence is known as the Cotton-Mouton effect.

— END OF EXAMPLE 3.3.6 —
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ExamMpLE 3.3.7

The Appleton-Hartree formula for the refractive index, essential to the
study of radio waves in ionosphere [Budden, 1985], can be easily derived from
the above results. The refractive index is defined to be the ratio D /egE; =
Dy /egE5. For instance, from (3.3.81), we find Ey = kD1 +ikg cosD;y. From
the first equation of (3.3.84) we also find u>Dy = v(kD; +ikg cos 0D;). Thus
u?Dy = vE; and n? = Dy /egE1 = ¢o/vu®. A similar derivation can be made
for n? = Dy/egF> which yields the same results.

In order to be consistent with the Appleton-Hartree formula appeared in
the literature, we first define X = wg Jw? and Y = w,./w. For the constitutive
parameters, we find

1-X-Y?
€EOR = 777775 5
T —Xx)2—Y?
1
OETITTX
XY
R R P 7o

It follows that the refractive index

. € 2(1-X) [(1-X)? - V2]

vu? 21— X)2 - Y2+ X (Y2+Y7) £ /Y +4(1 — X)%Y7

where Y7, =Y cosf corresponds to the gyrofrequency along the direction of
the B-field and Y7 = Y sinf corresponds to that transversal to the B-field
direction.

To further cast the result in a form displaying the effects of the plasma
media on free space for which n =1, we write

2 €0
—1-(1- %
" < Vu2>

2 (1= X)2=Y?] + (Y2 +Y2) £ Vi +4(1 - X)2Y7?
2[(1 - X2 = Y2 + X (Y2 +Y?) £X\/Y} +4(1 — X)2Y7
2X(1 - X)

=1- (E3.3.7.1)
2(1 - X) - Y2+ /Y +4(1 - X)2Y?

=1-

which is in the familiar form for the Appleton-Hartree formula as derived
from polarization-current arguments. In the absence of the d.c. magnetic field,
Yr=Y; =0 and n? =1— X . In the absence of the plasma medium X =0
and n? =1 for the free space.

— END OF EXAMPLE 3.3.7 —
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G. Waves in Bianisotropic Media

Consider bianisotropic media with the following constitutive relations:

k 0 0 x 0 0

E=|0 & 0]-E+ 0 x 0| B (3.3.93)
0 0 kK, L0 0 x:
v 0 0 v 0 0

H= [0 v 0| -D+ v OJ~§ (3.3.94)
0 0 7, 0 0 v,

When X = 7, this relation reduces to that used by Dzyaloshinskii in
his description of magnetoelectric media.
In the kDB system, the constitutive matrix %; becomes

K 0 0
Fr= |0 rcos?0+k.sin?0 (k— k,)sinfcosf (3.3.95)
0 (k—k.)sinfcos® ksin?6 + k. cos?d

A similar form holds for the other matrices, X, 7, and 7y . Inserting
the corresponding constitutive parameters in (3.3.48) and (3.3.49) and
eliminating By , we obtain

[ u? — vogk + Xy /v —(V22 — XV22/V)U ] [ D, ] —0 (3.3.96)
—(x22 — Va2 /V)u  u® — vkog + X22722 Dy e

where ) )
K99 = K cos“ 0 + K, sin“ 0

Vog = v cos2 0 + v, sin? 0
X22 = X cos 6 + x sin? @
Yo = 7y cos? O + 7, sin” 6

Solving for u and Dy from (3.3.96), although tedious, is straightfor-
ward. We shall now discuss several special cases.

Consider the case with both y and v real and the bianisotropic
medium lossless. The lossless condition requires that 7 = % . Charac-
teristic waves are linearly polarized.

Consider the case with both y and ~ imaginary and the bian-
isotropic medium lossless. Let ¥ — ix; then the lossless condition
requires 7 = —iy . We see from (3.3.96) that the characteristic waves
are elliptically polarized.
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Optical Activity in Chiral Media

Chiral media, which characterize many types of polymers, sugar solutions,
andbiological substances, possess the following constitutive relations

E=kD—ixB (3.3.97a)
H=1ixD+vB (3.3.970)

Equation (3.3.97) describes a biisotropic medium. Letting k. = k, v. = v, and
X= = x in (3.3.96), we find for the biisotropic media

2 2 .
u® — KV 4 X —i2xu D\
( i2xu u? — kv + X2 Dy | 0 (3.3.98)
We find
&_uQ—w@'—i—XQ_i 12xu
D, 12xu 7w —vuk+ x2

It follows that

u? - 1//<;+x2 = +2xu

which gives the magnitudes of the phase velocity

u=+UrvKEtx
The two components of the field vector Dy, are related by

Do .
=22 _ =
D, T
Thus, both characteristic waves are circularly polarized.
The type I wave has a velocity u = y/vk + x with spatial frequency

K = w/ (ViR +X)

and
Dy .
D, = —1
which is left-hand circularly polarized.
The type II wave has a velocity u = 1/vk — x with spatial frequency

K = w/ (VR - X)
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and
Do

D_l =1
which is right-hand circularly polarized.
Consider a linearly polarized plane wave with D = é,2D, propagating in the
2 direction. Decomposing into superposition of left-hand and right-hand circularly
polarized waves D = é1Do = Do(é1 + é2i) + Do (é1 — é2i), we write

N /= N Ao ikTT PN A oo ikTz
D(T) = Do(é1 + é21)e + Do(é1 — é2i)e

After traveling a distance zo inside the medium, the two waves are phase-shifted by
different amounts,

D= Do(él =+ égi)eid)” =+ Do(él — égi)@id}l

= 1D, ("1 4 €"T) 4 620D, (' 11 — 7)) (3.3.99)
where
wZzo
bor=k'z20 = ——m———r 3.3.100
or T x) (3.3.100)
wZzo

b1 =k 20 = (3.3.101)

(VvE —X)

For the ratio of the two components of Dy, we find

& _ ieitﬁn _ eidn — (¢U _ ¢I)
Dy etPrr 4 etdr 2
€9 3

v ] A _éé/\(fbn - A¢1)/2
\. €1 e

)

(a) (b)
Figure 3.3.8 Optical activity.
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Both components are in phase and the wave is linearly polarized
[Fig. 3.3.7a]. Notice that for an observer viewing into the —% direction,
the incoming wave is rotated clockwise by an angle (¢ — ¢1)/2.

Now consider the case when wave is propagating along the —2
direction, we have § = 7 and (3.3.96) becomes

u? — kv + X —i2xu Dy

which is identical to (3.3.98). Following same analysis, we find for a
linearly polarized plane wave with D = e; 2D, , after travelling a dis-

tance of z = —2¢ in the Z direction, the ratio of the two components
of Dy, we find

Dy elPm — ¢l (¢ — 1)

— =——— = —tan —=

Dy et | eidr 2

Notice that for waves propagating in the —Z direction, the é5 axis in
Figure 3.3.7b is now in the opposite direction to that in Figure 3.3.7a.
Thus for an observer viewing into the —Z direction, the incoming wave
is rotated counterclockwise by an angle (¢ —¢1)/2. The phenomenon
of rotation of a linearly polarized field vector when passing through a
chiral medium is known as optical activity.

A profound difference exists, however, between optical rotation and
the Faraday rotation. A comparison of (3.3.96) with (3.3.84) reveals
that the off-diagonal elements in (3.3.84) change sign when we change
6 from 0 to 7, while those in (3.3.96) remain unchanged.

The significance of this difference can be demonstrated as follows:
consider a linearly polarized wave that propagates through a slab of gy-
rotropic medium along the 2 direction. Assume that, upon exiting, its
polarization vector is rotated 45°. If the wave is reflected by a mirror
and re-enters the slab, the polarization vector is rotated a total of 90°
after the whole journey. Consider the same experiment with the gy-
rotropic medium replaced by a biisotropic medium as discussed above.
On its return path after being reflected by the mirror, the polarization
vector is rotated back to its original position and the net result is no
rotation at all. Because of this difference, we call this rotatory power
optical activity to distinguish it from the Faraday effect. As we shall
see later, the optical activity is reciprocal, whereas the Faraday effect
is nonreciprocal.



334 3. Media

EXAMPLE 3.3.8

Anisotropic plasma T By

Figure E3.3.8.1 Transmission through an anisotropic plasma slab.

An anisotropic plasma is an example of a nonreciprocal medium. It pos-
sesses a permittivity tensor with € = ?_, which contradicts (3.2.26a) . Con-
sider a slab region filled with the plasma with magnetic field B perpendicular
to the slab [Fig. E3.3.8.1]. Assume that, when a linearly polarized plane wave
is transmitted through the slab, the Faraday rotation causes the field vector
to rotate 45° in the increasing ¢ direction. Let a current sheet with J, on
one side of the slab produce a plane wave polarized in the direction ¢ = 0°,
and a current sheet with J; on the other side of the slab produce a plane
wave polarized in the direction ¢ = 45°. Let J, be source a and J, be
source b. The reaction of < a,b > is seen to be zero because the plane wave,
as produced by Jy, is polarized with FE;, perpendicular to J, after trans-
mitting through the slab, while the reaction of < b,a > is nonzero because
E, and J, are in the same direction. Thus < a,b ># < b,a > and the
Faraday rotation effect is nonreciprocal.

The optical activity also rotates polarization vectors, but the effect is
reciprocal. For instance, a quartz crystal exhibits optical rotatory power and
can be described as a bianisotropic medium with constitutive relations satis-
fying (3.2.26). Let the slab region in Figure E3.3.8.1 be filled with an optically
active medium such as quartz. The electric field vector will be rotated 45°
in increasing ¢ when transmitted upward and rotated 45° in decreasing ¢
when transmitted downward. Thus we have the reaction < a,b >=<b,a > .

— END OF EXAMPLE 3.3.8 —
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ExampLE 3.3.9
Writing the constitutive relation in FH representation as

D =¢eE +i&H (E3.3.9.1a)
B=—i&E + pH (E3.3.9.1b)
we find
k=1/e(1 — &3/ pe) (E3.3.9.2a)
v=1/p(l - & /pe) (E3.3.9.2b)
X = &o/pe(l — &/ pe) (E3.3.9.2¢)

The dispersion relation becomes

1+ &/ /R
= vV :l: =
VIR R € pe)
which yields
k= w(y/pe ¥ &)

— END oF EXAMPLE 3.3.9 —

ExamMpPLE 3.3.10

The split ring resonator can be modelled as a bianisotropic medium with
the following constitutive relations:

_ e 0 0 0 0 o0
5=?-F+E-F=[0 e, 0[-E+|0 0 0]~F(E3.3.10.1a)

0 0 e 0 —itop 0

_ 00 0 gz 0 0
§=Z-F+ﬁ-ﬁ=[0 0 iﬁo]-FJr 0 py OI-F(ES.SJO.H))

00 0 0 0

x

Figure E3.3.10.1 Split ring resonator.
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Transforming into DB representation, we have

where

vy, 0 0 1/t 0 0
v=|0 v, O|=| 0 1/uD 0

0 0 0 0 1/u.
00 0 0 0 0

X=3 =10 0 0]:[0 0 0
0 x 0 0 i¢/pye-D 0

where x, =1/e.D, vy =1/p,D ,and D =1-&2/u e, and x =

Transforming into kDB system, we find

_ K11 K12 K13
R = [Fm K22  Kas ]
K31 K32 K33
_ Vi1 V2 Vi3
V= [V21 Voo Va3 ]
V31 V32 V33

0 0 0
?X[ sinfcos¢ —sinfcosfsing —sin®fsing ]

— cosf cos ¢ cos? fsin ¢ sin @ cos 6 sin ¢
0 —sinfcos¢ cos 6 cos ¢
ﬁleo sin 6 cos 0 sin ¢ —cos? fsin ¢ ]
0 sin? 0 sin ¢ —sinf cos fsin ¢

where

K11 = Ky Sin’ D+ Ky cos® 10}

K12 = Ko1 = (Kg — Ky) cos 0sin ¢ cos ¢

K13 = K31 = (K¢ — Ky) sin@sin ¢ cos ¢

Koo = (Kg cos® ¢ + Ky sin? o) cos? 0 + Kk, sin% 0

ko3 = k3o = (kg OS> ¢ + Ky sin? ¢ — k) sin ) cos 0

ka3 = (kg cos® @ + Ky sin? ¢) sin® 0 + k., cos® 0

and similar relations for ¥ by replacing x with v.

3. Media

(E3.3.10.2a)
(E3.3.10.2b)

(E3.3.10.3a)
(E3.3.10.3b)

(E3.3.10.3¢)

o/ pye.D .

(E3.3.10.4a)
(E3.3.10.4b)
(E3.3.10.4¢)

(E3.3.10.4d)

(E3.3.10.50)
(E3.3.10.5b)
(E3.3.10.5¢)
)
)
)

(E3.3.10.5d
(E3.3.10.5¢
(E3.3.10.5f
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Notice that when either the k& vector is in the xy-plane with 6 = 7/2
or when the k vector is in the zz -plane with ¢ = 0, K12 = K91 = V12 =
Vo1 = X22 = Y22 = 0. We now consider such cases by using the kDB system.
We obtain

D, 0 —’U,//ﬁl ] [ By ]
= E3.3.10.6
[D2 ] [ (u+ x21)/ K22 0 By ( )
Bi) _ 0 (u+712)/v11 D,
[32] = [_u/y22 0 Dy (E3.3.10.7)
We obtain, noting that 12 = —x21 = —xsinfcos ¢,
u? — K11V 0 ] [ D, ]
=0 E3.3.10.8
[ 0 u? — X3, — Kaavny Dy ( )

When the k vector is in the xy-plane with 6 = 7 /2, the dispersion relations
are

W= /syuzkﬁ + Iiml/zki (E3.3.10.9)
w? = (Kovy + X7) k2 + Kavek (E3.3.10.10)

In terms of constitutive parameters in EH representation, noting that x, =
/e.D, vy = 1/p,D, and D = 1 = &/uye. = (uyez — &)/ pye., x =
i&/pye-D , and kovy + X% = 1/epuyD? — &/ p2e2D? = 1/e,pu, D , we find

Y-z
w? = k2 /ey + Kk eapiz (E3.3.10.11)
w? = k2 /e.puyD + k7 /e 1z D (E3.3.10.12)

= k2/(ye: — ) + myh?/po(pye. — €5)  (E3.3.10.13)

When the k vector is in the zz-plane with ¢ = 0, the dispersion relations
are

w? = kv, k2 + Kyvgk? (E3.3.10.14)
w? = (K,vy + X2) K2 + Kpvyk? (E3.3.10.15)
w? = k2 Jeyps + k2 /ey ity (E3.3.10.16)
w? = k2 /e puy D + k2 /eppiy D (E3.3.10.17)

=k /(nye: = &) + e:hZ fealpye: — &) (E3.3.10.18)

The characteristic waves are linearly polarized.
— END oF EXAMPLE 3.3.10 —
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ExampLE 3.3.11
Wave vector in any direction,

_ sin ¢ —cos ¢ 0 _ y yg O
T = |cosfcos¢ coslsing —sinf |;Y=|-y, v O

sinfcos¢ sinfsing cosf 0 0 vy,

. Y 1Yg cOS O Yg Sin 6
Y = [ygcosﬂ ycos? 6 +y.sin’ 0 (y —y.)sinf cos ]
—ygsinf (y—y.)sinfcosf vy sin’ 0 + y, cos? 0
= =t = =t = =+ . = =T = =T = =T
Lossless k=% ,v =7 ,y=% .Reciprocal k=% ,v=7 , y=-X

Kk ky 0 v 0 0 —ix 0 0 ix 0 0
kp k0510 v 0]; 0 —iY 0 ;1 0 iox O
0 0 &, 0 0 v, 0 0 —iXz 0 0 ix.
[Hn 512] [D1]:7[ X11 X12*U] [Bl]
K21 K22 D, X21 +u X22 By
[1/11 0] [31]:_( Y1 ’)’12+U] [Dl]
0 o By Yor — U Vo2 Dy
. 1. 1
[Hn K12 ] (D1 ] _ ( —ix11 = U ] [ ST U ] (D1 ]
K21 Koo D, u —iXa2 —éu tiXm Dy
(e
o 11 22
W to e g + 5 xa
G T u—me gt oxe, — ke ) LD
1, 1, 1 5 1, X11 | X22\2 2 2
—u” + —X11 — K1) (U + —Xzo —k22) — (= + =—)"u” — K =0
(V22 X )(V11 g 22 ) (V11 V22) 12
1 K11 | K22 | o X11 X227 2, 1 o I 5 2
w25 At (X — k1) (— X5 — ka2 ) —Kie = 0
Vi1V22 [V11 V22 V11 sz] (V11 X 11)(V22X22 22) 12

4 2 2 2 2
u —[V22H11+V11"€22+2X11X22]U +(V11Fé11—X11)(V22f€22—X22)—1/11V22f112 =0

w2+ x? —vk —i2xu D,
9_0’H12_O:>[ i2xu u2+X2—yn] {Dg] =0

w4+ x? —vk —12xUu D,
9—#,&12—0:>[ 2xu u2+X2—1/fi] [Dg] =0

— END oF EXAMPLE 3.3.11 —
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H. Waves in Nonlinear Media

Consider a nonlinear medium characterized by the constitutive relation

D(7,t) = egE(7,t) + P(7, 1) (3.3.103a)
with the 4th component of P
P, = XijEj + 2XijkEjEk: + 4XijklEjEkEl —+ .- (3.3.103b)

We have studied in previous sections the linear term x;;. The second-
order nonlinear term x;;; is responsible for the phenomena of second-
harmonic generation, and parametric amplification and oscillation. The
third-order nonlinear term x;jx gives rise to the effects of third-
harmonic generation, Raman and Brillouin scattering, self-focusing,
and phase conjugation.

The space-time dependent Maxwell equations in source-free re-
gions read

V x E(F,t) = —%E(m) (3.3.104a)

V x H(T,t) = &E(M) (3.3.104b)
Specializing to one dimension by letting 9/9z = 9/9y = 0, we obtain
the wave equation for the ¢th component of E

0* 0? 9?

We assume plane wave solutions of frequency dependence wi, we, and
ws.

Bii(z,t) = {Eu(z)e“’ﬂﬂ*“’l” v c.c.} (3.3.1060)

N =

Baj(z,t) = = {Egj(z)ei“fzz—wzt) n c.c.} (3.3.106b)

— N

Esp(z,t) = {Egk(z)ei(k“_w?’t) + c.c.} (3.3.106¢)

2
where k; = wl(uoﬂ)lﬂ with [ = 1,2,3 and c.c. denotes complex
conjugate. When P = 0, the amplitudes FE1;(2), E2j(z), and Esi(2)
will be independent of z.
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Second-Harmonic Generation (SHG)

Consider only the second-order nonlinear term ;;x. For the elec-
tric fields at w3 and wy, we have

1 . 1 .
Pi(z,t) = 2Xijk {§E3j62(k3'z_“’3t) + §E2j€z(k22_w2t) + c.c.}

1, 1
: {§E3kez(k3z_“3t) + §E2ke“’f2z—“2t> + c.c.} (3.3.107)

For w; = w3 — wsy, the nonlinear polarization is
1 A A
Pyii(z,t) = 5 Xk {(E3jE;k + B3y B3 ) el ks mha)zmilwsmwa)t 4 c.c.}
= Xijk {Eng;kei(k3_kQ)z_i(ws_w2)t + C.C.} (33108)

where use is made of the summation convention and the lossless con-
dition of Xk = Xik;-

We assume small variation of FEq; as a function of z such that
d’FEy;/d2* < k1dEy;/dz. Letting k) = wl(,uoel)l/Q and €;; = €9+ xij =
€10;; for Ej; components, we reduce the wave equation in (3.3.105) for
E1i(z,t) to the following for the complex FEj;(z)

d .
5, Bri(z) —iwry %injkE?)j(Z)Eékk(z)el(fkﬁkrkz)z =0 (3.3.109a)

Similarly, we find

—FE3j(z) — iws, | B0 s B (2) Eqy(2)e/ k1 Fsth2)z — 0 (3.3.109D)
€3

d )
%E;k(z) + iway / /Z—;)XklmEu(Z)Eékm(Z)eZ(kl_kﬁk?)z =0 (3.3.109¢)

For second-harmonic generation (SHG), w; = we and ws = wi +
we = 2wi. Equation (3.3.109¢) is merely the complex conjugate of
(3.3.109¢). Equation (3.3.109b), however, should be rederived from
(3.3.107) which now takes the form

1 , 1 ,
Pi(Z, t) = 2Xijk {§E1j €Z(klziw1t) + C.C.} {§E1k €l(klziw1t) + C.C.}
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which yield for ws = 2wy,
1 12(k1z—w1t)
Psi(z,t) = 5 Xigk {Elelkz gha\itEmwt) 4 c.c.}

Comparison with (3.3.108) shows a factor of 1/2 difference. The wave
equation (3.3.105) that led to (3.3.109b) now becomes

d W —i1Akz
2, Psi(2) = 1—3\ B B (2) Eu(z)e 2% = 0 (3.3.110a)
z 2 €3

Equation (3.3.109a) can be rewritten as

d

—Bu(2) — i, /’:—fxijkEgj(z)Efk(z)eiMz =0 (3.3.1100)

where Ak = ks —2k;. Equation (3.3.110) forms the basis for the study
of SHG. Notice that k3 = wg(,u063)1/2 and k; = wl(,u,oel)l/z,Egj is
the jth component of the electric field at frequency ws, and Fy; is
the ith component of the electric field at frequency wj.

Assuming weak second-harmonic generation such that the deple-
tion of wave at w; is small. In (3.3.1100) Es; ~ 0 and the solution
for FEq; is a constant. Let there be zero second-harmonic input at
z =0 such that Fs3;(0) =0, we find from (3.3.110a) the approximate

solution Ak
w3 [ po 1—e 2%
Bai(z) =28 B BBy

3j(2) 5\ & X P Eu 5

It is seen that the power generated at ws contains the interference
factor sin?(Akz/2). Thus the region of z for generation of second-
harmonic wave should be smaller than the coherence length defined by
le =2m/Ak.

The coherence length is infinite and the second-harmonic gener-
ation is most effective when Ak = 0, which is known as the phase-
matching condition. Notice that the electric field E3; at w3 can be po-
larized differently from FEjp at wi. It suggests that the phase-matching
condition can be met by using dispersive anisotropic media. For in-
stance, Fq; can be an extraordinary wave at wi and Ej3; an ordinary
wave at ws. The phase-matching condition

Ak = w3/ poes(ws) — 2wiy/ poer(wi) = 0
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Figure 3.3.9 Phase matching.

with wg = 2wy gives ny(ws) — ne(w1) = 0 along the 2z direction,
where n,(w3) = c\/pes(ws) and ne(wy) = ey/per(wr). Let k0 (w3) =
wy/pez(ws) and k) (wi) = wy/per (wr). We show in Figure 3.3.9 that

the k surfaces at w; and ws can be oriented to intersect on the z
axis to satisfy the phase-matching condition.
When the phase-matching condition of Ak=0 is satisfied, (3.3.110)

can be simplified by letting E3j=i+/w3/no(ws)As, E1p=+/wi /n6 w1)A;

and Kk = cux211w1v/W3/Ney/No. We obtain, assuming A; to be real,

d

Il 2

Ay = 2A (3.3.111a)
d

EAl == —I€A1A3 (33111b)

Summing (3.3.111a) multiplied by 243 and (3.3.111b) multiplied by
A yields
d

dz

Since there is no input at ws, A3(z = 0) = 0, and we find A2(z) +
2A3%(z) = A2(0). Equation (3.3.111a) becomes

(A3(2) +243(2)) = 0

L Ay(2) = 5 [43(0) - 243(2)
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Egei(kgz—wt)

E467i(k4z+wt)

ka4 -

L

z =
Nonlinear Medium as

Phase Conjugation Mirror
z=-H

k1

Figure 3.3.10 Generation of phase-conjugated waves.

and the solution is

As(z) = A\l/(io) tanh [A\l/(io) nz} (3.3.112)

Notice that as z — 0o, A3 — A;1(0)/v/2 and the power generated at
the second-harmonic of wg = 2w; is equal to half of the input power at
w1 after total conversion is complete. This satisfies energy conservation
as the photon energy at ws is hws = 2hw;.

Phase Conjugation

We now consider phase conjugation caused by four-wave mixing
as a result of the third-order nonlinear term x;;x. The objective is
to generate an output wave at ws which is the phase conjugate of an
input wave at w4. A nonlinear medium is pumped by waves at w; and
wo in opposite directions with k3 = —ky [Fig. 3.3.10]. Assuming plane
wave solutions, we find similar to (3.3.107) a nonlinear polarization due
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to the electric fields at wq,ws and wy,

1
Pi(z,t) = o Xighl

{ klr wit) +E2] (kzr wat) +E3] (k4r wat) —|—CC}
{Elke k:lr wlt) +E2k€ (kz?“ u)gt) +E3k€ (k47" w4t) +CC}

Byl i(ky T—wit) + E2lei(E2-F—w2t) n Eglei(E4.F—W4t) + C.c'}
B B 3 (3.3.113)
Letting w1 = wy = wy = w, k1 = —ko, and k4 = —Zk, we obtain for
W3 =w] + Wy — Wy,

Psi(z,t) = %XijklEle2kEZl ei[@ﬁ@)ﬂ—m_(wl+w2)t+w4t] + c.c.
1 .
= §XE1E2EZ ettbz=wt) ¢ e, (3.3.114)

where we ignore the subscripts and set x = 6x;;x. The nonlinear
polarization generates a wave [1Ej3(z)e!®*=) 4+ c.c.] according to
the wave equation (3.3.105) which now gives, ignoring the 0%2FE3/0z?
term

L F3(z) = —1w2,uoxE1E2EZ (3.3.115)
dz 2
where k = w(pge)'/?
term x;jr = 0.
The newly created E3 wave will mix with £ and E5 to generate
the polarization

with €; = €9 + xsj = €d;; and the second-order

1 A
Py(z,t) = §XE1E2E§6_’(’“Z+“”5) + c.c. (3.3.116)

which interacts strongly with FEye~i(kztwt),

E4(z) gives rise to

The wave equation for

d 1
—zk:dzE4( 2) = —§w2u0XE1E2E§ (3.3.117)

Equations (3.3.116)—(3.3.117) are obtained by a process similar to
(3.3.113)—(3.3.115).
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Defining a coupling coefficient

K = f’ / @XE]_EQ
2V €

and noticing that k = w(uge)'/2, we obtain from (3.3.115) and the
complex conjugate of (3.3.117) the coupled equations

d
EE;;(Z) = ikEj(2) (3.3.118a)
diZEZ(z) = ik"E3(2) (3.3.118b)

Given FE4(0) and Es3(—H), the solutions to (3.3.118) take the form

cos |k|z ksin |k|(z + H)

b = ——F3(—H) — E; 3.11
3(2) cos |k|H 3(—H) —i |k| cos |k|H i(0) (3.3.119a)
. || sin |k|z cos|kl(z+ H) _,

E =i———F——F3(—H) — ———F;(0) (3.3.119
i2) ZF&COS‘H|H 3(—H) cos |k|H i0) )

Let E3(—H) = 0. The reflected wave E3(0) at z =0 due to an input
wave E4(0) is

E3(0) = —i <i tan \@H) E;(0) (3.3.120)

I

Thus E3(0) is proportional to Ej(0), the complex conjugate of E4(0).

Notice that the reflected wave is the conjugate of the incident
wave in space but not in time. An incident wave with the pulse form
f(z+ct) will be of the form f(z—ct) upon reflection from a conjugation
mirror. Thus the reflected wave is the time reversal of the incident
pulse. Furthermore if the input Fs5(0) is not a plane wave but has a
complicated wavefront

E4 = Re {E4 (?)e—i(wt-‘rkz)}

it follows that

F3 = Re {—i (ﬂ tan ’H’H) EZ (F)ei(kz“’t)}

I
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which is easily verified by modifying the above derivations on account
of the linearity of the wave equations.

It is interesting to note that |FE4(—H)| > |F4(0)] and that for
w/4 < |k|H < 3n/4, |E3(0)| > |E4(0)|. The amplification of E4(—H)
and the generation of FEs3(0) must be at the expense of the pump
waves Fj and Ep. In fact, as |k|H = 7/2, |Es(—H)/E4(0)] — o0
and |E3(0)/E4(0)] — oo which gives rise to natural resonance without
an input wave.

Exercises

Ex3.3.1

The dispersion relations for plane waves in homogeneous media can be
derived in a number of different ways. For instance, making use of the con-
stitutive relations in E' H representation

-H

&=
™l

ol

5:

o]

|
o~
&

=n-H

we can eliminate the field vectors D, B and H from the above constitutive

relations and (3.3.21)(3.3.22). Defining an operator k such that FA=FkxA
for any vector A, we obtain

{w22+[i+w§]~ﬁ’1-[ﬁ—wa} "E=0

For nontrivial solutions of E, the determinant of the matrix operating on F
must be equal to zero. Hence

‘wQE—I—[k—I—wE]-ﬁ_l-[z—wa’ =0

This is the dispersion relation relating the components of k£ and the angular
frequency w. It reduces to the isotropic case in a straightforward manner.
However, in the cases of non-isotropic media, the study of the wave behavior
becomes extremely involved. It is the kDB system that provides a systematic
approach in facilitating the interpretation of the various plane wave charac-
teristics in more general media.
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Problems

P3.3.1

In a uniaxial crystal the ray vectors for ordinary and extraordinary rays
make an angle «. The extraordinary ray vector s. is normal to the extraor-
dinary wave surface:

1
Ee//avk(wQ,Lz) = pk.k, + Zkk. = pr.ksin€ + Zkk cos 6

The ordinary ray vector s, is normal to the k-surface of the ordinary wave,
where w?u = k(K2 + k2):

1
EO//ivk(wgu) = prksin 0 + 2kk cos 0

Show that the angle o between 5, and 5. is determined by

S, * Se K, sin2 6 + K cos? 0

s | Is 2 qin2 2 2 9\1/2
o
[50] [Se]  (k2sin® @ + k2 cos? 0)1/

Ccos&x =

Find 6y when the maximum «, amax, occurs and determine cos aax. When
sinfy = /Ki cos By , determine cos auyayx-
z

P3.3.2

In a negative uniaxial medium, a wave vector k makes an angle 6 with
the optic axis. Determine whether the direction of the Poynting’s vector in
the negative uniaxial medium is larger or smaller than 6.

P3.3.3
An electromagnetic wave propagates in a uniaxial medium with

€0 0 0
E=[0 & O and g = ug.
0 0 e,

(a) Let £, = 4¢. An electromagnetic wave E = Eyo(& + 32) (at y = 0)
propagates along +¢ axis.
(i) If the field E is circularly polarized at y =0, find 5.
(ii) At y = yo, E is linearly polarized. Find the smallest y, when
w = 27 x 108 (rad/sec) .
(b) The electric field E and vector k are both in the x-z plane.
(i) If the angle between vector k and axis 2 is 6, what is the complex
Poynting vector S ? (Hint: solve this problem in kDB system)
(ii) What is the angle o between the Poynting vector S and vector k ?
(iii) What is the angle ¢ when the angle o becomes maximum?
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P3.3.4
Consider a conductive uniaxial medium with
e 0 O c 0 0
e=10 € 0]; =10 o 0
0 0 e, 0 0 o,

Find dispersion relations for this medium. Explain the operation of a polaroid
with this model by assuming o¢,/0 < 1. Show that a piece of polaroid turns
any wave into a linearly polarized wave.

P3.3.5
The Fresnel ellipsoid is defined for an anisotropic medium by

€ijTiLy = 1

where €;; is expressed in the principal coordinates. The inverse of the per-
mittivity tensor € is &, which is called the impermittivity tensor. If we define
an ellipsoid in terms of k instead of € in the principal coordinate system of
the medium and write

RijTiLj = 1

we have a tensor ellipsoid. Construct the Fresnel ellipsoid and the tensor ellip-
soid for a biaxial medium. Expressed in the principal coordinate system, the
principal refractive indices are usually used in these definitions by replacing
€i; with n?6;; and k;; with §;;/n? , in which case the tensor ellipsoid is also
called an index ellipsoid or a reciprocal ellipsoid.

P3.3.6
Consider a slab of material of thickness d, as shown in Figure P3.3.6.1,
with the following permittivity and conductivity tensors:

ez 0 0 0 0 O
e=10 ¢ 0 =10 0 0
0 0 €, 0 0 (o™

Einc

<

Figure P3.3.6.1
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where €, = 12¢,, €, = €,, €, = 4¢,, and p = p, . The conductivity for
polarized wave in z-direction is ¢, = 0.2¢,w mho/meter.

This material can be used to make a polarizer, a quarter-wave plate, and
a half-wave plate. Let the incident electric field propagate in the w direction.

Polarizer:

(a) Assign x, y, z to u, v, w (not necessarily in that order) so that, for
any arbitrarily-polarized incident electric field and sufficiently thick slab,
the transmitted field is linearly polarized.

(b) Determine the minimum thickness d in free space wavelength such that
the undesirable component of the incident field is attenuated by 1/e.

Quarter-wave plate:

(c) Assign z, y, z to u, v, w (not necessarily in that order) so that, for
a given linearly polarized incident electric field, the transmitted field is
circularly polarized. Specify the axes so that there is no power absorption.
Give an expression for an incident electric field such that, given the
correct thickness, the transmitted electric field is circularly polarized.

(d) For the quarter-wave plate and the incident field of part (c), determine
the smallest thickness d in free space wavelength such that the trans-
mitted electric field is left-hand circularly polarized.

Half-wave plate:

(e) Assign =, y, z to u, v, w (not necessarily in that order) so that,
for a given linearly polarized incident electric field, the transmitted field
may be polarized in a direction orthogonal to the incident wave.

(f) For the half-wave plate of part (e), determine the minimum thickness d
in free space wavelength.

P3.3.7

Due to the Earth’s magnetic field, the ionosphere becomes a gyrotropic
medium. Radio wave propagation through the ionosphere is affected by Fara-
day rotation. The temporal variations of electron density profile in the iono-
sphere impose a problem on the antenna design for satellite communications
if linearly polarized waves are to be used.

A linearly polarized wave at a microwave frequency f is transmitted
down to Earth at an angle 6 with respect to nadir, and has a small angular
separation ¢ with the direction of the Earth’s magnetic field H. .

(a) Assuming that the electron density N and the Earth’s magnetic field

H, are functions of height h, show that the total amount of the Faraday

rotation is approximately

776 Ho
= M(h
87r2m2f2 /
where g = wo/€o = 377, M = H,secf cos ¢ ,and e and m are the

electron charge and mass respectively. In the presence of the magnetic
field

1 [ 1-wl/w? —wl/w? 1 wew? fw?
R = — = —
(1- wg/uﬂ)z — w2 /w? g (1-— w%/wz)Q — w2 /w?
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where k> kg .

In the above derivation, assume that the operating frequency is much
higher than the plasma and cyclotron frequencies and neglect (i) loss
due to collisions between particles, (ii) intermediate reflections due to
the inhomogeneous nature of the ionosphere, and (iii) splitting of the
ordinary and the extraordinary rays.

(b) Assume that the ionosphere has a uniform electron density of 10! /m3
and the Earth’s magnetic field makes a 60° angle with respect to nadir
and has a uniform intensity of H. = 50 amp/m (corresponding to a
B field of 0.628 Gauss or 0.628 x 10~* Tesla). Find the amount of
the Faraday rotation for a wave of frequency 1.4 GHz transmitted from
1000 km high down to the Earth along the direction of H. .

P3.3.8
A biisotropic medium (Tellegen medium) has the constitutive relation
D=¢E+¢H
B=¢E+uH

Find the constitutive relation in the D B -representation. Use the kDB system
to determine the dispersion relations for the biisotropic medium. Discuss your
results.

P3.3.9
In biaxial media, the three principal dielectric constants are different. In
the principal coordinate system,

ke, 0 0 _
R = 0 wy O v=uvl X=7=0
0 0 kK,

The % matrix is also called the impermittivity tensor. To relate to the per-
mittivities, we note that k, = 1/€;, ky = 1/€,, and k, = 1/e, . The perme-
ability v is the reciprocal of .

(a) Find the constitutive parameters in the kDB system.
(b) Determine the phase velocities of the characteristic waves and show that

D2 2/4312

—— =tany or —coty with tan2y = ———

D, K11 — Ka2
The velocities of both waves are functions of 6 and ¢ . Show that none
of the E vectors for the two waves lies on the DB plane and the E
vector has a component in the k direction. Thus, the energy propagation
directions are different from the % direction and the two characteristic
waves are both extraordinary waves.

P3.3.10
The direction of propagation of a wave becomes ambiguous in a complex
medium. From Poynting’s theorem, we have learned that the energy flow of
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an electromagnetic field is governed by Poynting’s vector, S = E x H . The
Poynting’s vector divided by the total electromagnetic energy is referred to
as the energy velocity. The direction of the energy velocity is thus perpen-
dicular to both E and H . We have also learned that the direction of the
phase velocity is along k, which is perpendicular to both D and B. In
a bianisotropic medium, the directions of the energy velocity and the phase
velocity k& do not, in general, coincide.

The Poynting power-flow direction is characterized by the ray vector s,
which is perpendicular to both E and H .

5-E=0 5-H=0

We define the magnitude of 3 by 5k = 1, which has the dimension of
length.

(a) Use the vector identity 5 x (k x E) = k(3-E) — (k-3)E to show that
5xB=-F/w sxD=Hjw

(b) For a uniaxial medium, define ray surfaces similar to the wave surfaces.
Show that for the extraordinary wave

2 2, € 2
s, +s,+—s. =
TV e T wlie,
(c) Since 3 is along the direction of energy velocity, 5-Jk = 0; namely the
normal to the wave surface gives the direction of the corresponding ray
vector. Prove that the normal to the ray surface gives the direction of

the corresponding k vector.
(d) The phase of a wave along a ray can be written as

wz/ﬁ.cﬂz/pfdl:f
S S

where [ denotes the length of the segment along the ray path. In geo-
metrical optics, the dimensionless quantity ¢/(w/c) is the eikonal of the
wave. Show that the ray surface describes a constant-phase surface.

P3.3.11

A signal wave at frequency w; can be amplified by a nonlinear medium
with an intense pump wave at ws. This process of parametric amplification
by the second-order nonlinearity generates an idler wave at ws = w3 — w;.

(a) Assuming FEj3;(z) = E3;(0), show that (3.3.109) can be written as

dA;
dz
da; o iAK

— —A 7 z
dz ! 2 1€

e’ i
_ —Z§A;€ iAkz
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Determine o and Ak.

(b) Let A3(0) =0 and assume that the phase-matching condition Ak =0
is satisfied. Show that

A1(z) = A1(0) cosh %z

A%(2) = iA;(0) sinh %z

(¢) Derive the Manley-Rowe relation

AP; AP, AP

w3 %) w1

where AP, with | =1,2,3 are the change of power between the input
and output. For each photon added to the signal wave, there is a photon
added to the idler wave, and a photon removed from the pump wave. Is
energy conserved?
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Answers

P3.1.1
The two numbers are 5+ 710 and 5 —¢10.

P3.1.2

Set up a complex coordinate with 77 and 75 on the real axis, 77 at
the origin and T, at a distance a from Tj. Relative to I'; A= iI", and
B —a = —i(I' — a) . The treasure is located at M=(A+B) /2=a/2 + ia/2.
P3.1.3
(a) No, ElXFQ*O&HdEl() Ey(t) #0
(b) Yes, Ey-Eo =0 and E,(t)- Eqo(t) = 0.
P3.1.4

E(F) = [ + gi] e

P3.1.5

(a) E-k=0=A=—

(b) k= (j+ Z)k/f

(¢) The wave ﬁeld is left handed circular polarized (Lh.c.p.).

(d k:\/ 47r2><1012/c:w o€ = €=¢ (1—477 ><1012/w2).
(e) H= [ — Z]sin [%(yqtz)fwt} + & cos [%(erz)fwt}}
(f

)

)

)

)

)

) gzw# \/_(y—i—z)
)

)

)

)

g) e=¢, 17w2w = w, =2rf, =2r x 105 = f, =10° Hz.
P P
(h) k=7/300, v, =35 x 10° m/s, v, = 3 x 108/v/5 m/s
ol E(y+z)
(i) E= [ Zsinwt + T(Ay—i—z)coswt}e V2 , where k; = 7/300.
(j) vy=0, <8>=0.
P3.1.6
(a) EL(7) = #Epe’™ = Ei(y,t) =Re [asemye "”t] = ZFy cos(wt — ky)
(b) Hy(T) = —i%elky n= \/§
— — 2
© 5= (5) -3
(d) EQ(F) = —nAche iky
(e) E1(y) + Es3(y) = #Eo ( ihy 4 e’““y) = 72E cos ky
E(y,t) = $2Eq cos ky cos wt
() <§> = JRe |:31‘E0 (e”ﬁy + e‘”ﬁy) X —213;5 (e_““y - eiky)] =0
P3.1.7

Since 6, = \/2/wpo ~ 1/y/w, we need to design our enclosure at the
lowest frequency of interest - 10 kHz. Here, for copper, f = 10kHz — w =
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27 x 10*rad/s, = pg = 47 x 10~"H/m, o = 5.8 x 10" mho/m so that the
skin depth is &, = 6.6 x 10~ m . Thus, our enclosure (five skin depths thick)
must be at least 3.3 mm thick.

P3.1.8

(a) For bottom round steak, k; = W 40 [% (m — 1)] 1z _
58.7(m™1Y), d, = % = -m=17cm
For polystyrene foam, d, ~ 0%7 = ﬁ% = 1346.0m

(b) w<0.1x 2% =05.65(rad/sec), or frax = 5= = 0.899(MHz)

(c) dp =~ \/27r><108><47r><120*7><3‘54><107 = 8.46 x 107°(m); 5d, = 4.24

X

1075(m) . Thus ordinary aluminum foil with thickness 1073(inch) =
2.54 x 1075(m) is not thick enough.

— ~ 2 _ 2 _
(1) For f=100Hz, d,~ \/w,uoo' = \/27r><100><47r><10*7><4 =25.2m
(2) For f=5MHz, d,,z\/wfw: 2 =0.11m

21 x5x 106 x4mrx 10~ 7 x4

(&) dy, ~ \/2/wpes = 7.96(m), e 2k1z — ¢=2X786 — 1.22 x 107 =
—109.1(dB).

P3.1.9

2
—dw _ _k  _ /1%
(a) Vg = dk — wpo€o =cy\/1 w?

(b) For the flash light, w = 2me/A\ = 2X3x10% — 970 ¢ (6 x 105MHz)

0.5x10—6 —
w? 2 —
vy = e\f1-2F = \/1- i = c(1-889x107"7) ~ 3.0 x
10%m/s
For the radio pulse, w = 27 x (10MHz), v, = ¢4/1 — % = 0.6c ~

1.8 x 10%m/s. So the time difference after traveling 100km is &t =
d (L - L) =100 x 10% (7% — 1) ~ 2.22 x 10~ *(sec) .

Vg1 Vg2 0.6
P3.1.10
2 2
@) For > vy iy = g e (1 k) vy = e (1 ) whee

wp = \/Ne2/meeo is the plasma frequency with e = 1.6022 x 10719 C
and m. = 9.1096 x 1073 kg. N is the electron density in m™3 . From
the above results, we see that vy < c¢ and v, > c.

(b) The group time delay is

vy dw ¢ 2w? c 2w?
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The time difference for two RF pulses with different frequencies travelling
for a distance L is

1 1 L 1 1
At_t1t2_L<__> :—wf) <_2_2>
U_(]l Ug2 2C w w2

2
Since w? = ﬁij, we have N = me:zwp = 2cme,At/e?L (w_lf - %5’)
For At = 1.5sec, m = 9.11 x 1073 kg, €, = 8.85 x 10712 F/m, ¢ =
3x108m/s, L =6 x 10" m, w; = 27 x 110 x 10° rad/sec, wy = 27 x

115 x 108 rad/sec, and e = 1.60 x 1071 C, we get N = 2.65 x 10*m 3.

P3.1.11

(a) The reflected and transmitted powers are

1 R —, 11 1
P.=-Re(E,xH,) nh=-—-F2=-P,

2 e( X ’r‘) n 27]2 0 2

1 — == 11 1
Pt:§Re(Et><Ht)n:%§Eg:§ i

(b) Assume that the two reflecting mirrors are identical and have the same
reflection coefficient of €*?0 . Let E; =0, we find

™
¢t7¢r:§+nﬂ

Since the transmitted and reflected fields acquire a phase difference of /2
due to the semi-transparent mirror, the two fields destructively interfere and
do not reach the detector.
(c)

El — EO e_l¢t eik:pllei¢0 eikolg 6_7/¢'r + F 6_2(257' eik0l3 ei¢oeikoll e_z¢t
V2

vz TR V2

= Eoei(¢o—¢r—¢t+k0l3)ei%(koll+kpll) o8 <k0 —k Z1>
2

ko — kp ko w2 w2 Nel
b=\ I-g)mhog b =kgosre

=9

as wp < w, where wg = Ne?/mey. We find P, = Pjcos®¢. Using the
relation ¢; — ¢, = g +nm, we have P, = P; sin? ¢ . We thus have P, + P, =

P; , which satisfies energy conservation. The electron density N of the plasma
can be determined from ¢ .



356 3. Media

P3.1.12
(a) m is the number of rods and r, is the radius of the rod.
(b) From Faraday’s law §dl - E = iwp, [ dS - poH, we have 2rE =
Wit 2mr far drJ/2nr = iwperd In(r/a) . Thus
Mepf =g Elw] = 7r7‘2nq25—; 1n£

P3.2.1
For copper, o ~ 5.8 x 107 mho/m. For silicon, o ~ 1.6 x 10~ mho/m.

P3.2.2

(a) For very large N, d, = % =/ Netus
(b) For electron, m =9.1x1073 kg, e =1.6x107°C, d, =2.0x 10" m.

(c) For earth as a good conductor, d, =

is independent of frequency.

P3.2.3
€=¢p as wepr/w — 00 and € = ep(l —w)/w?) as wepr = 0.

P3.2.4

(a) VxH=Jgp =VxH=aF =VxVxB=puaVxE=—uaB
= V(V-B) - V?B = —uyaB = V2B = uaB
since V-B = 0. The solution is B = exp(+upax) for V2 =3/02% . The
penetration depth (upa)~/? is of the order of 10~7 m. The first London
equation is similar to that for good conductors. The above result suggests
that the time varying magnetic field is zero and the static magnetic fields
can be frozen in a perfect conductor in the limit (upa)™'/2 — 0.

b) VxH=1Jsyp =VXVxXxH=VXJgy,=-uB = -V?B=
—ppa1 B . The solution is B = exp(f+poaiz) for V2 =9?/0x?. The
small penetration depth (uoa)_l/ 2 suggests that the static magnetic
field is zero inside the superconductor. Notice that the second London
equation explains the Meissner effect but can not explain why supercon-
ductivity disappears in high magnetic fields. One difference between a

perfect conductor and a superconductor is that static magnetic fields are
frozen in the former but completely excluded from the latter.

P3.2.5

When an electric field E is applied, polarization P; occurs immediately.
Then the polarization builds up to its steady state Ps; with the time constant
T.

P(t) =u(t —to) {P1 + Pa(t)}
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d 1
apﬂt) ;[Ps — P — P(t)]
= (es — €0)En

P = (0o — €0)E1

23

(Polar molecules in a viscous fluid take time to align with the applied field,
as their motion is dampened.)

(a) For time harmonic excitation

1

€s — €0
P, —P)= E
l—in( )

1—wr

1
_Z'WPQZ_(PS_Pl_PQ); P2:
T

1—iwT

Permittivity is evaluated from eF = egEF + P, + P, as

The total polarization is P; + Py = {(eoo —e) + €s — €oo } E

€= €co + €s ~ Coo (Debye Equation)
1 —dwr
€5 — €xo , wT
€= {eoo ti e o } +i(es — 600)71 e

(b) €r = (€5 + €ow?72) /(1 + wW?T2) €1 = (€5 — €00)wT/(1 + W?7?)

(c) By obvious steps of algebra we obtain

63+€oo 2 65_6002
{GR_< 2 )] +€%:< 2 )

It was suggested by K. S. Cole and R. H. Cole [J. Chem. Phys. v. 9,p.
341(1941)] to plot €; versus er (Cole-Cole plot) to determine whether the
permittivity of a given material can be described by a single relaxation time.
€r — €7 curve is not circular for all material.

P3.2.6

Let 7 be the displacement of an electron from its equilibrium position.
The forces impressed on the electron will include

Ee =eF electric force
Fg = —gwomv = —gwomdr/dt damping force
F, = —wimr restoring force

By Newton’s Law

d*r — dr _
mﬁ =F.+F;+ F.=elF — gwoma — wgmr
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Multiply both sides by Ne/m , and define P = Ngr, use ¢ = e for electron,
we find, under time harmonic excitation, P = eqw%E/(wi — igwwy — w?) and
eE = e¢gF + P = ¢(w)E . Thus we have

e(w) = eg(w) +ier(w) = € (1 + — wh )

; 2
wh — tgwwy — w

1+ Wi (wE — w?) , w? gwwy

=¢

’ (w§ = w?)? + (gwwo)®  (wf — w?)? + (guwwo)?

3€_R = 20)123&) (wg — w2)2 — g2w§ 5

Qo [(w§ — w?)? + (gwwo)?]

aE_R _ 2 22 2 4 2 _ 2

3 =0 when (wj —w)" =g9"wy; = w'=(1=xg)w;
w

if g<1

0<w? <(1-gwd,and (1+ g)wy < w? < 00, €(r) increases with
frequency.

(1-g)wi <w? < (14 g)wd, €(r) decreases with frequency.
if g>1

0 <w? < (14 g)wd, then €(r) decreases with frequency.

(1 - g)wi <w? < oo, then €(r) increases with frequency.

der w2 gwo [wé + (2 — g¥)wiw? — 3w4]

a5 2

N R 0d

der s L(2-)+/(2-¢?)2+12
6(4)_0 = Wmax = Wo 6

for g — 0, wWmax — wo -
P3.3.1

Differentiate cosa with respect to 8 and we find au,ax occurs when

24/ K/K
sin g = r cos bty = Ij_ , thus COS Oax = #
\/ Ky \/ K, + K KK,

At =0 and 0 =7/2, cosa=1 and a=0.

P3.3.2
larger than 6.

P3.3.3
(a) () B=%i.
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(ii) Since ke > ko, (ke —ko)yo =47 = yo=3 (m).

—%

(b) ()S=E x H = [e3ka — és(r — k) sinfcos 0] u|Dy|*, where

Koo = Kk cos? 0 + Kk, sin? 0, U = \/VKag.

(ii) From (i), it follows that tana = |k — K.|sin 6 cos6/kas .

(ili) Ltana=0 = @=tan"'\/e./e or O=m—tan"'/e./e.
P3.3.4

The ordinary wave polarized in ¢ direction is not attenuated and the
extraordinary wave decays with exp (—o./21/p/€, x). Hence any wave prop-

agating in the & passing through the polaroid will become a linearly polarized
ordinary wave.

P3.3.5

The Fresnel ellipsoid is €127 + €273 + 322 = 1
x

2 2 2
The tensor ellipsoid is o+ f—; + i—g =1

P3.3.6

(a) The conductivity is non-zero for the incident electric field in z -direction,
we may assign z to u or v axis. There are following possibilities:
(1) z—u, ©—v, y—w;or
(2) z—>v, = w, y— u.For z— u, the output electric field is
linearly polarized horizontally, for z — v, the output electric field
is linearly polarized vertically.
(b) For the z component of the incident electric field,

o, o 0.2
=—=—=0.05
we,  wle, 4 ’

which is small, thus we can use the approximated expression

1/2
1, o, \2 1 o, 0.17
= |= 1 -1 ~ = = —
b= [ (i (52) 1)~ Jovm (22) -

The minimum thickness is d = 1/k,; = A/0.17 = 3.18)\.

(c) To make the quarter-wave plate have no power absorption, the incident
electric wave must propagate in the z-direction, we assign z — w, = —
u, Yy —v. .

(d) Incident wave is FEjpn. = % (Z £ g) cos (kyz — wt), where x,y = u,v.

(e) For Eipe = % (Z — §) cos (kyz — wt) , the - and y-components of the

electric field at z = d are

E, = % cos (2\/§kod — wt)
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B, = — Tz cos (kod — wt) = — T cos (2V3kod — wt — (2v/3kod — kod)) -
Thus to get left-hand circularly polarized wave for z > d, we need
(2m 4+ 1)w 2m+1 A
——— or =~
2 2v/3-14
(f) To make the half-wave plate with no power absorption, the incident elec-
tric wave must propagate in the z-direction, we assign z — w, = —

u, Yy — 0.
(g) Consider the incident electric wave

E,
inc — ﬁ

After passing through the half-wave plate,

2V3kod — kod =

E (Z £ §) cos (kyz — wt)

E,
E, = % cos (2\/§kod — wt)

E,
E, = :I:\/% cos (2\/§k‘od — wt — (2V/3kod — k‘od))

Let 2v/3k,d—k,d = m,sothat B, = :F% cos (2\/§kod — wt) , and then

E(z=4d) = % (Z F §) cos (kpd — wt) ,

which is orthogonal to the incident wave. Therefore d = 22tL A

2v/3-12"

P3.3.7

(a) For E layer N = 10" /m®, f, = 56.4V/N /21 = 2.84 MHz.
For F layer N =6 x 10! /m3, f, =6.95MHz.
For microwave frequencies much greater than the electron gyro-frequency
and the plasma frequency, the plasma permittivity is approximately equal
to that of free space. The splitting of the Type I and the Type II rays is
negligible. Also, the plasma collision frequency is typically much smaller
than microwave frequencies. In this case, the collision effect can be ne-
glected and the plasma can be considered as lossless.

(b) Now, for one plasma layer, we could decomposed the Earth’s magnetic
field into two components H I and H | . Since we assume ¢ to be small,
the main effect of H. comes from HH . So, we can take the direction

of k to be 2 and consider an effective external magnetic field to be
H) = H.cos¢. Under this approximation, the Faraday rotation angle
within one layer is given by

1 wdl 1 1
Ap= (¢, — ) = 2= -
¢=5(0r =) = 5 [\/V(,{ e R Hg)]

~ il KHl@)_(l_l@)}:w_ﬂ.&
2\/vK 2 K 2 K 2V k3
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where dl = dhsec . We further simplify (rk,/ n%) by ignoring the second
and higher order terms in (wp/w) and (w./w), i.e.,

1
2\ 2 2|2 2/ 3 2
K w w wew? Jw Wew
g p c p - p
—g——\/akl——) ] ~ Ve
K2

W) o w? [1—wi/w?— w?/w?]? w?

Finally we obtain

wdl/fioeg e BNe? ned o 2.97 x 1072
A¢ ~ 5 . = STz f2 NH, cos ¢psecOdh = TNMdh

The above formula is for one layer only. By dividing the ionosphere into
infinitesimal layers, we write the limit of summation as an integral

3
Q:/Aqbdh% n° Ho /MNdh

8m2m?2 f2

() N =10"/m? H,=50A/m, f=1.4x10°Hz, 6 = 60°, ¢ = 0°,h
10°m , the total Faraday rotation angle is

O~ 2.97 x 1072 x 10M x 50 x 2 x 106

~ = 0.1515 rad ~ 8.68°
(1.4 x 109)2 o

P3.3.8

In the DB -representation, xk = u/(ep —&?),x = v = £/(£2 — en),v
e/ (en—&%).

E=kD+ XE
H= 'yﬁ +vB
In the kDB system the constitutive relation is not changed, so we obtain

[Vﬁxvzﬂ (v = x)u HDl]ZO
(x—mu  ve—xy—u?||Dy

1 1 1 1 .\2
L

1, 1 1
[ws— X = 572] (=M (x+7)? vk

<
I
|

<
=N
|

|
=
|

|
)

Dy (v=xu
Dy w2+ xy-—vk
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The polarization of the characteristic waves can be one of the following cases:
(i) If u? >0 then both characteristic waves are linearly polarized.

1 1
(i) If vk > Z(x—&-’y)Q , 0 VK < Z(x—i—v)Q with u? < 0, then the waves
are elliptically polarized.

1
(iii) If vw < ~(x +7)?, and u? takes different signs, then we have one

linearly polarized wave and one elliptically polarized wave.

S|
]
~
Il

_KJIOO
=0 ry, 0]

——1 K11 K12 K13
: R21 K22 K3
0 0 kK,

K31 K32 K33

K11 = Kg sin? O+ Ky cos® 10}

K12 = Ko1 = (Kg — Ky) cos 0sin ¢ cos ¢

Koo = (Ky cos? ¢ + Ky sin? ®) cos® 0 + k., sin? 6

K13 = K31 = (Kg — ky) sinfsin ¢ cos ¢

Kos = K32 = (Kg cos® ¢ + Ky sin® ¢ — K )sin@ cos6

K3z = (K cOS® @ + Ky sin? ®) sin? 0 4 ., cos? 0

u2 — VK11 —VK12 D1 -0
_ 2 _ Do |
VK21 U VK22 2
2 14

=3 [(F«'n + Kog) = \/(fiu — Ka2)2 + 4/%2}

The characteristic waves are linearly polarized and

Dg VK21 2/‘612

2 _ 2
Dy w? —vka gy — kg £ \/(F«'u — K22)? + 4K,

B tan 21) _sin2yp %:tanw
14 /1 +tan22y cos2pE1 | —2EREBY — —coty)

P3.3.10
(a) Cross-multiply Faraday’s law by 5 : 5x (kx E) =wsx B = (5-E)k —
(3-k)E yields

5xB=-F/w.
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Cross-multiply Ampere’s law by 5 : 5x (kx H) = —wsx D = (5-H)k—
(3-k)H vyields

sxD=H/w.

(b) The dispersion relation for the extraordinary wave in a uniaxial medium
is

k2 k2 k2
T + Y + z _ WZPJ
€, €, €

The following vector is normal to this k& surface and parallel to §:

1 kr kK ke
“Vi(w?p) =3+ 92 +22 =c3
2 €z €z €
5-k=1 = c=u’p
ky ky k.
S, = . S, = —2 S, =
T Wpe,’ Y w2pue,’ w2 e
2 2, € 2 1
T e
(c) From -k = 1, it follows that 0 = (05-k+35 - 5%)‘ fixed - Since 56k =0,
w fixed

05 -k =0. Therefore, k is normal to the ray-surface.

(d) When [ is equal to s multiplied by a constant, the eikonal is equal to
¢/w times the constant. The ray surface gives the magnitudes of s in
all directions. It follows that the ray surface describes a constant-phase

surface.
P3.3.11
(a) o = —2(&)1&)2)%(6162)7%./ XEgj(O) Ak =ki + ko — ks
o A X 243 2 4 X
(b) LA, = —i%4; LA5 =24, = T2 = (29)°4; = 43(2) =
cisinh §z+cocosh Gz = co = 0= Ay(2) = %d;j = % cosh §z = A;(0)cosh §2z =

c1 = ZAl(O) = A*(Z) = iAl (O) sinh %Z

) E1i(2) = /w1 /n( w1 )A1(0) cosh 5z

— AP, = M%{Egj )|A1(0)[2 cosh &z sinh 22Az}

(6162)4 Hoc
AP, = M Ey;(0)|A b il A
2 (5162)4\/—C§R{ 35(0)|A1(0 )|? cos 5 zsinh 52 z}
AP; = M% E A (O cosh @ sial &
(6162)4r { 33 | 1( )| cosh 3 sin 2}
therefore (AP; + AP, +AP3) = c(w1 + w2 —w3) =0
because w; 4+ wy = w3 . Thus energy is conserved.
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4.1 Reflection and Transmission

Maxwell equations for time-harmonic fields are

V x E =iwB (4.1.1)
V x H=—iwD+J (4.1.2)
V-B=0 (4.1.3)
V-D=p (4.1.4)

where all field quantities are space dependent and complex.

For a boundary surface separating regions 1 and 2, and with a
surface normal n point from region 2 to region 1. The boundary con-
ditions as developed in Chapter 1 are as follows:

i x (E1— Ey) =0 (4.1.5)
fx (Hy — Hy) = Jg (4.1.6)
fi- (B1—B3) =0 (4.1.7)
iv- (D1 — Ds) = ps (4.1.8)

where J, is the surface current density and p, is the surface charge
density.

In source-free regions of isotropic media, where J = p =0, D =
eF ,and B = pH , consider plane wave solutions where all field vectors
have spatial dependence

otk T _ gikawtikyytik.z (4.1.9)

characterized by the wave vector

k = &k, + 9ky + 2k, (4.1.10)

with the dispersion relation
ki + k4 k2 = w?pe (4.1.11)

Maxwell equations become
kx E=wuH (4.1.12)
kx H=—wek (4.1.13)
k-H=0 (4.1.14)
k-FE= (4.1.15)

We shall assume homogeneous media in each region, and the various
regions are separated by boundary surfaces subject to the boundary
conditions in (4.1.5)—(4.1.8).
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A. Reflection and Transmission of TM Waves

Consider a TM plane wave incident from an isotropic medium with
permittivity € and permeability p upon another isotropic medium
with permittivity €; and permeability p; [Fig. 4.1.1]. We assume the
plane of incidence to be parallel to the z-z plane, which contains the
incident wave vector and the surface normal. An incident wave with
any polarization can be decomposed into TE (transverse electric) and
TM (transverse magnetic) wave components. The TE wave is linearly
polarized with the electric field vector perpendicular to the plane of
incidence and is also called perpendicularly polarized, horizontally po-
larized, or simply an E wave or s wave. The TM wave is linearly
polarized with the electric vector parallel to the plane of incidence and
is also called parallelly polarized, vertically polarized, or simply an H
wave or p wave.
We write, for an incident TM wave with unit amplitude,

H; = jeti™ (4.1.16a)
— 1 — _
Ei=——hix H, (4.1.16b)
-1 —
Si=ExH =k—|H? (4.1.16¢)
we
z
E,
_ H,
H, - :
ky -
ky yo)
0,
0, "
0;
w, € _ Kty €t
k
H;
Region 0 E; Region ¢

Figure 4.1.1 Reflection and transmission of TM waves.
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The reflected field components for the incident TM wave are

H, = j RTM¢ikeT (4.1.17a)
_ 1 — _
E,=——F x H, (4.1.17b)
we
e I
S, =FE, xH =k —|H,| (4.1.17¢)
we

where RTM is the reflection coefficient for the magnetic field compo-
nent H;, .
In region ¢, the transmitted TM field components are

Hy =TT ¢ike™ (4.1.18q)
_ 1
Et = ——kt X Ht (4118b)
WEet
e (.
St:Et XHt :k’t—’Ht‘ (41180)
WEt
where TTM is the transmission coefficient for the magnetic field com-
ponent H;, .

The wave vectors and the corresponding dispersions relations are

( )

( )

ky = Bkiy + 2ke. ( )

k2 + k2 = w?pe = k? (4.1.22)

ki + k7, = wPpe = k2 ( )

ki + k7. = e = k7 ( )

First we determine the wave vector components by phase matching
conditions as derived below.

Let the boundary surface be at z = 0 where the tangential compo-
nents of £ and H are continuous. From continuity of H, , we obtain

eikzz _|_ RTMeik'r‘zz — TTMeiktzz (4125)

This equation must be true for ALL z, and as a consequence, we
obtain the phase matching condition

by = ks = kys (4.1.26)
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The boundary conditions of continuity of tangential H and E give

14+ R™ =7™ (4.1.27)
ki(l - R™) = Kua qras (4.1.28)
€ €t

Note that we did not use the boundary conditions that normal D and normal
B components are continuous at z = 0, because these two conditions are not
independent of the two tangential £ and H conditions, just as Gauss’ two laws
are not independent of Faraday’s and Ampere’s laws. In this case we can see that
the condition of continuous normal D yields the same equation as (4.1.27) and there

is no normal B component.

The reflection and transmission coefficients RT and TTM are determined

from (4.1.27) and (4.1.28), as

1—pIM
R™ — pgM = — 20 4.1.29
0t 1 +pg;M ( )
2
™ =M = = __ 4.1.30
[0]7 1 +pg*tM ( )
where the parameter

pi = e (4.1.31)

Etkm

and REM in (4.1.29) is called the Fresnel reflection coefficient for a TM wave incident
from region 0 and reflected at the boundary separating regions 0 and ¢. In (4.1.30)
T&M is the transmission coefficient from region 0 to region t. Note that the Fresnel
reflection coefficient for TM waves represents the ratio of the reflected and incident
magnetic fields.

The time-averaged Poynting power vectors for the incident, the reflected, and
the transmitted waves are calculated to be

— 1 -1
> == F— 4.1.32
<S> 2Re{ we} (4.1.32)
_ L. 2
<8 >= lRe{ﬁ R™ } (4.1.33)
2 we
_ k 2 N
<S;>= lRe{ﬁ TTM‘ e“’“m—’“tw”} (4.1.34)
2 WeEt

where we assume that k¢, and ¢; may be complex.
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B. Reflection and Transmission of TE Waves

Consider a TE plane wave incidence with [Fig. 4.1.2]

ki=aky+ 53k,
E‘ oA ei%iF
;=
_ 1 — _
H,=—k; xFE;
W
. 1
S;=FE; x H; =k — [E;|?
W
z
7, Hy
_ _ E;
H, k., T
0
x
Mty €t
Region 0 Region t

371

(4.1.35a)
(4.1.35b)

(4.1.35¢)

(4.1.35d)

Figure 4.1.2 Reflection and transmission of TE waves at a plane

boundary separating regions 0 and ¢.

The reflected wave takes the form

(4.1.36a)
(4.1.36b)

(4.1.36¢)

(4.1.36d)
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and in region t,

Et =Tk + 2k, (4137@)
B, = TTE ¢tke™ (4.1.37b)
— 1 — _

Ht = —k?t X Et (41376)
Wt

T

S =Ey x H, =k, —|Fy)? (4.1.37d)
Wit

The reflection and transmission coefficients RTE and TTE are

e _ 1— P%;E TE
0t
2
0t
where f
pEE = zt;x (4.1.40)
x

With plF for TE waves defined in (4.1.40), RF in (4.1.38) is the
Fresnel reflection coefficient for a TE wave incident from region 0 and
reflected at the boundary separating regions 0 and ¢. In (4.1.39) TOTtE
is the transmission coefficient from region 0 to region t.

The time-averaged Poynting power vectors for the incident, the
reflected, and the transmitted waves are calculated to be

= 1. -1
i>=_Reqk— 4.1.41
<S> 2Re { WM} ( )
- 1 ky
< S, >=:-Re {—\RTE\Q} (4.1.42)
2 Wik
= 1 k, (s —k?
<8y >=-Re {—t*\TTEfe’(’“tw—km)x} (4.1.43)
2 Wy

where we assume that k; and ¢; may be complex. The above results
for the reflection and transmission of TE waves is easily obtained by
using the duality property of Maxwell equations with the replacements
E——-H,H—FE,and p=e.
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C. Phase Matching
According to the phase-matching condition (4.1.26),

ks = ke = ke | (4.1.44)

the incident, reflected and transmitted wave vectors must all lie in the
same plane called the plane of incidence determined by the incident
k; vector and the normal to the boundary surface. Although (4.1.44)
is derived for isotropic media, it holds for general homogeneous media
with the plane wave solutions (4.1.9).

The phase matching condition in equation (4.1.44) states that the
tangential components of the incident, the reflected, and the trans-
mitted wave vectors are continuous. We illustrate the phase-matching
condition with Fig. 4.1.3 with z-z plane as the plane of incidence. The
phase matching condition states that the tangential components of the
wave vectors across the boundary must be continuous as illustrated
in Fig. 4.1.3. Let 6; denote the angle of incidence, 6, the angle of
reflection, and 6; the angle of transmission, with 6;, 6., and 6; all
less than 7/2, we find from (4.1.44) that 6, = 6;, and

sin 91 kt nt

== = 4.14
sin 9t k:o no ( 5)

where n; = ¢\/uer and ng = c/po€g are the refractive indices. Equa-
tion (4.1.45) is known as Snell’s law.

K

k surface for medium 0

k surface for medium ¢

Figure 4.1.3 Phase matching using k surfaces.
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k surface for medium 0 k surface for medium ¢

Figure 4.1.4 Phase matching using k surfaces.

In Figure 4.1.4, we let the magnitudes of the wave vectors repre-
sented by circles with radii k; = k, = w\/uo€o and k¢ = w\/uer on
the k.;-k. plane. The circles are called k -surfaces. In three dimensional
k-space when k, # 0, the k-surfaces are spheres.

kz
E ]
ki
0(3
0. ke
k
/ k surface for medium ¢

k surface for medium 0

Figure 4.1.5 k surface for medium 0 is larger than that for medium ft.

When ng > n;, the radius of the k surface in Region ¢ is shorter
than that in Region 0 [Fig. 4.1.5]. By the phase-matching condition,
we see that as k, of the incident wave becomes larger than k;, there
is no intersection with the smaller semi-circle. As we shall show in the
following that the transmitted wave is evanescent in the # direction,
a phenomenon known as total reflection.
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D. Total Reflection and Critical Angle

Suppose that the medium in region 0 has larger refractive index than
the medium does in region ¢ such that ng > n;. Then the radius of
the k surface in region ¢ is shorter than that in region 0 [Fig. 4.1.6].
By the phase-matching conditions, we see that as k;, of the incident
wave becomes larger than k;, there is no intersection with the small
circle because this amounts to requiring that one component of a vector
be greater than its magnitude—an impossibility unless the vector is
complex.

ks
ET ,,,,,,,,,,,, E
ky
\&\J kz
k surface for medium 0 k surface for medium ¢

Figure 4.1.6 At critical angle of reflection when the k surface for
medium 0 is larger than that for medium f£.

The k surface in region ¢ is described by
k2, + k2 = k7 (4.1.46)

Since k;, > ki, ki must be purely imaginary,

ko = \J K2 — K2, = ikyar (4.1.47)

Remember that the wave in region t is characterized by exp(ikiyx +
ik,z). For k, > ki, it becomes exp(—kiyrx + ik,z). The transmit-
ted wave thus decays exponentially in the & direction. and propagates
along the 2z direction with the phase velocity w/k,. This can be re-
garded as a plane wave with constant phase fronts perpendicular to
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the boundary surface. Its amplitude is maximum at the surface and
decays exponentially away from the surface. The wave is known as a
surface wave. The surface wave is evanescent in the & direction. Since
evanescence in the transmitted wave begins when k; = k, = ksin6,,
with

1 ki - E

k no
the angle 6. is the critical angle of incidence. In Fig. 4.1.6, we illustrate
phase matching at k, = k; .
When the incident angle is larger than the critical angle,

Et:iikt:pl+2kz

The Fresnel reflection coefficient becomes, as po; = iekyyr/€tky, =
i potr, . L

Ry = - POt — P PO _ gig (4.1.48)

IL+pot 1+1ipotr

where .

¢ = —tan" ' poyr = — tan ™! el (4.1.49)

Etk‘x
for TM waves. The transmission coefficient becomes
Tor =1+ Ry = 1+ 2% = 2cos ¢ € (4.1.50)

The phase shift 2¢ of the Fresnel reflection coefficient at total reflec-
tion is known as the Goos-Hénchen shift.
The transmitted electromagnetic fields at total reflection are

( ky = Zikipr + 2k,

Hy = §2cos ¢y €9 g Ruarotikzz

1.
E,= —Fk x H, (4‘1.51)

The transmitted time-averaged Poynting power vector becomes

2cos? ¢
WEt

<8 >=%k, e 21t

Thus there is no time-average power transmitted in the % direction
into region ¢, and the incident power is totally reflected. At total
reflection, the transmitted wave is a surface wave.
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E. Backward Waves and Negative Refraction

The phase matching condition was shown in Fig. 4.1.4. Consider an-
other solution as shown in Figure 4.1.7, which can be realized with a
negative isotropic medium with p; = —p, and ¢ = —e,, where pu,
and ¢, are positive real.

k surface for medium 0 k surface for medium ¢

Figure 4.1.7 Phase matching using k surfaces.

Consider the transmitted TM and TE waves as shown in (4.1.18)
and (4.1.37). We see that for the transmitted wave vector k = —Zk¢; +
Zk. , the Poynting power vector points into the transmitted region. In

the negative isotropic media, the backward wave has k vector and the
tome-averaged Poynting Vector < S > point in opposite directions.

z

Region ¢

Region 0

Figure 4.1.8 Reflection and transmission of TM waves
from a negative isotropic medium in region ¢.
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F. Double Refraction in Uniaxial Media

In a uniaxial medium with optical axis in the 2 direction, the wave vectors for
extraordinary waves satisfy the dispersion relation

w WL/

- Vv(kcos2 0+ kysin26)  /(es/€) cos? O + sin? 0

JAQ)

The wave vectors for ordinary waves obey the dispersion relation

= wy/€

v
VUK

and the k-surface is a sphere with radius k = w,/pe.

k0 —

. k .
ordinary ? extraordinary
k surface — k surface

-
N -
/N
/ / -
/ N

I ﬁ \

[ | k

\ M !

N\
NI
N
N ~ _
~
a. Optic axis perpendicular to paper
k.
— - ; =
~ W
s / -
/ / N
/ I :
| ‘
\ ‘ k
\ y ‘
N .
N A .
~N
~7 o
ordinary T extraordinary
k surface k surface

b. Optic axis along the k, axis

Figure 4.1.9 Double refraction by uniaxial medium.

Consider the phenomenon of double refraction by a positive uniax-
ial medium [Fig. 4.1.9]. First, let the optic axis of the medium be
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perpendicular to the plane of incidence. The two transmitted wave
vectors are shown in Figure 4.1.9a. The power flow directions for the
ordinary and extraordinary waves are the same as the directions of the
wave vectors. Next, let the optic axis be parallel to the plane of inci-
dence. The two transmitted wave vectors are shown in Figure 4.1.9b.
By the nature of the wave surface, the power flow direction of the ex-
traordinary wave is no longer the same as the direction of k. Note
that by proper source excitation we can generate either the ordinary
or the extraordinary wave. For instance, if the wave is linearly polar-
ized perpendicular to the plane of incidence only ordinary waves are
excited.

S R 3
k surface for
uniaxial medium

k surface for

isotropic medium

Figure 4.1.10 Wave vector directions and power flow directions.

Consider another wave excited in a uniaxial medium and incident
upon the interface of an isotropic medium. Let the optic axis be in the
plane of incidence and make an angle with the boundary. The wave
surfaces are shown in Figure 4.1.10. In Figures 4.1.4-4.1.9, we have
drawn the incident k; vector with arrows pointing toward the origin.
Although we use dotted lines for half of the spheres to convey the
feeling of a physical boundary, we must realize that the plot is for k
space and not physical space. In Figure 4.1.10 we draw the reflected
wave vector; instead of pointing in the negative k, and positive k, di-
rections, it is now pointing in the positive k, and k, directions. The
power flow direction for the reflected wave, however, is pointing in the
negative k, and positive k, directions. Thus the reflected wave, while
carrying energy away from the interface, has its phase front propagat-
ing toward the interface. This is a backward wave with respect to the
normal at the interface.
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G. Total Transmission and Brewster Angle

Consider total transmission by setting the reflection coefficient equal
to zero. For TM waves, RT™™ =0 yields

ke = Lk, (4.1.52)
€
From the dispersion relations
L e

2
K = k4 k2 = kS 4 K2

we find
k‘2 _ k2
A A — 4.1.53
xT (ft/f)Q _ 1 ( )
212 1.2
g2 = (/7R — ki (4.1.54)

o (a/e? -1

Brewster angle is defined for the case of u; = u, namely for reflection
and transmission at a dielectric interface, which is determined to be

k. 2k2 —
tan 05" = = = (Et/;) k:2 ,/ (4.1.55)

kz kz

7777777 /1 =
/o 7

| — I N |

- =" Ak kr L - 42— = - - - =~ AN

k | ky NI

| I\

| &5 o\

0 | [4 (]

’ | L 05 ( ' L
k surface for medium 0 k surface for medium ¢ k surface for medium

Figure 4.1.11 At Brewster angle of reflection, k is perpendicular ky.
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From the phase matching condition, we find k¢sinf; = ksinfp = kicosfOp. It
follows that 6 + 0; = 7 /2.

The reflected and transmitted wave vectors are k, = —ik, + 2k, and
ki = Tk + 2k, = Tk, + Zk.. We see that

B for=—2k2+k2=0
€

Therefore the reflected and transmitted vectors are perpendicular to each other.
For TE waves, when u: = pu, RTE = ¢ yields ki = %k)z = ks, which gives
k: = k. We see that there is no zero reflection unless the two media are identical.
When an unpolarized wave is incident upon a dielectric medium at the Brewster
angle, the reflected wave becomes linearly polarized perpendicular to the plane of
incidence. For this reason, the Brewster angle is also called the polarization angle.

EXAMPLE 4.1.1
For € # € and p # pt, we find from (4.1.53) and (4.1.54),

212 _ 1.2 V2 _ prer
fan 0TM — ]’Z; _ \/(Et/lzg ka ke _ \/( L — (E4.1.1.1)
x t HE

For TE waves, RTF = 0 yields
ktz - &kz
5
From the dispersion relations
K=k + k2

2
K = K+ k2 = BLRD R

L

Brewster angle is defined for the case of ¢, = €, namely for reflection and
transmission at a dielectric interface, from which we find

k2 _ k,?
i S — E4.1.1.2
(ae /7 — 1 (B4112)
272 12
g2 = W/ Wk — ki (E4.1.1.3)

- (pe/p)? =1

272 _ 1.2 HE\2 _ Brer
tan " = 2= _ w’“/“) il _\/(H) e (E4.1.1.4)

ke k? — k2 B

e

— END OF EXAMPLE 4.1.1 —
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H. Zenneck Wave

The guidance condition at a plane interface is obtained by letting
R — oo, which amounts to a zero incident wave. For TM waves, we
write solutions on both sides of the interface as

EOZQB'LEF Ft_@elkt?
— 1 —
Eo———k‘XHO Et———ktXHt
we w
k= —ik, + 2k, ki = ik + 2k,

The boundary conditions of continuity of tangential electric and mag-

netic field components yield the guidance condition ki = —%k; .

Consider a highly conducting medium with permeability pu; = p,
and permittivity € = €, + i0/w, with o/we, > 1, where o is the
conductivity. From dispersion relations

k? = k2 4+ k2 (4.1.56)
2

k2= k2 4 k2 = k2 k2 (4.1.57)
€

and with ki = —<tk, , we find

ky = [k—z] " k [ﬁ} Yy [5613“/2} Ry EIVE

e/e+1 io o 20
[ e fe V2 € -1/ iwelo  |7V?
k,=k =k|1+——r =k|l—-——"——
le/e+1 €g +i0/w 1 —iweg/o
T 3
~ k|14 zw.e/a 3 iwe/o )2
| 21 —iweg/o’ 81 —iwey/o
[ 3 we 1 w?ee we
~k |1 - 22 Y e
I 8( o ) 2 o? ' % ]
€t 10 |we ) wo .
kty = —— kg =~ —— | —k(—1 =4/—(01
e e’ we \ 20 (=1+4) 2 (1+1)

Thus, the wave in region 0 has its phase velocity directed towards
the interface and exponentially decaying away from the surface. This
is known as the Zenneck wave (Jonathan Zenneck, 15 April 1871 — 8
April 1959). Since k. < k, the Zenneck wave is a fast wave along the
interface.



4.1 Reflection and Transmission 383

I. Plasma Surface Wave

Consider a plane boundary surface at x = 0 separating two media
1, € for £ <0 and p, e =€, [1 —wﬁ/wﬂ with 2 < wﬁ/wQ, for z >
0. From dispersion relations (4.1.56) and (4.1.57), and with guidance
condition ki = —E—ka , we find

9 1/2 B 1/2 1/2
-l =]

et/€o+1 w2 /w? — 2 wi/w? —2
L [ale 7 e -1]
= et/eo+1 w2/w2—2

2 2
_ Gty (Y _ |1 _
ki = —e—okz =(—5 — Dky = ih(—5 — 1) B2 iktpr

We find a surface wave, called the plasma surface wave, that attenuates
in the z direction inside the plasma media. In region 0 the waves
attenuate in the —2& direction. Here k. is positive real. Thus plasma
waves propagate along the interface and attenuate in both & and —2
directions. As w — 0, we have k, = k and k?; = k — k? = 0 and
we have a uniform TM plane wave propagating along the surface of a
perfect conductor without attenuation.
The Poynting power density vectors in regions 0 and ¢ are

|H0|2)

.

k= —diky + 2k,

<§o>:%Re<onF3):—Re<

k-
— 3 62’%196
. 2 we,

Et = @iktr[ + i’kz
_ 1. oy 1 (01—
<S5, >=-Re (Et X Ht> = “Re (k—[H,|?
2 2 WEt

. 2wey

672kt11x

N>

Notice that e < 0. Thus the Z component of S; is in the opposite
direction of S;, and the plasma surface wave is a backward wave, which
occurs when ¢ < —e¢,.
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J. Reflection and Transmission by a Layered Medium

Consider a plane wave incident on a stratified isotropic medium with
boundaries at x = dy, da,...,d; [Fig. 4.1.12 ]. The (n + 1)th region
is semi-infinite and is labeled region ¢, t = n + 1. The permittivity
and permeability in each region are denoted by ¢; and p;. The plane
wave is incident from region 0 and has the plane of incidence parallel
to the z-z plane. All field vectors are dependent on x and z only
and independent of y. Since 9/0y = 0, the Maxwell equations in any
region [ can be separated into TE and TM components governed by
Ey, and Hj, . We obtain

Region 0 | Region 1 Region [ Region n | Region t =n+1

Ho, €0 M1, €1 Hi, €l Hns €n i, €t

x=d r=dy x=di; x=d; x=dpn1 xz=d,

Figure 4.1.12 Layered medium.

o, = ﬁ% y (4.1.58)
H, = iwlm a% s (4.1.59)
<68_; N 86_; +w2m€l)Ely —0 (4.1.60)
B, — %@% y (4.1.61)
B, — ﬁﬁ% H,, (4.1.62)
(88—; + 88—; + w2m€l)H1y =0 (4.1.63)

The TE waves are completely determined by (4.1.58)—(4.1.60) and the
TM waves by (4.1.61)—(4.1.63). The two sets of equations are duals of
each other under replacements E; — H;, H; — —FE;, and p =2 ¢.
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EXAMPLE 4.1.2

The second-order partial differential wave equation (4.1.63) or (4.1.60) can be
solved formally with the method of separation of variables. Let

Hiy = X(2)Y (y)
Substituting into the wave equation, we obtain

1 d*X(x) 1 d*Y(y)

2 p—
X(z) dax? Y(y) dy? e =0
We then let
1 d’X(z) _ 2
X(z) da? ”
1 d*Y(y) — 2
Y(y) dy? !

where k; and k, are separation parameters related by
ki +ky = e

There are two independent solutions to each of the two ordinary differential
equations. Out of the four possible combinations, many are absent owing to
the constraints imposed by physical requirements and boundary conditions. For
instance, e***%¢?*v¥ represents a wave propagating with the k vector k = &k, + Jky,
and e Fe1%e™*vY with k, = —ik,s and k2 — ik2; = w’we propagating in the 2
direction and evanescent in the & direction.

— END OF EXAMPLE 4.1.2 —

For a TM plane wave, H, = Hg e'*aoF k==

the total field in region [ can be written as

, incident on the stratified medium,

ki = Tk + 2k (4.1.64)
H =g (Ale““lz“” + Ble_“%l) etk (4.1.65)
N
El = 7k‘l X Hl (4.1.66)

wey

and
ki + k2 = w?e

is the dispersion relation for region I. We do not write a subscript [ for
the k., as a consequence of the phase-matching conditions. Truly, there
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are multiple reflections and transmissions in each layer [. The amplitude A; thus
represents all wave components that have a propagating velocity component along
the positive & direction, and B; represents those with a velocity component along
the negative & direction.
. . AO =1 At = T

We let, in region O, { Bo =R B, =0
notice that region t is semi-infinite and there is no wave propagating with a ve-
locity component in the positive & direction. We denote the transmitted amplitude
by T.

The wave amplitudes A; and B; are related to wave amplitudes in neighboring
regions by the boundary conditions. At x = d;, boundary conditions require that
E. and H, be continuous. We obtain

and in region ¢ {

Attt Bremhid = Ay ettt By emRaane (4.1.67)

A=t _ premhiedl — Di(i+1) AppreFarnadt _ Bl+1€_ik“+1)”dl} (4.1.68)

where
ek 1
= = 4.1.69
Pi(i+1) e kia Pas ( )
1- Pi(i+1)
R, =————=-R 4.1.70
W = T (1)1 ( )

There are n+1 boundaries which give rise to (2n+2) equations. In region 0, we have
an unknown reflection coefficient R. In region ¢, we have an unknown transmission
coefficient T'. There are two unknowns A; and B in each of the regions | =1, 2, ...,
n. Thus we have a total of (2n 4 2) unknowns. To solve for the (2n + 2) unknowns
from the (2n + 2) linear equations, we can arrange the equations in matrix form
with the unknowns forming a (2n + 2) column matrix and the coefficients forming
a (2n + 2) X (2n + 2) square matrix. The solution is then obtained by inverting
the square matrix. This procedure is straightforward but tedious. We shall now
describe simpler ways to deal with the problem.
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K. Reflection Coefficients for Stratified Media

Since we are interested in finding the reflection coefficient for the
stratified medium, let us derive a closed-form formula for R. We first
solve (4.1.67) and (4.1.68) for A; and B;.

) 1+ ) )
Azelklwd‘ = —le(H_l) {/11_;_16”€(l+1)wdZ + Rl(l+1)Bl+1€*Zk<l+1)mdl}
(4.1.71)
) 1+ ) )
Ble_’k“dl = 72921““) {Rl(l+1)Al+1e’k<l+1>zdl + Bl+1e‘“‘3<l+1)zdl}
(4.1.72)
1- Pi+1)
R =——+=—-R 4.1.73
= T (1+1)1 ( )

is the reflection coefficient for waves in region [, caused by the bound-
ary separating regions [ and [+ 1, which is equal to the negative of
the reflection coefficient R q); in region [ +1.

Forming the ratio of (4.1.71) and (4.1.72) we obtain

i = Rl(l+1)€i2k(l+1>mdl + (Bl+1 /Al+1) 6i2klmdl

A eRarned 4 Ry gy (B [Arg)

where Bj/A; is expressed in terms of Bji1 /Aj41 .
From (4.1.74) we see that Bj/A; is the ratio of the amplitude of
the wave propagating in the negative & direction to that of the wave

propagating in the positive & direction. Consider a two-layer medium,
with ¢ =2 and n=1. From (4.1.74) with By =0, we find

(4.1.74)

Making use again of (4.1.74) and substituting in (4.1.75), we obtain

L By Rpret?ki=do 4 (By /A;) (i2kado
Ay~ eikiedo 4 Ry (B /A))

i2k12 (d1—d
_ Roy + Rygehsldimdo)

" 1+ Roy Rygei2kic(di—do) (4.1.76)
For a half-space medium, B; = 0, we find
B .
R = A—g = Roleﬁkwdo (4‘1'77)

The phase shift is due to the choice of the coordinate system with
boundary surface at x = dy instead of at x =0.
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EXAMPLE 4.1.3
We can write (4.1.74) in the following form:
B, ¢2kizdi [1 _ (1/R12(l+1) )] e2(k(i41) o Thiz)ds

A Ri1) [1/Rz(z+1)} eFatnad 4 (Big1 /A1)

eI [1— (1/Ri1))] e i)

n B

= + - E4.1.3.1
Ry [1/Ri+1) | e 2k(141) 2 A1 ( )

With the second equality we introduce a notation for writing a continued fraction.
Equation (4.1.74) expresses (B;/A;) in terms of Bjy1/A;4+1 and so on, until the
transmitted region ¢, where B:/A; = 0, is reached.

The reflection coefficient due to the stratified medium is R = By/Ao. Making
use of the continued fractions, we obtain

" i2kado N [1 — (1/R(2n)] g2 (k1tka)do N ci2k1od1
~ Ron (1/Ro1)e??k1zdo Ri2
[1 - (1/R%2)} e/2h2athia)dy et2k(n—1)zdn-1
i =
(1/R12)ei2k2ac Ri—1yn

(1= (1/R3,_qy,,)] e2Fnatheono)dn

+

i2knpdn
(1/R(n71) ")6i2k"f‘°d“’_1 + Rnte (E4132)
This is a closed-form solution for the reflection coefficient expressed in continued
fractions. Such a solution is very easily programmed for numerical computation.
For a two-layer medium, the result can also be obtained from (E4.1.3.2). Note
that when Ro1 = =+1, the reflection coefficient in (E4.1.3.2) will have magnitude
unity, disregarding the composition of the stratified medium below z = d;. This

should be the case, as |Ro1| = 1 represents, for instance, a perfectly conducting
coating.

— END OF EXAMPLE 4.1.3 —



4.1 Reflection and Transmission 389

ExamMpLE 4.1.4
Consider a two-layer medium as shown in Fig. E4.1.4.1. The reflection

coefficient for a two-layer medium in (4.1.76) becomes, letting dy = 0 and
dy =d,

p= Hot Ripe®ed _ Roy + Rige?h1e (E4.1.4.1)
1+ Ro1Rizei?k12d 1 — RygRyqet2k1ad - L

(1+ Ro1)RioR3, €= (1 + Ryp)

1+&

(1+ Ro1)Rize®R1=4 (1 + Ryg)

Figure E4.1.4.1 Multiple reflections.

As Rp1 = —Rjp and the magnitudes of the reflection coefficients Ry; and
R;2 are smaller than unity, we may expand the denominator of (E4.1.4.1) to
obtain

R = (R01 +R12612klz Z R Rm i2mkq.d

m=0

oo oo
= Ro1 + Ro1 R0 Z R%R’gﬂeﬂ(mH)klzd + Z R%Rﬂ“eﬂ(mﬂ)k“d

m=0 m=0

= Ro1 + (1 + Ro1R1o) Z R RIHLi2(m+ Dk d

m=0

= Ro1 + (1+ Roy) Z Ry Ry emtlkiad | (1 4 Ry,)

m=0

where we use the relation 1+ Rp1Ri0 = 1 + Ro1 + Rio + Ro1 R0 = (1 +
Ro1)(1 + Ryp) . The summation represents the multiply reflected waves from
the two-layer medium as illustrated in Fig. E4.1.4.1.

— END OF EXAMPLE 4.1.4 —
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L. Propagation Matrices and Transmission Coeflicients

We will now show that the transmission coefficient T'= A;/Aq as
well as all wave amplitudes in all regions can be obtained by the use
of propagation matrices. We solve for A;1; and B, in terms of A;
and B; from (4.1.67)—(4.1.68) and obtain

. 1+ . )
A ekarnadi — # (Alelkzmdz + R(l+1)lBleilklmdl) (4.1.78)
) 1+ ) )
B e~ HRutnad — # <R(l+1)lAlelklmdl + Ble—lkzxdz) (4.1.79)

Expressing in the form of matrix multiplication, we have

A1) T Ay
[ Bii1 ] =V [ By ] (4.1.80)

ﬁ B 1+ P(I+1)1 e—i(k(l+1)z—klz)dl R(l+1) le_i(k(l+1)z+klw)dl
(+1)i = 92 kEq41ys+kiz)di etkatnyz—kie)di

R1)€"
(4.1.81)

is called the forward-propagating matrix. It is to be noted for the
forward-propagating matrix between layers n and t =n+1,

T = An
(0) =V (5)

= 1
th — 5 (1 +ptn) [ Rtne’i(ktz“rknz)dn ei(ktz_k"z)dn

Similarly, we may express A; and B; in terms of A;y; and Bjyg
using (4.1.71)—(4.1.72) and defining a backward-propagating matrix.

The propagation matrices can be used to determine wave ampli-
tudes in any region in terms of those in any other region. For m > [,
we make use of the forward propagation matrix to obtain

[Bm ] =Voim-1 " Vim-1)(m-2) - Vs [Bz ]

Similarly, backward-propagating matrices can be used to express wave
amplitudes in any region j in terms of those in region [ for [ > j.
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In particular, the transmission coefficient T'= A;/Ay for a strati-
fied medium with ¢ = n + 1 layers can be calculated by the multipli-
cation of n + 1 propagation matrices. Using the forward-propagating
matrices, we have
2)
R

T
0
includes all information about the stratified medium. Once ﬁto is
known, both the reflection and transmission coefficients can be calcu-

] S R [

lated from its matrix elements.

For a one-layer (half-space) medium.

o—ilkia—ka)da

T 1

With the reflection coefficient

R = ROIe’ikadl

we obtain the transmission coefficient
1

T =
2

(1+p1o) (1 — R, e~ilkea—heldr _

From (4.1.81), we find
) (&)
R

(4.1.82)

Rloe—i(ktw +ke)dy
cilkea—ks)dy

2

—i(kyp—ky)ds
—e¢ 4.1.83
1+ po1 ( )

where we made use of the fact that p1o = 1/pp1 and Rig = —Ro1 -
For a two-layer medium, we obtain the transmission coefficient

from
Al 1 e—i(klz_kz)do
[ Bl ] = 5(1 +p10) [ Rloei(km-‘rkm)dfw
T 1 e—l(k‘tm_klz)dl
[ O ] = 5(1 +pt1) [Rtlei(km—i_klm)dl
we obtain

26*1'(1611*]?1)(10

Rloe_i(k1w+kw)d0
ei(klm—km)do

) ()
) (%)

Rtle_i(ktz+klw)dl
ei(km—klz)th

A = '
"7 (1 por) (1 + Rop Ryei2kie(di—do))

2R1t6i2klzd1 e—ilk1z—kaz)do

" 1+ Roy Rygeizkie(di—do)

TOlthei(kI—k’lz)d() ei2k211d1

b (1+ po1)(1+ R()ltheilem(dl*do))
TOlTlte’i(k;c_klz)dOei(k,‘lz—ktz)dl
N 1 + Roy Ryiei?kiz(di—do)

where we made use of R in (4.1.76).

=7 n R01R1t6i2k’11(d1*d0)

(4.1.84)
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ExaMpPLE 4.1.5

Use the forward-propagation matrix formalism, we can determine the
transmission and the reflection coeflicients for a periodic medium made of
2N +2 isotropic dielectric layers with alternating high and low permittivities
€n, and ¢ . The thickness of each layer is a quarter-wavelength inside the
dielectric. The transmitted region is ¢t = 2N + 2 and has permittivity e .
Consider normal incidence, k, = 0. Using the forward-propagation matrix
formalism, we have

[;] :ﬁh'(ﬁz-ﬁh)Niho. [?]

In region m +1, k(my1): = kmy1 we have k(y41):(dimy1 —dm) = 7/2. Note

also that fimi1 kmz/tm kimi1) = (€m/€m+1)'/?. The forward-propagation
matrices become

ﬁh :_i[ 14 \/€/en 1—\/6/—€h ]
o 2 -1+ E/eh 71*«/6/6;,1
P T4 (Ve + VT Ve ara)
Vi - Vin 2 [\/el/eh—\/eh/el VeiJen + v/ enle

ﬁhzl [ (1+ \/en/er)etked (1_\/%)6%(1 ]
t (1= enfe)e™d (14 \/enje)eiked

2
where d is the total thickness of the periodic medium. The term
(Vi - Vi)Y can be calculated by making use of the matrix identity

a+b a-b> N72N,1 aV +oN oV -V

a—b a+b o aV =N oV 4V
It follows that

7 (e/en)N — /€2 [ee

(er/en)N + /€2 [ee

and
21’(71)N(e/et)1/267ikfd

Velen (e1)en)N/2 + \Jen/er (en)e)N/2

We find the reflectivity r = |R|*, and the transmissivity ¢ = po; |T|°. Note
that although both TE and TM waves become TEM at normal incidence, we
must use por = ki /k. = (et/e)l/ 2 because here R and T are amplitude
reflection and transmission coefficients for electric field vectors. It can be
shown that r+t¢t=1.

— END OF EXAMPLE 4.1.5 —
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ExaMPLE 4.1.6
Define a space-dependent complex reflection coefficient I'j(z) such that

A .
I‘l(z) _ gjez?klzz

Im{T}

r
Re{l'}
1-T J

Figure E4.1.6.1 Complex I plane.

On the complex I'j(z) plane [Fig. E4.1.6.1], as the phase ¢ = 2k;,z in-
creases with z, I'j(z) varies in a counterclockwise manner. If k;, is complex,
T'i(z) decreases with increasing z .

Define a wave impedance Z;(z) in the negative % direction:

_ By _ Wi 14+ T(2)
ngc klz 1 7].—‘1(2)

which is complex. For a plane wave propagating in free space in the absence
of any medium, the wave impedance in the direction of wave propagation is
N =wo/k = (11o/€,)"/? = 377Q.

With the definition of the complex wave impedance, the ratio of (4.1.67)
to (4.1.68) gives Z;.(z = —d;) = Zy41).(2 = —d;). Thus at each interface
the wave impedance is continuous across the boundary.

On the complex I' plane, Z;.(z) can be interpreted as the ratio of
the two lengths as shown in Figure E4.1.6.1. The magnitude of Z;,(z) is
maximum when I'; is real and positive. We define the dimensionless relative
wave impedance as

le(2>

Zi, 141y
wig [k, 1 =14
For all possible complex values of I'j(z), we can map the corresponding z;(z)
values onto the complex T';(z) plane. The result is in the form of the Smith
chart, which is frequently used in transmission line studies.

— END OoF EXAMPLE 4.1.6 —

zZ] =
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ExamMpLE 4.1.7

To illustrate the use of the wave impedance concept, consider a stratified
medium composed of 2N + 2 isotropic dielectric layers (corresponding to
2N +2 boundaries) with alternating high and low permittivities, €, and ¢ ;
regions 1, 3, 5, ..., 2N + 1 are high-permittivity layers, and regions 2, 4,
6, ..., 2N are low-permittivity layers. Region 0 has permittivity e¢ and
permeability p. The thickness of each layer is a quarter-wavelength inside
the dielectric. The transmitted region is 2N +2 =t and has permittivity ¢, .
Permeabilities for all layers are equal to u [Fig. E4.1.7.1].

z
N
Region 0 w 2 =0
Region 1 L, €p dn = /2ky,
Region 2 I, € dy = /2K
Region 3 Y, €n dp,
Region 2N — 1 W, €n dp,
Region 2V I, € d;
Region 2N + 1 I, €n dp,
Regiont I, €

Figure E4.1.7.1 Layered medium with alternating high and
low permittivities.

Consider a wave normally incident upon the stratified medium, k, =0,
ki, = wy/pe for all [. The wave impedance of region t, since there is no
reflection, is Z; = (u/e;)'/? . Because of the continuity of wave impedance
across the boundary, the impedance across the interface separating regions
2N +1 and t is Zoni1 = (p/e)*/? . The relative impedance is zon11 =
(/€)' 2/ ()en)'? = (en/e:)/? . Making use of the Smith chart concept, and
noting the periodicity of the structure, we determine the wave impedance at
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z=0:
eN1/2 7 e\ N 1/2
z=()" () (4)
€n €h €h
The reflection coefficient R at z =0 is found to be

R Do/ =1 _ (a/en)*(erfen)™ (/) ~ 1
0

T Zo/(w/ 241 (afen) P (afen) N (e]en) 2 + 1

We observe that, for a high e,/€ ratio and for a larger number of layers,
the reflection coefficient Ry approaches the value —1, and the structure
is highly reflective. Such structures are useful at optical frequencies since
metallic reflectors are subject to corrosion and tarnishing problems.

— END OF EXAMPLE 4.1.7 —

Problems
P4.1.1
5000 —_
1000 |- F
F
[— 130k
100 %E 30km
47) 90km
— 70km
C
50 L —Y = 50km
107 109 101t 1013

Electrons/m3

Figure P4.1.1.1 Electron density profile of ionospheric layers.
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The ionosphere extends from approximately 50 km above the earth to
several earth radii (the mean earth radius is about 6371 km) with the max-
imum in ionization density at about 300 km [Fig. P4.1.1.1]. The ionization
density profile shows ledges where it varies more slowly with altitude. These
ledges are the C', D, E, Fy, and F; layers as shown in the figure. These
maxima arise because both the solar radiation and the composition of the at-
mosphere change with altitude. The heights and the intensities of ionization
of these layers change with the hour of the day, the season of the year, the
sunspot cycle, etc. The electron density varies from approximately 107 m~3
to 102 m™3 in going from the lowest to the highest layer. For simplicity,
assume that the ionosphere consists of a 40 km thick FE-layer with electron
density N = 10" m~3 below a 200 km thick F-layer with N = 6x10'' m~3.

(a) What are the plasma frequencies of the E and F layers ?

(b) Cousider a plane wave of 10 MHz incident at an angle # upon the iono-
sphere from below the E -layer. What are the transmitted angles 6; of
the ionosphere wave in the E and F' layers?

(c) Let 6 =30°. Below what frequency will the wave be totally reflected by
the FE-layer and below what frequency will it be totally reflected by the
F-layer?

P4.1.2

Rainbow arc often appears when sunlight shines on water droplets after
a brief shower late in the afternoon. When a sun ray is refracted as it enters
the raindrop, total internally reflected from inside the drop, and refracted
again as it leaves the drop and passes to the observer.

(a) Consider the ray path with only one internal reflection. Show that the
angle between the incident ray and the exit ray is ¢ =2(202 —6) , where
0, is the incident angle and 6, is the refracted angle.

Sun ray

0,

To Observer

Figure P4.1.2.1 Total internal reflection in a raindrop.

(b) Show that maximum ¢ occurs at 6; =sin™' y/(4 —n2)/3 and Guax ~
42° for n = 4/3, with the scattering angle between the incident ray and
scattered ray 6y = 138°.

(c¢) The refractive index for a raindrop is n = 1.330 for red light (A =
0.7p), n=4/3 =1.333 for orange light, and n = 1.342 for violet light
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(A =0.4p) . Determine the scattering angles for the red and violet light
rays. What are the relative positions of the different color bands in a
rainbow?

P4.1.3

A plane wave is normally incident in & direction upon a medium with
permeability ;1o and permittivity ¢.
(a) Find the transmitted electric field FE .

w2
(b) If the lower half-space is a plasma medium with ¢ = gg (1 - —g) and
w

1
w? = iwﬁ , show that the transmitted wave is evanescent and find the

exponential attenuation rate. Find the time-average Poynting power den-
sity as a function for x for the transmitted wave.
. . . . .0
(¢) If the half-space is a conducting medium with ¢ = ¢q (1 + z—) and
weQ
o > wep . Find the exponential attenuation rate and the time-average
Poynting power density as a function of x for the transmitted wave.

P4.1.4

A gas laser is often a tube containing gas, fitted with Brewster-angle
windows and external mirrors. The output of the laser beam will be linearly
polarized. For what reason and in which direction? Let a solid-state laser be
fabricated of rods with ends beveled at the Brewster angle 0 [Fig. P4.1.4.1].
Calculate all appropriate angles in Figure P4.1.4.1, including the bevel angle
of the glass rod, which has a dielectric constant e, = 2.5.

mirror

mirror
0B

€

Figure P4.1.4.1 A solid-state laser.

P4.1.5

Let a plane wave be incident on a plane boundary from the inside of a
negative uniaxial crystal. Consider the special case in which the optic axis is
perpendicular to the plane of incidence. Find the range of # such that there
is only total internal reflection for the ordinary wave and the transmitted
waves are extraordinary waves.

P4.1.6

A plane wave is totally reflected when incident upon a glass-air boundary.
At this incident angle, another piece of glass is brought very close to the first
one so that there is a very small air gap between the two. Calculate the
reflection and transmission coefficients as a function of the gap dimension.
Show that transmission is now possible.
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P4.1.7
Sun light glares caused by reflections from plane surfaces are partially
linearly polarized. The reflectivities are functions of incident angle 6.

PTE = |RTE!2 = ‘1 — k¢ cos 8 /k cos

2
n 1+ktcosﬁt/kcosﬁ‘

2

PN [RTM 2 _ '1 — €oky cos 0y etk cos O

1+ eoky cos 6y /ek cos 0

(a) Show that for all incident angles, there are more reflected TE components
than TM components |RTE[2 > |[RTM2,

(b) Determine the Brewster angle for ¢, = 3. The Brewster angle, g, is
also called the polarization angle Polarization angle because at 6 the
reflected wave is entirely TE polarized.

(¢) Your polaroid glasses absorb one linear component of incident light. To
minimize sun glare, what component, TE or TM, reaches your eyes after
passing through the glasses? Explain why.

P4.1.8
A plane wave of angular frequency w is incident on a plasma medium

with permeability u, and permittivity € = €, (1 — wz /wz) , where w,, is the
plasma frequency and w = 2w, .

(a) Calculate the critical angle 6¢ such that the incident wave is totally
reflected.

(b) Calculate the Brewster angle 6p such that TM waves are totally trans-
mitted.

(¢) In general for any two isotropic media, can you find an incident angle
0 such that 8 = 0p > 0c 7 If you can, give an example. If you cannot,
explain why not.

P4.1.9
When a plane wave is totally internally reflected, nodes of E appear in
front of the plane of reflection. Let the incident field, E;, be

E'L — QEoeika+ikzz
The reflected field, E,., is

E’r — QRTEEOe—ik;t:E-‘rikzZ-‘riQd)

where ¢ = —tan™!(kypr/kz) = — tan"'(\/€,sin” § — 1/ cos ) .

(a) Find an expression for the position of the nodal plane nearest to the
plane =z = 0.

(b) The total internal reflection is equivalent to reflection from a perfect
conductor located at = x.f¢ (the medium e being continued into the
region x > 0). What is the effective position?
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(c) Plot the effective position as a function of angle 6 > 6. with e/eg = 2.

(d) The transmitted wave is damped exponentially in the —&# direction.
Letting § be the distance over which the field amplitude decreases to
1/e of its value at the interface (z =0), plot d (penetration depth) as
a function of angle 6 > 0, with e/eg = 2.

P4.1.10
A plane wave is incident from free space on a half-space conducting
medium with €y, pg, and conductivity o . Let the incident wave be

E _ :gEOeikwx—ikzz-

(a) Find the incident wave vector.
(b) Show that for o/weg > 1, the transmitted wave is almost perpendicular
to the interface and that the transmitted angle is

6, ~ tan~* {\/Zweo/asinﬁ} .

(¢) Determine the time average Poynting vector for the power flow in the
conducting medium. What is the magnitude of the transmitted electric
field compared to FEq ?

P4.1.11
A uniform plane wave is incident at an incident angle 6 on a plasma
characterized by the permittivity €; and permeability pg .

2 2
w X wpweff

€ =¢€y |1 — 3 p2
w? +wg gy w(w2+w3ff)

where w,, is the plasma frequency and w.yss is the collision frequency.
Let the incident uniform plane wave have the electric field vector
- kg

.k
> Z—af—’L—OZ

E; = jFEge v2© V2
where FEj is a real constant and kg = w./loé€q -

(a) Let w = V2w, and w.s = 0. Give the expression for the transmitted
electric field vector and the transmitted time-average Poynting vector
<§t> in terms of Ey, ko, w, €9, o, and space coordinates.

(b) Let w=w, and wes; = 0. Give the expression for the transmitted elec-
tric field vector and the % component of the transmitted time-average
Poynting vector (S:.) in terms of Ey, ko, w, €g, o, and space coordi-
nates.

(c) Let w = wp = weys . Give the expression for the transmitted electric field
vector and the Z component of the transmitted time-average Poynting
vector (S.) in terms of Ey, ko, w, €, o, and space coordinates.
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P4.1.12

Consider a solid-state Fabry-Perot etalon filter made of an eight-layer
stratified medium. Regions 1, 3, 5, and 7 are made of magnesium fluoride
(refractive index n = 1.35) and are a quarter-wavelength thick. Regions 2, 4,
and 6 are made of zinc sulfide (refractive index n = 2.3). Regions 2 and 6 are
a quarter-wavelength thick, but region 4 is a half-wavelength thick. What are
the reflectivity and transmissivity for a plane wave normally incident upon
this stratified medium? Explain why the structure can be used for filtering
purposes.

P4.1.13

In the microwave remote sensing of the Earth from satellite or aircraft,
a radiometer is used to measure the emissivity of the area under observation.
The emissivity e is related to reflectivity or to the power reflection coefficient
by e = 1 — r. Theoretically, we should be able to determine, for instance,
the ice thickness on a lake. Assume that the lake ice permittivity is € =
3.2(1+10.01)e, and that the water is a perfect reflector. Discuss the frequency
range that you would recommend and the depth that the radiometer can “see”
through the ice.

P4.1.14

Show that the difference in relative phase change between TM and TE
waves upon total internal reflection from a dielectric medium with refractive
index n is

cos 0 (\/ sin? 6 — n*Q)

sin?

A = ¢TE — ¢)TM = 2tan_1

45°

‘ Glass prism
«
/ ——

J '

/

e

10

/

Figure P4.1.14.1

The phase change produced on internal reflection may be utilized to obtain
circularly polarized light from linearly polarized light. The scheme, devised by
Fresnel, is shown in Figure P4.1.14.1. The essential element is a glass prism
with refractive index n made in the form of a rhomb having an apex angle
a . Linearly polarized light with a direction of polarization at an angle of
45° with respect to the face edge of the rhomb enters normally on one face.
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Show that when A = /4, the light coming out is circularly polarized. Let
n = 1.6, calculate the apex angle «.

P4.1.15

A Nicol prism made of calcite is cut diagonally and then joined together
with a film of Canada balsam (refractive index n = 1.53). Calcite is a neg-
ative uniaxial crystal with /e,/e = 1.49/1.66 . Show that with the arrange-
ment shown in Figure P4.1.15.1 an incident light from the left becomes a
linearly polarized light when it leaves the crystal from the right.

\
\ Optical Axis Canada Balsam

Incident
light

Linearly
polarized
light

Figure P4.1.15.1

P4.1.16

Compare the phenomena of total reflection for # > 6~ and total transmission
for # = 0 at an isotropic dielectric interface.

(a) Total reflection occurs at a range of incident angles larger than the critical
angle 0¢ ; total transmission of TM waves occurs only at the Brewster
angle 6p .

(b) Total reflection occurs only when the incident medium is denser than the
transmitted medium. The Brewster angle occurs for any two media.

(¢) When an unpolarized wave is totally reflected, the reflected wave is still
unpolarized. When the TM wave components of an unpolarized wave are
totally transmitted, the reflected wave contains only TE waves.

Suppose a TM wave is incident at an angle 6 such that 6 = g > - . Then
the wave is totally transmitted and at the same time it is totally reflected.
Explain.
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4.2 Wave Guidance

A. Guidance by Conducting Parallel Plates

Consider the guidance of electromagnetic waves by a pair of perfectly
conducting plates at x = 0 and = = d [Fig. 4.2.1]. The medium
between the plates is homogeneous and isotropic. The width of the
waveguide along y is w and we assume w > d, such that fringing
fields can be neglected, and we have 0/0y = 0. The Maxwell equa-
tions can be decomposed into transverse electric (TE) and transverse
magnetic (TM) components. We have

-1 0
H,=——F 4.2.1
iwp 0z Y ( @)
1 0
H,=—— 4.2.1b
iwp Ox~ Y ( )
9?2 H? 9
(@ + 922 +w Me)Ey =0 (4.2.1¢)
for TE waves and
1 0
-1 0
0? 0?2
(—622 + 922 + w2u6> H, =0 (4.2.2¢)

for TM waves. The boundary conditions at the parallel plates require
that the tangential electric field be zero at x =0 and z =d.

Equations (4.2.1a)—(4.2.1¢) are duals of (4.2.2a)—(4.2.2¢) . However, the
boundary conditions at the parallel plates require a zero tangential electric
field for TE waves and also for TM waves. The boundary conditions for TE
and TM waves are not duals.

The wave is guided along +Z directions. For waves propagating
along the +Z direction, the solution for TE waves comprises two plane
wave components

Ey — Aeikwx—kikzz +B€_isz+ikzz (4‘2‘3)
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Befik$z+ikzz

ikpx+ik.z
2 Ae

Figure 4.2.1 Parallel-plate waveguide.
Substituting (4.2.3) in (4.2.1¢) we find the dispersion relation
k2 4 k2 = wlpe = k? (4.2.4)

The boundary condition at x = 0 requires F, = 0, namely,

—=-1 4.2.5
. (1:2.50)
which is the reflection coefficient at the boundary surface = = 0. The
boundary conditions at x = d requiring E, = 0 gives

B i2kod
— = —e " 4.2.5b
= (4.2.50)
which is the reflection coefficient at the boundary surface z = d. The
factor e?=? is due to the fact that the coordinate origin is at = = 0.
Multiplying (4.2.5a) and (4.2.5b), we obtain

€i2k$d -1 = eiZmTr

We thus have
2k.d = 2mm
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which states that the phase of the round trip of the plane wave in -
direction must add up to integer numbers of 27 . Therefore, as a result
of the boundary condition at x =0 and x = d, we must have

by = — = — K, (4.2.6)

where m is any integer. Equation (4.2.6) is called the guidance con-
dition which is determined from the boundary conditions. Thus along
the 2Z-direction, the number of periods of the spatial variation of a
guided wave must be an integer in a distance of 2d.

Substituting the guidance condition (4.2.6) in the dispersion rela-
tion (4.2.4) we obtain

K2+ (@)2 _e (4.2.7)

TM,
TE;/TE, | TE;

0 TM, [ TM,| TM; ———
w/d \2n/d\ 3w /d

Figure 4.2.2 k.-k diagram for guided modes.

This equation describes a family of hyperbolas for different values of
m . In Figure 4.2.2 we plot the k.-k diagram. We see that for the m th
mode k, will be imaginary if & < mm/d. The wave then becomes
evanescent and attenuates exponentially in the 2 direction.
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The spatial frequency at which k, = 0 is called the cutoff spatial

frequency ke
mmT m

bem =~ = 5. Ko (4.2.8)
When k < k., , all modes with order higher than m will be evanes-
cent. In order for the mth order mode to propagate, the spatial fre-
quency k must be larger than k.,. Notice that if the m th mode is
propagating, then all [th modes with [ < m can also propagate. The
cutoff frequency for the TMy mode is zero and the TEq is zero. Thus
for a given spatial frequency k such that m/2d < k < (m+1)/2d K, ,
there will be m TE modes and m+1 TM modes admissible inside the
waveguide. The lowest order TE mode is TE; whose k. = 1/2d K, .
For k <1/2d K, , no TE mode can be excited. The single TE; mode
operation range inside the guide is 1/2d < k < 1/d K, .

The corresponding cutoff wavelength is A, = 2d/m and the corresponding
cutoff angular frequency is we,, = mm/d(ue)/?.

The guidance condition (4.2.6) states that in the & direction the
bouncing waves must interfere constructively with 2k,d = 2mm in or-
der for the wave to be guided. Thus there is only a set of discrete k,
values admissible inside the guide as shown in Figure 4.2.3. The corre-
sponding k, values are determined from the dispersion relation (4.2.4)
and the bouncing place waves are illustrated in Figure 4.2.4.

| w(pe)'/? ‘ n/d 2m/d 3rm/d

Figure 4.2.3 Interpretation of the guidance condition.
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efika,erikzz

E

(,ikxz+ikz z

z=0 r=d

Figure 4.2.4 Plane wave interpretation of guided modes.

Substituting (4.2.5a) or (4.2.5b) in (4.2.3) we determine the elec-
tric field A
E, = Eysin kpxett=? (4.2.9)

where FEg = i2A. We call the TE wave corresponding to each integer
m the TE,, mode. There isno TEy mode because E, = 0 for m = 0.
The field patterns for F, are plotted in Figure 4.2.5 for m =1, 2,
and 3.

The magnetic field vector is obtained from (4.2.3) or from (4.2.9)
by using Faraday’s law

H:L( i 6Ey+22Ey>

iwp o ox
A . o

=— [(—@kz + zky)ekertikeE 4 (3k, + 2kx)e*“fwx+mz2] (4.2.10)
Wit
EO A ; 3 ik, z

= — (—Zik, sin kyx + 2k, cos kyx) €™ (4.2.11)
iwp

We see that the magnetic field vector is perpendicular to both the
electric field vector and the wave vector for the two bouncing plane
waves.
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By TE; mode
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Ey TEs mode
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8

TE3 mode
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e

Figure 4.2.5 Field amplitudes for TE;, TE2, and TE3s modes.

We find the complex Poynting power from (4.2.9) and (4.2.11)

= Kk 2 . 2 (ks —k* ik 2 . (ks —k*
S = 2—=|Ep|” sin kyxeith=—k2)= — &—=|Eo|*sin oz cos kpxe'F=—F2)2
Wit Wit

The time-average Poynting power < S; > in the transverse direction is always zero.
The time-average Poynting power < S, > in the Z direction is

1 k; . (ks —k*
<S8, >= —Re{ Z | Eo|? sin® kpwe' kz)z}
2 W

When k. = k2 — k2 = \/k2 — (mn/d)? is imaginary, k. = ik.s, the time-average
Poynting power in the £ direction < S. >= Re(S.) = 0, which happens for higher
order modes as mn/d > k and those high order modes are evanescent in the 2
direction and carry no time-average power.
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B. Excitation of Modes in Parallel-Plate Waveguides

The mode amplitudes of the guided waves are determined by the
sources of external excitation. Consider a current sheet located at z =
0 which flows in the ¢ direction and varies in amplitude in =z,

js = @Js(l')

This current sheet generates propagating as well as evanescent guided
modes in both positive and negative 2z directions. This current sheet
can be visualized as composed of closely aligned wires with each wire
excited by a different current source. The boundary conditions at z =
0 require that (i) E, and E, be continuous, (ii) the discontinuity
in H, be equal to a current sheet flowing in the ¢ direction, and
(iii) the discontinuity in H, be equal to a current sheet flowing in the
Z direction. The boundary conditions then require that

H, |z:0+ —H, |Z=0—: JS(I)

and that all other tangential field components be continuous at z = 0.
For a line source located at « = a and flowing in the ¥ direction
with the dimension ampere per meter, we write

Js = §lpd(x — a)

According to the boundary conditions, only TE waves will be excited.
One can actually assume some amplitudes for the TM modes and find
out from the boundary conditions that they are all zero. We write the
TE solutions as a superposition of all TE modes

o0
> Epsin mre
=1
Ey,=4™ S (4.2.12)
> Epsin e~ ih=z 2 <0
m=1

We see that the boundary condition of E, continuous at z = 0 has
been satisfied. The amplitudes F,, in regions z < 0 and z > 0 are
equal as a consequence of symmetry. The x components of the mag-
netic fields are

o0 _k .
S —2E,sin ?e’k” z>0
—1 W
="k (4.2.13)
n

k . onTr .
—2 E, sin —eikzz z2<0
n=1 WH d



4.2 Wave Guidance 409

At z =0 the boundary condition gives

2. 2k, . nmx
Ipé(x —a) = Z o 7 (4.2.14)

n=1

Using orthogonality properties of sinusoidal functions, we multiply
both sides by sin(mmz/d) and integrate from 0 to d.

d . mnwx 2k, [¢ . mmTx . NI
; dx sin 4 Ioé(x—a):; on J, dr E,, sin d SIDT

= _kszm (4.2.15)
wh

The mode amplitude FE,, is determined as

wi mma
Ip sin

Ep=—
k-d d

(4.2.16)

For the TE; mode, E; is maximum when a = d/2. This is because
E, is also maximum at z = d/2 and the coupling of source energy
into the TE; mode is the largest.

The time-average Poynting’s power per unit length in y propa-
gating along the waveguide in the 2 direction is given by

%Re{/ dx (Z Emsm— ‘zz> (Z (juE sin %e'k”> }

n=1

= { Z|Em| < > ik ’”} (4.2.17)

For spatial frequency k such that kovi1) > k > kony = N/2d Ko,
k. is real for m < N and imaginary for m > N . Equation (4.2.17)
gives

P

Yod fem \ 2
P=>Y" ™ [Eml* /1= (=5 (4.2.18)
m=1

w/m, where n = \/,u—/e is the intrinsic impedance of the medium
inside the waveguide. The total power inside the guide is a summation
of those of all the propagating modes with real k,. It is important
to observe that there is no coupling among the various modes; each
individual mode carries its own power.
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C. TM Modes in Parallel-Plate Waveguides

For TM waves satisfying the boundary conditions, we find that the
solution takes the form

ﬁ — @Ho(eik;cm + efikzx)eikzz
= §)2Hy cos kyx e'F+* (4.2.19a)
_ 1 ) ) )
E=Hy— [(;@kz — 3ky)etkeT 4 (3k, + 2k, )e haT ] eihzz
we

1 .
= 2Hy— [ik, cos kyx — Zik, sin k,x] ™= (4.2.19D)
we

The boundary condition of vanishing F, at x =0 and x = d leads
to the guidance condition
kp = 8 (4.2.20)
d
which is identical to (4.2.6) and is plotted in Figure 4.2.3.

There is one very important difference between the TM and TE
cases. When m = 0, the TM field no longer vanishes as in the TE case
and we now have the TMg mode which is also called the TEM mode.
The TMgy mode has k, = 0 and k, = k never becomes imaginary
and the TEM wave propagates at all frequencies. The time-average
Poynting power in the Z direction is

_

- Hal?
2&)6’ 0’

]. k* y *
< SZ >= _Re {—Z ’H()’ZCOSQ k)wxel(kz_kz)z}
2 we

for the TMg mode. The TMy or TEM mode in a parallel-plate waveg-
uide is termed the fundamental or dominant mode.

Field solutions for the TMy mode follows from (4.2.19) when we
set k; =0 and k, = k. We have

= §Hy e'** (4.2.21a)
inHy e (4.2.21b)

=

where n = \/u/e is the characteristic impedance of the medium. The
electric field is seen to be perpendicular to the plates and the magnetic
field parallel to the plates.
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D. Attenuation of Guided Waves Due to Wall Loss

The flow of power inside the waveguide will not be attenuated if
the parallel plates are indeed perfect conductors and the medium is
perfectly lossless. Let us now investigate wave attenuation when the
conductivity of the plates is large but finite. A perturbation approach
will be used.

Due to wall loss, guided waves carrying total time-average power
P; will decrease as a function of z. Assume that the amplitudes of
the fields decay exponentially with an attenuation constant «, where
« is a small number. When the walls are perfectly conducting, o = 0.
The total propagating power P will decay exponentially with 2o such
that P ~ e~2%*, By the power conservation principle, the decrease of
P as a function of distance must be equal to the power dissipated per
unit length P;. We have

P, = —iP = 2aP
dz

The attenuation constant « is found to be

Py

_ 1d 4.2.22
5p (4.2.22)

Q
The objective is to calculate « by a perturbation approach.

The starting point of the perturbation process is the exact solution
for perfectly conducting waveguides. We calculate the time-average
power flow in the Z direction P by using the unperturbed solutions

for the fields .
P = _Re {// dedy? - (E x E*)} (4.2.23)

The integration is carried over the area perpendicular to the direction
of propagation. For the parallel-plate waveguide, the integration is car-
ried out over x = 0 to = = d, which give the power per unit length
along y in the direction of 2.

To estimate the dissipated power per unit length P;, we first inves-
tigate the origin of the dissipation due to imperfect wall conductivity.
The surface currents on the plate surfaces are

Js=nx Hy amp/m (4.2.24)

where Hy is the magnetic field at the walls for which = 0 and d.
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The electric and magnetic fields at the wall surface are related
to each other by the intrinsic impedance of the conductor which is
assumed to have a large conductivity o such that

Ew = Vp/ewn x Hy =~ Jwu/icn x Hy

where we assume the same permeability u for the conductor as for the
guidance medium. Since a guided wave can be viewed as plane waves
bouncing at the wall surfaces, a plane wave incident at the surface of
a conducting medium results in power dissipation into the conductor.
The transmitted plane wave is almost perpendicular to the surface
regardless of the angles of incidence. The time-average Poynting power
density flow into the two conductors at x =0 and z =d is

1 .
Py =2x 5Re{—ﬁ (Bw x Hi}v)}
10

:Re{—ﬁ' ﬂ(ﬁxﬁw)xﬁi‘v}

- Re{—ﬁ~ “E {(ﬁ-ﬁ;ﬁv)ﬁw "
10

l’] | = |5t [

where we use the fact that 7 - ﬁ;\, =0 because Hy is perpendicular
to the surface normal n pointing into the waveguide.

EXAMPLE 4.2.1

From Poynting’s theorem, the time-average dissipated power per unit
area into the conductors is < Ey -7: > watts/ m?. Note that although By is
in the direction of J,, oFw is not equal to J, since J, is a surface current,
not a volume current. Dimensionally ¢Evw has units amp/m2 whereas J,
has units amp/m. The total dissipated power per unit length P, is calculated

as
— —% w,u N — N —%
Pd:2X<Ew'JS>:Re Z—(anw)(TLXHW)
g

_Re{ R [ﬁwx(ﬁxﬁé\,)}}

10

Re{\/%ﬁ. {MHW'?@.FW)F;,]} = % |FW’2

which is identical to (4.2.25).

— END OoF EXAMPLE 4.2.1 —
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EXAMPLE 4.2.2 Attenuation of TM o or TEM mode.
The electromagnetic field vectors of the TM ¢ or TEM mode are,

H = gHye™ (E4.2.2.1a)
E = inHye™ (E4.2.2.1b)
The propagating Poynting power in the 2 direction is
d
1 R — —x 77d 2
P = §Re dez-(ExH )= ?\H0| (E4.2.2.2)
0

Figure E4.2.2.1 Finitely conducting walls.

When the walls are perfectly conducting, the tangential electric fields are zero
and the surface currents flow without the support of any electric field. When
the walls are not perfectly conducting, there is a small tangential compo-
nent of the electric field Ew to support the surface currents [Fig. E4.2.2.1].
Assuming the magnetic field is unperturbed. The small electric field at the
wall surface at © = 0 is related to the magnetic field Hy by the intrinsic
impedance of the conductor which is assumed to have a large conductivity o

such that
Ew = 3\/p)ew Ho = 2+/wp/io Hy

The time-average Poynting power density flow into the two conductors at
=0 and z =d is

Py =2x %Re{é (Bw x F;,)} =\ /% \FO\Q (E4.2.2.3)
g

Thus for TEM mode, or, equivalently, the TMy mode, the corresponding

attenuation constant is
1 Jwp 1 [we
TEM
= —y/— = —4/— E4.2.24
“ nd\ 20 d \/ 20 ( )

— END OF EXAMPLE 4.2.2 —
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Consider TE,, modes with the solutions in (4.2.9) and (4.2.11).
The time-average power flow P per unit length in y along 2 directio